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PREFACE 


This text is written with a view to the needs of men who expect 
to become officers in the navy, army, or air corps. While treating 
the subject of spherical trigonometry in detail, it takes up the 
most important applications of trigonometry and logarithms to 
navigation and related topics. Each topic is explained carefidly, 
illustrated by examples, and followed by a list of problems 
designed to give familiarity with the topic and to call attention 
to important features. These are supplemented by numerous 
pictures that are interesting in themselves and serve the purpose 
of visually calling the student\s attention to the direct nature of 
the applications. They suggest to his mind the actual situation 
and the reality of the probhan. 

Logarithms are treated completely because they are used in all 
branches of the service and their use acquaints the k^arner with 
the essential process of using tables generally. Small angle 
methods are employed to find heights and distances and to explain 
the underlying principle of the range finder. Maps are very 
important in military work. This text treats, among others, 
Mercator charts, stereographic projections, and mooring board 
graphs, showing the laws involved in the relative motions of 
ships, airplanes, and torpedoes. The topics of plane sailing, 
middle latitude sailing, course and distance for cruises, the loca- 
tion of position for ships and airplanes, all are considered in their 
turn. Finally the fundamental process of navigation, namely, 
that of determining a is considered in detail. 

Forms ar e suggested for most computations. They are com- 
pact and simple; they save time and indinie habits of forethought 
and orderliness. Also, since the same type of forms is used in 
the navy, this feature prc'pares directly for naval computation. 

The authors^ ^T"ive-place Logarithmic and Trigonometric 
Tables,^ ^ used at the U. S. Military Academy, are available for 
use with this text. They embody a principle that makes inter- 
polation short and easy. The use of these tables prepares 
directly for the use of the U. S. Navy's logarithmic and trigono- 
metric tables, compiled by the authors. 

In this hook the emphasis is on fundamental ideas stripped of 
confusing details that tend to obscure the underlying principles. 
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PREFACE 


This familiarity with the essential parts of important topics will 
enable the candidate to keep his bearing in a training school where 
a great many subjects and details of all sorts are crowded into 
90 days. 

Outlines! of suggested material for a short course, a medium 
course, and a complete course follow: 


Articles Short CoUfSe 

13, 14. Logarithmic Forms for Computation. 

18. Miscellaneous Exercises: Probs. 33, 36, 38, 39, 40. 

20. Length of Arc; Small Angle Method Applied to Military Problems, 
Probs. 6, 9, 10, 11, 22, 23, 24, 25. 

Appendix A. Mil and Military Applications. 

Appendix B. The Range Finder. 

21 to 26, 30. Solution of Spherical Triangles. 

31 to 35. Definitions, Terrestrial Sphere, Course and Distam^e, Plano 
Sailing, Parallel Sailing, Middle Latitude Sailing, Mercator 
Sailing. 

42. Napier’s Analogies (omit proof), Formulas (42), (47), (48), (49). 

53. The Celestial Sphere. 59. The Time Sight. 

54. Astronomical Triangle. 60. Meridian Altitude. 

55. Solution of the Astronomical Triangle. 66, 67. Dead Reckoning, Fix. 

57. To Find the Time of Day. 68. Aerial Navigation. 

Appendix D. Maneuvering and Mooring Board Problems. 

Medium Course 

1, 3 to 14, 18. Logarithms 

19 (Read). Review Formulas, Plane Trigonometry 

20. Length of Arc; Small Angle Method Applied to Military Problems. 

Appendix A. The Mil and Military Applications. 

Appendix B. The Range Finder. 

21 to 26, 28, 30. Solution of Spherical Triangles. 

31 to 35. Definitions, Terrestial Triangle, Course and Distance, Plane 
Sailing, Parallel Sailing, Middle Latitude Sailing, Mercator 
Sailing. 

36, 37, 42, 46. Oblique Spherical Triangle. 

52 to 57, 59, 60, 63 to 68. Applications to Navigation. 

Appendix D. Maneuvering and Mooring Board Problems. 


Complete Course 

For a complete course the entire contents could be taken. It is sug- 
gested that Appendix A and B be studied with Chap. II, and that Appendix 
C be studied with Chap. V. 


Annapolis, Md., 
Mayy 1942. 


Lyman M. Kells, 
Willis F. Kern, 
James R. Bland. 
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CHAPTER I 

LOGARITHMS 

1. Introduction. The labor involved in many numerical 
computations is considerably lessened by the use of logarithms. 
In the following articles we shall discover that in a sense the use 
of logarithms reduces multiplication to addition, division to 
subtraction, raising to a power to multiplication, and extracting 
a root to division. For this reason logarithms constitute a 
remarkable labor-saving dovi(‘.c in computation. 

We shall learn presently that logarithms are exponents and 
that the laws that govern th(^ use? of exponemts are the ones that 
govern the use of logarithms. Hence, before discussing loga- 
rithms, we shall recall from algebra the laws of exponents. 


2. Laws of exponents. It is proved in algebra that, when 
the exponents in and 7 i arc any numbers, the following laws hold: 

(I) (IV) {ah)^ = 



(III) 

EXERCISES 


1. Evaluate the following ; 

(а) 323 -^ {d) 3-i3l. {g) (25 X 49)-i 

( б ) (e) W ( 4 )-’. 

(c) 3 “ 23 ‘’. (/) (3“‘)V. (t) 

2. Find, in each case, the value of x which satisfies the equation: 


(а) 10* = 1000. 

(б) 3-’ = a:. 

(c) X* = 10,000. 

(d) x-i = 3. 


(/) x-* = 100. 
(g) 100 = x. 

(A) x-^ = 10°. 

(i) (36)» = I 

0) x-l = V7. 
1 


(fc) 7» = 1. 

(0 = 0 . 01 . 

(to) 7» = 343. 

(”> (j)" - 

1 

(o) 2^ = 4«. 


(e) 4» =- 5 . 
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3. Find x if 

(а) 10* = 1 ^. 

(б) 10* = 0.001. 
(c) 10* == 0.0001. 


id) 10* = 1000. 

ie) 10* = 1. 

(/) 10 * = 100 , 000 . 


4. Solve each of the following equations for x\ 


ia) (3) (2)* + 4 = 100. 

(fe) 5*+3 - 5‘^* = 0. 

(c) (8) (2)* - 2^* = 0. 

id) (8) (3*) = (27) (2*). 

ie) ix — 2)® = + 1. 

(/) 27* - 81. 


ig) (3^)(9)2- = 3-1. 

W = 5\/x. 

(f) (^)"^ = 

(i) (7*“-0(49 i-*) = V7. 



3. Definition of a logarithm. If 6, L, and are numbers 
such that b raised to the power L is equal to iV, then L is called 
the logarithm of N to the base 5. In symbols, if 

== N, then L = log^ N, (1) 

Stated differently, the logarithm of a number to a given base is 
the power to which the base must be raised to produce the 
number. 

The two equations in (1) express the same relation between 
the base b, the number N, and the logarithm L. The second one 
is read: L is the logarithm of N to the base 6. Also N is called 
the antilogarithm of L (or the number whose logarithm is L) to the 
base b. Since 5^ = 25, 2 is the logarithm of 25 to the base 5, 
and 25 is the antilogarithm of 2 to the base 5. Similarly, we have 


10^ = 1000, 3 = logio 1000; 

10-2 == 0.01, -2 - logioO.Ol; 

3^ = a/Sj i — logs a/S- 

Since 1® = 1 for all values of x, 1 cannot be used as a base for 
logarithms. Also a negative number is not used as base; for 
many real numbers would have imaginary logarithms to a nega- 
tive base. For example, if ( — 3)® = 27, x is imaginary. 
Although any positive number different from 1 might be used as a 
base, 10 is often chosen for reasons that will appear as our study 
continues. 
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EXERCISES 

Write each of the following exponential equations as a logarithmic 
equation : 


1. 24 - 16. 

4. a)-2 = 4. 

7. 25- i = i. 

2. 102 = 100. 

6. 8t == 4. 

11 

o 

o 

00 

3. ^/T6o = 10. 

6. 10-2 = 0.01. 

9. 10-3 = 0.001. 

Write each of the following equations as an 

exponential equation; 

10. log 2 8 = 3. 

12. log 7 49 = 2. 

14. log9 -g- = — 

11. logs 1=0. 

13. logic 0.1 = — 1. 

15. logo 1 == 0. 

In each of the following exercises, find the value of x: 

16. logs X — 2. 

23. logic 100 = X. 

30. log. 49 = 2. 

17. log. i = 2. 

24. logi 32 = X. 

31. log27 3 = z. 

18. logs 25 = X. 

26. logs 

32. log2 (y-) = 

19. log. 15 = 1. 

26. logic a; = 2. 

33. logs X — 1. 

20. log 2 X = 3. 

27. logic X ^ —2. 

34. logb X = 1. 

21. log2 ^ “ 2. 

28. log. 3 = — 

36. log. (1) = 2. 

22. log4 a; = — i. 

29. log. 49 = —2. 

36. logb X = 0. 


Show that 

37. (logb a)(loga 6) = 1. 

38. (logb a)(logc 6)(loga c) = 1. 

39. log. (i) = -1. 

40. Why cannot unity be used as a base for a system of logarithms? 

41. Why cannot a negative number be used as a base for a system of 
logarithms? 

4. Laws of logarithms. There are three fundamental laws of 
logarithms with which the student must be thoroughly familiar. 
These laws are easily derived from the laws of exponents. 

I. The logarithm of the 'product of two 'numbers is equal to the 
sum of the logarithms of the factors. 

Proof. Let M and N be any two positive numbers, and let 


X = log6 Nj and y = logb M. 


( 2 ) 
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Then we may write 

== N, and == M. (3) 

Multiplying member by member the first of equations (3) by 
the second, we get 

= MNy or log6 MN = x y, (4) 
Substituting the values of x and y from (2) in (4), we get 

logi MN = log6 M + logfc N. 

By repeated application of the first law it is readily proved that 
the logarithm of the 'product of any finite number of factors is equal 
to the sum of the logarithjns of the factors. 

II. The logarithm of a quotient is equal to the logarithm of the 
dividend minus the logarithm of the divisor. 

Proof. Dividing member by member the first of equations 
(3) by the second, we get 

N ¥ N 

Substituting the values of x and y from (2) in (5), we get 
N 

logb ^ = logb N - logb M. 

III. The logarithm of a number affected by an exponent is the 
product of the exponent and the logarithm of the number. 

Proof. Let 

X = log6 N, or N = b^. (6) 

Raising both members of iV — b"^ to the pth power, we obtain 

jVp = 

Therefore, in accordance with (1) 

log6 = px. (7) 

Substitution of the value of x from (6) in (7) gives 

logb = p logb N. 

Example 1. Find the value of logio \/ 0.001. 

Solution, logio a/O.OOI = logio (0.001)^ = ^ logio 0.001 

= -I- logio iwo ” = —f. 
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1ft w -i. 1 + d)i 

Example 2. Write logb yj ^ — - 

Solution. log6 log& 


in expanded form. 
a^^ic + d)^ 


= iUogfe a2 + logb (c + d) 2 — log6 c^] 

= ^[2 log6 a + ^ logfe (c + d) - 5 log^ c]. 


Example 3. Write logb (x + 1) + ^ log?, x — 2 log6 + 1) 
in contracted form. 

Solution, f log6 (a: + 1) + I logb x — 2 log?, + 1) 

= log6 (x + 1)^ + log6 x^ — logb (x^ + 1)2 

_ In. +.1)!^^ 

^ (X^ + 1)'-“ ' 

Another form of the answer is found as follows: 


, (x + l)lf^ _ , 
log*- (^2 1)2- loftt 


(aH-J^».r2 

+ 1)‘2J 


= i logf 


(x + 

■(x2 + 1)‘** 


EXERCISES 


1 . Verify the following: 

(a) logic VlWO + logic \/(U = 1. 

(&) log 2 \/8 + log 2 Vs = 2. 

(c) logs (2)“ + log? (tV)“ = 1- 
id) iog2 Vl+ log3 (7)’* = -i. 

(e) logs 125 + logia ''^1(59 = 

(/) logu iS: + 2 logn \/ll = 0. 

(g) log! (0.5)’ — log4 = —i- 

{h) logs 1 — log7 = 0. 

(i) logio 10^ — logio 102 logic 10~2 logic 1 = 1. 


2. Write the following logarithmic expressions in expanded form: 


(a) log& 


a^bi 


(e) log, 


a^cd^ 

7^e 

3 I 


(6) logs (^y- (/) log,, V^lqrg- 0) log, 


(x + g)x^ 


(c) log. 


'Sl'W' 


Vx - y(z + y) 
a(c — d)2 


^ ^ - g) ,,, , 

“ '»*‘-p(i + ,)■■ <o'” 8 ‘ 6 (.+a 


fvT^i’ m - dry 

(tl) logbP(l +r)’‘. (A) logs Q) logt .^L ' 
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3 . Write the following expressions in contracted form. 

(a) logb a + 2 log6 c — i logb d, 

(b) i log6 a — 3 logb c — 4 logs {a + c), 

(c) i logb (a + c) + i logb {a — c). 
id) logb 3c — i logb d + logb c. 

(e) i[logb a + 2 logb (c - d) - 4 logb c - i logb (2 - a)]. 

(/) logb (a — c) + logb (a -j- d) — 6 logb d — 2 logb a]. 

4 . Take from a five-place table the following logarithms: 

logio 2 = 0.30103, logio 3 - 0.47712, logio 7 = 0.84510. 

From these numbers find logio 4, logio 0, logio 28, logio 32, logic logio f • 

6 . Using the logarithms in Exercise 4, find logio I, logio f , logio 343, 
logio Vs, logic V^, logio 5. 

6. Using the logarithms in Exercise 4, find the value of the logarithm 
of each of the following expressions: 


ia) 

(2) (5) 

3 

(d) 

m 

(10) (6) 

7 

(.e) 

(c) 

(3) (9) (5) 

14 

(f) 


^ (30)(21) 


(0)(4)(7)i 


28 

(9)^(12)(4)i 

35 


6. Common logarithms. Characteristic. In computation, 
it is convenient and customary to employ logarithms to the 
base 10. Logarithms to this base are called common logarithms. 
Throughout this text we shall use common logarithms only, 
and we shall write log N as an abbreviation of logio N, Thus 
when the base is omitted it will be understood that the base 
is 10. 

In this system of logarithms, the logarithm of any integral 
power of 10 is an integer, while the logarithm of any positive 
number not an integral power of 10 may be written as an integer 
plus a decimal. In general, the logarithm of a number consists 
of two parts, an integer called the characteristic, and a decimal 
called the mantissa. The characteristic is found by inspection; 
the mantissa is found from a table. We shall now deduce rules 
for finding the characteristic. 
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Consider the following table: 


10‘ = 

100,000 

or 

log 

100,000 

= 5, 

10^ = 

10,000 

or 

log 

10,000 

= 4, 

lO^* = 

1000 

or 

log 

1000 

=. 3, 

102 = 

100 

or 

log 

100 

= 2, 

IQi = 

10 

or 

log 

10 

= 1, 

10" = 

1 

or 

log 

1 

= 0, 

10-1 = 

0.1 

or 

log 

0.1 

= -1, 

10-2 = 

0.01 

or 

log 

0.01 

* -2, 

10-2 = 

0.001 

or 

log 

0.001 

= -3, 

lO-i = 

0.0001 

or 

log 

0.0001 

= -4, 

10-" = 

0.00001 

or 

log 

0.00001 

= -5. 


From the foregoing table, we get by inspection the following 
information : 


Number 

Number of digits to 
left of decimal point 

Logarithm 

Characteristic 

1 < iV < 10 

1 

0 + a decimal 

0 

10 < iV < 100 

2 

1 + a decimal 

1 

100 < iV < 1000 

3 

2 + a decimal 

2 

1000 <N < 10,000 

4 

3 -h a decimal 

3 

lO" < i\r < i0"+‘ 

n -f 1 

n + a decimal 

n 


From the data just tabulated, we infer the following rule: 

Rule 1. The characteristic of the common logarithm of a number 
greater than 1 is positive and is one less than the number of digits 
to the left of the decimal point 
Similarly, we get 


Number 

Number 
of zeros to 
right of 
decimal 
point 

Logarithm 

Characteristic 

0.1 <2V<1 

0 

— 1 + a decimal 

-1 or 9 - 10 

0.01 < AT < 0.1 

1 

— 2 + a decimal 

~2 or 8 - 10 

0.001 <N < 0.01 

2 

— 3 + a decimal 

-3 or 7 - 10 

10-» <N < 10-(’*-« 

n — 1 

— n + a decimal 

— n or (10 — n) — 10 
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From the tabulated data, we infer the following rule: 

Rule 2. The characteristic of the common logarithm of a positive 
number less than 1 is negative and is numerically one greater than 
the number of zeros immediately following the decimal point. 

When the characteristic is negative, it is convenient to add 10 
to the characteristic and subtract 10 at the right of the mantissa. 
Thus log 0.02545 = — 2 + a decimal = 8 + a decimal —10. 
In general, if the characteristic — n of log N is negative, change 
it to the equivalent value (10 — n) — 10, or (20 — n) — 20, 
etc. To obtain directly the characteristic of the logarithm of a 
number less than 1, subtract from 9 the number of zeros immediately 
following the decimal point; write the result before the mantissa 
and — 10 after it. 

Illustrations: 


Number 

Characteristic 

Rule 

4261 

3 

1 

3.6121 

0 

1 

0.1210 

-1 or 9 - 10 

2 

0.0025 

-3 or 7 - 10 

2 

0.00000345 

—6 or 4 — 10 

2 


EXERCISES 


Write the characteristic of the logarithm of each number: 


1. 7.613. 

2. 467,916. 

3. 20.02. 

4. 3.00008. 


6. 761.3. 

6 . 31.12. 

7. 0.0371. 

8 . 0.81219. 


9. 89,261. 

10. 412.16. 

11. 0.0000309. 

12. 0.003872. 


13. 3101. 

14. 14,481.10. 
16. 0.30001. 
16. 0.000810. 


6, Effect of changing the decimal point in a number. Any 

number may be written in the form N X 10*, where W is a num- 
ber between 1 and 10 and k is an integer. Thus we may write 
1,782,500 = 1.7825 X 10^ 17825 == 1.7825 X 10^. Evidently a 
shift of the decimal point appears in this notation as a change in 
k. Now log [N X 10*] = log W + A; X 1. Since a shift of the 
decimal point changes but not log W, it appears that the 
mantissa of log N is not affected by the position of the decimal 
point. In other words, a change in the position of the decimal 
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point in a given sequence of figures has no effect on the mantissa; 
its sole effect is to change the characteristics Because of this 
fact, 10 affords a particularly convenient base for a system of 
logarithms to be used for purposes of computation. 

7. The mantissa. Mantissas can be computed by use of 
advanced mathematics and, except in special cases, are unending 
decimal fractions. Computed mantissas are tabulated in tables 
of logarithms, also called tables of mantissas. These tables are 
called ^Hhrce-place,’’ four-place, five-place, etc., according 
as the mantissas tabulated contain 3, 4, 5, etc., significant figures. 
The choice of a table of logarithms should depend upon the degree 
of accuracy required and the accuracy of the data. In this text 
we shall discuss and use a five-place table, thus obtaining results 
accurate to five significant figures. 

8. To find the logarithm of a number. In general, a five- 
place table of logarithms gives the mantissas of all integral num- 
bers lying between 999 and 10,000. The first three digits of 
the numbers are found in the left-hand column headed AT, and the 
fourth digit is in the row at the top of the page. Therefore the 
mantissa of a number with four significant figures is in the row 
with the first three significant figures of the number and in the 
column headed by the fourth. 

Example 1. Find log 42.43. 

Solution. By the rule in §5, the characteristic is found to 
be 1. To find the mantissa, first find 424 in the left-hand column 
headed N, then follow the row containing 424 until the column 
headed by 3 is reached. Here we find 62767. Therefore the 
mantissa is 0.62767. Hence 

log 42.43 = 1.62767. 

Example 2. Find log 0.0416. 

Solution. By the rule in §5, the characteristic is found to be 
8. —10. Using 4160, we find the mantissa to be 0.61909. 

Therefore 


log 0.0416 = 8.61909 - 10. 
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Verify the following: 

1. log 2934 = 3.46746. 

2. log 3.478 = 0.54133. 

3. log 28.7 = 1.45788. 

4. log 1.817 = 0.25935. 
6. log 981.7 = 2.99198. 


EXERCISES 

6. log 0.3132 -= 9.49582 - 10. 

7. log 0.0003146 - 6.49776 - 10, 

8 . log 0.03426 = 8.53479 - 10. 

9. log 0.272 = 9.43457 - 10. 

10. log 0.005075 = 7.70544 - 10. 


9. Interpolation. From the five-i)laee table of logarithms we 
cannot obtain directly the logarithm of a number with five 
significant figures. However, by a process known as interpo- 
lation, we can find the mantissa of a number having a fifth 
significant figure. In this process we use the principle of pro- 
portional parts, which states that, for small changes in N, the 
corresponding changes in log N are proi)ortional to the changes 
in N, Although this principle is not strictly true, it is sufficiently 
accurate to lead to results correct to the number of figures given 
in the table. 

The process of interpolation is illustrated by means of the 
following example: 


Example. Find log 235.47. 

Solution. From the table of logarithms we find the logarithms 
in the following form and then compuic the differences exhibited. 

log 235.40 1 ) = 2.37181 \ ] 

log 235.47 / >10 = ? / >18 (tabular difference) 

log 235.50 ) - 2.37199 ) 

By the principle of proportional parts, we have 

^ or d = (18) = 13 (nearly). 

We add d = 13 to the last two figures of 2.37181 to obtain 
log 235.47 = 2.37194. 

Notice that the value used for d was 13 instead of 12.6 because 
the table of logarithms is accurate only to five decimal places. 
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In order to save work in interpolating when finding the man- 
tissas of five-place numbers, each tabular difference occurring 
in the table has been multiplied by 0.1, 0.2, . . . 0.9, and the 
results placed on the right-hand sides of the pages where these 
tabular differences occur. These tabulated n'sults, called 
tables of proportional parts (P.P.), are headed by the tabular 
difference for which they have been formed, and the decimal 
points have been omitted. To interpolate in the example just 
solved, we locate the proportional parts table headed 18, and 
opposite 7 in the left-hand column we find d — 13. 


EXERCISES 


Find the logarithm of each of the following: 


1 . 40 . 488 . 

2 . 3 . 0473 . 

3 . 10 , 201 . 

4 . 108 . 17 . 
6 . 0 . 21544 . 


6 . 0 . 0038345 . 

7 . 0 . 080452 . 

8 . 0 . 000070123 . 

9 . 0 . 027038 . 

10 . 0 . 18253 . 


10. To find the number corresponding to a given logarithm. 

Generally in every problem involving logarithms, it is necessary 
not only to find the logarithms of numbers but also to perform 
the inverse process, that of finding a number corresponding to a 
given logarithm. 

If log N — Ly then N is the number corresponding to the 
logarithm L. The number N is called the antilogarithm of 
L. To find the antilogarithm N of the? logarithm L, first use the 
given mantissa to find the sequence of figures in Ny and then use 
the given characteristic to place the decimal point so as to agree 
with the rule of §5. 


Example. Given log N = 1.60334, find N. 

Solution. The mantissa .60334 is not found exactly in the 
table, but we find the two successive mantissas .60325 and 
.60336, between which the given mantissa lies. From the table 
we find the numbers in the following form and then compute 
the differences exhibited. 

1.60325 ) ) = log 40.110) ) 

1.60334 / > 11 = log iV / ^ MO 

1.60336 3 = log 40.120 ) 
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By the principle of proportional parts, we have 

a; 9 (9)(10) _ , , , 

Tq = IT’ ^ ^ ^ (nearly). 

Wc add = 8 to the last figure of 40.110 to obtain 

N = 40.118. 

This interpolation should be performed by means of the table 
of proportional parts. In the P.P. column under the block 
corresponding to the tabular difference 11, we find the difference 9; 
immediately to the left of this we find 8, the fifth significant 
figure in the number N, 


EXERCISES 


Find X in each of the following: 


1. 

log a: = 8.6G200 - 10. 

6. log a: - 2.99876. 

2. 

log a: = 3.89779. 

7. log X = 0.87484. 

3. 

log X — 5.31664. 

8. log X = 0.42239. 

4. 

log X = 9.70000 - 10. 

9. log X == 1.11240. 

6 . 

log X — 7.97295 — 10. 

10. log a: = 6.54782 - 

11. 

Find X in each of the following: 


(a) log X — —0.34345. 

(c) log X — —3.12864. 


(b) log a; = -2.41325. 

(d) log X = —0.16132. 


11. The use of logarithms in computations. The following 
examples will illustrate how logarithms are used. 

Example 1. Evaluate (461) (4.321). 

SolutioUr Denoting the product by we may write 

X - (461) (4.321). 

Equating the logarithms of the two members of this equation, 
we get 

log X = log 461 + log 4.321. 

Looking up the logarithms of the numbers, we obtain 

log 461 = 2.66370 
log 4.321 == 0.63558 
log X = 3.29928. 


Adding, we have 
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The antilogarithm of 3.29928, is 

X = 1992.0. 

Example 2. Evaluate 

62.142 

Solution. Let a; = 

62.142 

Then log x = log 217 + log 3.18 — log 62.142. 

log 217 = 2.33646 
log 3.18 = 0.50243 
Sum = 2.83889 
log 62.142 == 1.79338 
Subtracting, we obtain log x = 1.04551 

The antilogarithm of 1.04551 is 

a: = 11.106. 


Example 3. Evaluate (2.713)1 
Solution, Let x = (2.713) ^ Then 

log a: = 3 log 2.713 - 3(0.43345) = 1.30035. 

X - 19.969. 


Example 4. Evaluate '>^0.7214. 

Solution, Let X = v^ 7214 = (0.7214) i Then 

log X = -I- log 0.7214 - ^(9.85818 - 10). 

If we should divide this logarithm by 3, the characteristic of the 
resulting logarithm would not be in the standard form. Hence 
we first add 20 and then subtract 20, writing the logarithm in 
the form 29.85818 — 30. Then we write 

3)29.85818 - 30 
Dividing, we get log x = 9.95273 — 10 
X = 0.89688. 


or 
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EXERCISES 


Evaluate the following: 


1. 52,564 X 0.0082546. 
0.0031593 X 684.82 
0.0096548 
3. (1.045) 


4. 7h 

5. (0.03628) i. 

6. 'V(442:8i^^ 


7. (33.982)'-!. 

75,859 X 0.0028242 
”37,568 x“0Sl^ * 


12. Cologarithms. Subtracting a first number from a second 
is equivalent to adding the negative of the first to the second. 
Hence, to avoid subtraction in dealing with logarithms, we 
introduce cologarithms. 

The cologarithm of a iiuynher is the negative of its logarithm. 
Therefore adding the cologarithm of a number is equivalent to 
subtracting its logarithm. 

To avoid negative mantissas, the cologarithm of a number n, 
written colog n, is found by using the form colog n = 10 — 
logn — 10. Thus colog 2 = 10 — log 2 — 10 = 10 — • 0.30103 -- 
10 = 9.69897 - 10, and colog 0.3 = 10 ~ (9.47712 - 10) - 
10 = 0.52288. The student will find it convenient in getting 
colog n to begin at the left of log n, subtract each of its digits from 
9 except the last significant one, and subtract that from 10. 

The following example will illustrate the use of cologarithms. 

Example. Tind x d x (6710) (0.31 820)' 


Solution, log X = log 342.10 — log 6710 — log 0.31820 

= log 342.10 + colog 6710 + colog 0.31820 


log 6710 = 3.82672, 

log 0.31820 = 9.50270 - 10, 

and X = 0.16023. 


log 342.10 = 2.53415 
colog 6710 = 6.17328 - 10 
colog 0.31820 = 0.49730 

log a; = 9.20473 - 10 


EXERCISES 

1. Verify the following: 

(а) colog 179.82 = 7.74516 - 10. 

(б) colog 0.63273 = 0.19878. 

(c) colog 7.5328 = 9.12304 - 10. 

(d) colog 23.975 = 8.62024 - 10. 
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2. Using cologarithms, find the value of 


(a) 


36.21 

7.215* 


{h) 


42.21 

0.2861* 


_ 41.262 

(61.84) (1612)* 


{d) 


142.3 

0.02813' 


13. Computation by logarithms. In solving complicated 
problems, the computer is helped materially by a good form. 
The one discussed below has the advantages of sim})licity, 
completeness of record, and brevity. It is practically self- 
explanatory since the main feature consists in reference of every 
function on a line to the first number in the line; a complete 
record of logarithms and operations is tabulated, and little 
writing is required. Since the outline of the form can always 
be made in advance, the student should first make this outline 
and then perform the computation without interruption. Speed 
and accuracy are gained by this method. 

The form will be used in the following solution. 

Example 1. Find X \i X — a = 8.1632, b = 

729.77, c = 0.46330, d = 5.2133, c = 0.32411. 

Solution. First write the formula 


log a: = ^ log a + \ log 6 + 2 log c + colog d + 4 colog e. 


The following form (contains the solution: 


a = 8.1632 
b = 729.77 
c = 0.04633 
d = 5.2133 
c = 0.32411 
X = 0.28083 


log a — 0.91186 
log b = 2.86318 
log c - 8.66586 - 10 
log d = 0.71711 
log e = 9.51069 - 10 


^ log a = 0.30395 
Uogb = 0.57264 
2 log c - 7.33172 - 10 
colog d = 9.28289 - 10 
4 colog e = 1.95724 

log X = 9.44844 — 10 


Note that each number in any line relates to the first number 
in the line, and the relation is indicated that the record of oper- 
ations is complete, that little writing is required, and that an 
examiner could easily perceive and follow the steps taken. 

In the following solution a form is indicated, but the computa- 
tion is left as in exercise to the student. 
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Example 2. Find X if X = where a = 61.214, 

c == 12.112, and 6 = 139.02. 

Solution. First we write the formula 


log X = log c + 2 log a + colog (a + V^)] 


and then make the following form: 


e = 139.02 

V^ = 

a = 61.214 
a + -x/e == 

c = 12.112 


log e = 
log a = 

log (a 4- Ve) = 
log c 


4- log e = 
log Ve ~ 


2 log a = 

colog (a + V^) = 

i log c 

3 ^ 

log X = 


The student should perform the computation to obtain x = 

6.6319. 


EXERCISES 

Make a form or outline for computing each of the following: 

(32.861)2(3.1416)^ „ 

(62.181)’ ■ L d’e J ■ 

„ .^/(3l'.64)2(62.12) ^ 

^ ■ (9.31)’ ■ '' d^^/-e ■ 

14. Remarks on computation by logarithms. 

(a) When interpolating , do not carrij logarithms beyond the num- 
ber of decimal places given in the table used. 

(b) When evaluating an expression containing negative numbers , 
use logarithms to compute desired positive components^ and then 
combine the results with appropriate signs. In this text a symbol 
( ”“ ) before a logarithm will indicate that a negative number is under 
consideration; thus if log x = ( — )9.87123 — 10, x = —0.74342.* 

(c) Make a form like that of Example 1, §13, before beginning 
computation. 

{d) Strive for accuracy in computation. Speed comes with 
practice. 

* This does not mean that a negative number has a real logarithm. The 
minus symbols serve merely to keep a record of the signs involved in the 
given expression. 
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Example. Find the value of x 




(-47.12 3) ^(-36.184)^ 

V^iis 


Solution, 

log i-x) = \[2 log 47.123 + i log 36.184 + i colog 31.118]. 


a — 

b = 
c = 


-47.123 

-36.184 

31.118 

-4.2063 


log a = (-)1.67324 
log 6 = (-)l. 55852 
log c = 1.49301 


2 log a = 3.34648 

ilog5 = (-)0.51951 
s colog c = 9.25350 - 10 

5) (-)3. 11949 


log a; - (-)0.62390 


EXERCISES 

Find by use of logarithms the results of the following exercises. In 
each case make a complete outline or form before using the tables. 

1. 3.1416 X 2.7183. 13. V^77s, 

2. 29.572 X 0.00036841. 


3. 335,000,000 X 0.000099854. 15, 

4. 2727.5 X 0.37375. 

6 . 1487 X 3.139 X 42.96. 

2.9275 X 34.278 


6 . 


7. 


8. 


9. 


10 . 


505.92 

48.962 X 39.595 
"78.545 

2964.5 X 38.423 
75.65 X 84.384 ’ 

2954.5 X 64.532 
911.36 X 318.5 ’ 

26.893 X 0.0000545 


14. v^O. 17638 X 2.1279. 
ri9.876]2 
L 38.3454 * 

16. (0.00062584) i 

17. (665.35)-^. 

-g J(57.45)"(423^ 

* ^ (178) (89) 


19 (-80 ^941 ) ^- 0.031 
(54,082) >^070712 

on 4 X 28.7 X 
29 X 137 

21. v^67.8ny^T83^4)2. 


23. 


319.62 X 0.00068432 

11 . ( 1 . 5 )^^ 

12 . 

24. [(-8.90172)(732.95)i(0.0954)i]2. 
26. VT27.5)2 - (3.48.^2.* 


22. \/(7631.25)2 - (6712.15)2 
^^3.975y(^793T2_ 


179.82 


og 5086( -0.0008769)3 
’ (9802) (0.001984)4 ‘ 


‘ Hint. First factor the radicand. 
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27. 1954,7 X -\y0.0030m 

" -^17,959 X (0.84132)»(560.63)' 

„g (0.04)f(0.057897)l 
(87.67)»» 

29. Y (348.7)^(-2.685)»(3.0 8' 2i^ 

‘ V (2.678)i(0.08216)^(-800,013)' 

on ^1(0.002452) i (86.47) H - 128.721) 

■ \(-5280)(-0.07115)H-62.472)' 

31. a = 7.5328, b = 6384. 

M — 0 

32. - V^; a = 735.9, b = 0.198, c = 27. 

2 J 

33. D = a + c2, a = 23.722, 6 = 571.17, c = 0.03218. 

34. Given a = 3.7124, b = 32.617, find log (o + b), log (a — 6), 

log 2, log a6. 

0 

36. Find given s = ^(a + 6 + c + d), 

K - \^{s — a){s — b){s — c){s — d), 


a = 6.3246, b = 7.7459, c = 8.5441, d == 5.1961. 

36. given a = 0.00275, 6 = 100.5, c = 5075.5, d = 0.001875. 


L e^f^g* 


] 


given a 


301.03, b = 0.00036954, c = 0.0028182, 


d = 35,890,000, e = 0.000002814, / = 561.29, g = 2718.3. 

38. Find the weight of a steel sphere 1.0127 ft. in diameter if steel 
weighs 490 lb. per cu. ft. 


39. Find the weight of a cube of metal weighing 530 lb. per cu. ft. 
if the edge of the cube is 1.6271 ft. 

40. A conical piece of wood weighs 92 lb. If the area of the base of 
the solid is 1.3341 sq. ft., find the altitude. (The wood weighs 33 lb. 
per cu. ft.) 


41. During a rain 0.521 in. of water fell. Find how many gallons of 
water fell on a level 10.7-acre park. (Take 1 cu. ft. = 7.48 gal., 
1 acre = 43,560 sq. ft.) 

42. The time t of oscillation of a simple pendulum of length I ft. is 
given in seconds by tiie formula 
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t = TT 


32.16 


Find the time of oscillation of a pendulum 3.326 ft. long. (Take 
TT = 3.142.) 

43 . What is the weight in tons of a solid cast-iron sphere whose 
radius is 5.343 ft. if the weight of 1 cu. ft. of water is 62.355 lb. and the 
specific gravity of cast iron is 7.154? 

44 . Find the volume and surface of a sphere of radius 14.71. 

46 . The stretch of a brass wire when a weight is hung at its free end 
is given by the relation 

mgl 


S = 


Trr%^ 


where m is the weight applied, g — 980, I is the length of the wire, r is 
its radius, and A: is a constant. Find k for the following values: m — 
944.2 g., I = 219.2 cm., r = 0.32 cm., and S = 0.060 cm. 

46 . Find the length I of a wire that stretches 5.9 cm. for a weight of 
1826.5 g. hanging at its free end, when the diameter of the wire is 
0.064 cm. and A: = 1.1 X 10^^ 

47 . The weight P in pounds that will crush a solid cylindrical cast- 
iron column is given by the formula 

W3.56 

P = 98,920 


where d is the diameter in inches and I the length in feet. What weight 
will crush a cast-iron column 6 ft. long and 4.3 in. in diameter? 

48 . For wrought-iron columns the crushing weight is given by 


,P = 299,600 


^ 3.55 

IT' 


What weight will crush a wrought-iron column of the same dimensions 
as that in Problem 47? 

49 . The weight W of 1 cu. ft. of saturated steam depends upon the 
pressure in the boiler according to the formula 


W = 


po.94l 


where P is the pressure in pounds per square inch. What is W if the 
pressure is 280 lb. per sq. in.? 
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16. Change of base in logarithms. Occasionally it is neces- 
sary to find the logarithm of a number N to a base h other than 
10. To do this we let 

logfe N = Xy or = N. 

Equating the logarithms to the base 10 of the two members of 
this equation, we get 

X logio h = logio Ny or X = 

logic b 

Since the divisor and dividend of this fraction are logarithms, 
they will generally be numbers of several digits. Therefore 
it is advisable to perform the indicated division by means of 
logarithms. 

Example. Find the value of logs 0.092118. 

Solution. Let x = logs 0.092118. Then 3® = 0.092118. 
Equating the logarithms to the base 10 of the two members of 
this equation, we obtain 

X logic 3 = logic 0.092118 
or 

_ logic 0.092118 _ 8.96434 - 10 _ -1.03566 
^ log,o 3 0.47712 ■ 0.47712 ‘ 

This quotient is evaluated as follows; 

a = -1.0357 log a = (-)0.01523 

h = 0.47712 I log 6 = 9.67863 - 10 col og h = 0,32 137 

a; = -2.1707 logo; = (-)0.33660 

16. Solution of equations of the form x = a = We 

shall now illustrate the method of solving equations of the 
form X = a^y and a — x^y in which a and b are given numbers. 

Example 1. Find x ii x = (3.21)^-27. 

Solution, logo: = 8.27 log 3.21 = (8.27) (0.50651). 

The solution is displayed below. 

a = 8.27 log a = 0.91751 

b = 0.50651 I log b = 9.70459 - 10 
log x = 4.1889 log (log x) = 0.62210 
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Example 2. Find x if = 0.080133. 

Solution. Equate the logarithms of the two members of the 
given equation and solve for log x to obtain 


or 


7.2143 log x = log 0.080133 


log 0.080133 _ 8.90381 - 10 _ -1.09619 
7.2143 7.2143 7.2143 


The evaluation of the ciuoticnt for log x follows: 

a= -1.0962 log a =(-)0.03989 

6= 7.2143 [log 6=0.85820 [colog h = 9.1418 0- 10 

log x= -0.15195 log (log .t) = (-)9. 18169- 10 

To make the mantissa of log x positive add it to 10 — 10 to 
obtain 

log a: = 10 - 0.15195 - 10 = 9.84805 - 10. 

Therefore 

a: = 0.70477. 


EXERCISES 


1. a; = log7 100. 

2. a; = logo. 88 99,324. 

3. X = log 07 0.00828. 

4. X “ logo. 0954 87.543, 
6 . X = log2o 100. 

6 . X = logs 27^569. 


9. 5-" - 1.307. 

10. = 317.46. 

11. log, 8 = 0.35678. 

12. log, 2 = 0.69315. 

13. log, 0.07936 = 2.983. 

14. x2.«92 0.07936. 


7. X = log 3.7 0.8173. 16. (1.5)^ = 32. 

1 

8. X = logn 0.09827. 16. 4.02 = (2.37)^+’. 

17. Given — 2(5*), x — y = 1, find x and y. 

18. How long will it take a sum of money to double itself if put at 
4 per cent compound interest? This is represented by (1.04)* = 2 
where x is the number of years. Solve for x. 

19. Solve the equation e* + = y, for x (a) when y — 2, (6) when 

2/ = 4. e = 2.7183. 
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20. If fluid friction is used to retard the motion of a flywheel making 
Vo revolutions per min., the formula V = Voe~^^ gives the number of 
revolutions per minute after the friction has been applied t seconds. 
If the constant k = 0.35, how long must the friction be applied to reduce 
the number of revolutions from 200 to 50 per min.? e = 2.7183. 

21. The pressure, P, of the atmosphere in pounds per square inch, 
at a height of z ft. is given approximately by the relation 

P = PoC-*% 

where Po is the pressure at sea level and A; is a constant. Observations 
at sea level give Po = 14.72, and at a height of 1122 ft., P = 14.11. 
"What is the value of A;? 

22. Assuming the law in Exercise 21 to hold, at what height will the 
pressure be half as great as at sea level? 

23. If a body of temperature Ti is surrounded by cooler air of tem- 
perature To°; the body will gradually become cooler, and its tempera- 
ture, T®, after a certain time, say t min., is given by Newton’s law of 
cooling, that is, 

T = To + (Ti- To)e-^\ 

where A; is a constant. In an experiment a body of temperature 55°C. 
was left to itself in air whose temperature was 15°C. After 11 min. 
the temperature was found to be 25°. What is the value of A;? 

24. Assuming the value of k found in Exercise 23, what time will 
elapse before the temperature of the body drops from 25° to 20° ? 

26. Solve the equation log* (Sx -f 1) = 2 for x. 

26. Solve the equation logio {x^ — 21x) = 2 for x, 

17. Graph of y = logic x. If we <assigii values to x in the 
equation y = logic x and find the corresponding values of 
we shall obtain the coordinates of points on the curve y = logic x. 
A few of these values are tabulated in the accompanying table. 
Plotting these points and drawing a smooth curve through 





























them, we obtain the graph shown in Fig. 1. For convenience, 
the unit on the ^/-axis has been taken ten times as large as the 
unit on the x-axis. 
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If the student retains a mental picture of this graph, he will 
find it easy to recall the following facts: 

(а) A negative number has no real number for its logarithm. 

(б) The logarithm of a positive number is negative or positive 
according as the number is less than or greater than 1. 

(c) If the number x approaches zero, log x decreases without 
limit. 

(d) If the number x increases indefinitely, log x increases 
without limit. 

In the process of interpolation in logarithms, values arc 
inserted as if the change in the logarithm between the nearest 

y 



tabulated values were direcMy proportional to the change in the 
number. This assumes that the graph of y = log x for the 
interval concerned is a straight line. From the graph it is 
apparent this would be approximately true. In other words, 
when a number is changed by an amount that is very small 
in comparison with the number itself, the change in the value of 
the logarithm of the number is very nearly proportional to the 
change in the number, 

EXERCISES 

1. Plot the graph oi y - logs x. 

rr. . 1 logioa^ 

Hira. log.* = i^- 

2. Plot the graph of x = logs y» 

3. Plot the graph of x = log 2 y. 

18. MISCELLANEOUS EXERCISES 

Find by use of logarithms the results of the following exercises. In 
each case make a complete outline or form before using the tables. 
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1 . 3.87 X 57.6. 

2 . 7.0928 X 0.0052683. 


3 . 22.9 X 4.95 X 0.643. 

4 . 0.0063982 X 23.473 X 0.062547. 


^ 76.9 

Hi' 

G 

0.8236 

7 8-211 

0.6634’ 

49.36 X 0.7657 
8.439 

6.47 X 12.93 X 0.2462 
896 X 0.0074939 

10 . (0.09245)’. 

11 . 

12. v^O^OOS. 

13 . (0.935) S. 

14 . (4.267)»-^. 


16 . 


17 . 


18 . 


(41.911)5 


1^^215)’ X 0.78356 
(8 9.1)3 X (0.764)°’ 
■V^O.0387 
(7.9036)’-i X 

7o;0014123)'>» 


19 . (-0.091111)-i. 


45.86 X (0.7288)5 

20, “ — 1 • 

(-9.423)5 

21 ( -0-49173) t 

-^-207.99’ 

22 i -. 

■ ^(170.5)’ - 15 

„ V^imSS + (2.706)! 
318.2 X (0.06004)’ ‘ 

24* (0-8195)~" ^ + (0.9713)°-’ 
(5.004)-! 


26 . 


log 9.5 
fog 4.27* 


16. (19.26)12, 


log 0.87189 
log 0.022223’ 


27. The radius r of the inscribed circle of a triangle in terms of its 
sides a, b, and c is given by 



where s == ^{a + 6 + c). Compute r when (a) a = 0.525, b == 0.261, 
c = 0.438; (6) a - 698.2, h = 476.3, c = 744.9; (c) a = 3.0023, 
b = 2.1128, c = 1.5007. 


28 . The number 
turbine is given by 


of revolutions per minute of a certain water 


400 

61.3 


hl^sp-OA^ 
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where h is the height of fall in feet, and P is the horsepower developed. 
Compute n when h = 15 ft. and P = 98 hp. 


29 . The formula D 




W 


gives the diameter of a 


' 0.5236(A - G) 

spherical balloon which is to lift a cable of weight W. Find D if 
A = 0.0807, G = 0.0050, W = 1250. 

30 . The amount S of a principal of P dollars, interest compounded 
annually for n years at the rate f, is 


S = P(1 + ^)^ 


If a war bond sells today for |75 and will be redeemed in 10 years for 
$100, what rate of interest compounded annually will be paid? 

Hint S = 100, P = 75, n = 10. 

31 . The range P on a horizontal plane of a projectile fired at an 
angle 6, with velocity Vo) is 

^ sin 29 

9 

Find the muzzle velocity of a projc(dile fired at sea whose maximum 
range is 22.7 miles. 

Hint. R = 22.7 X 6080 ft., g = 32.17 ft. per sec. per sec., 6 = 45®. 

32 . If the height y in feet of a projectile above a horizontal plane at 
time t in seconds is given by the equation 

y = + mot, 

show that its height at t = 18.75 sec. is 5625 ft. 



X 

Fig. 2. 



33 . If the height y (see Fig. 2) of a projectile in terms of the horizontal 
distance x from the gun is given by 


y 


X tan 9 — 


igx‘‘ 

Vq^ COS^ 9 


where 9 is the angle of elevation of the gun, Vq is the initial velocity, and 
^ = 32 ft. per sec. per sec. (approx.), find y when x = 38,970 ft., 9 = 30°, 
Vo = 2400 ft. per sec. 
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34 . The expressions 

X = 104.6^ 

y = 6070(1 - 1000^ 

give the horizontal distance x and the vertical distance y at time t of a 
shell projected from an airplane at an angle of 85° below the horizontal, 
with an initial velocity of 1200 ft. per sec. Find the position of the 
shell at the end of 5 sec. (see Fig. 3). 



Fia. 3. 

36 . If the air pressure on the ground is 14.7 lb. per sq. in., the pres- 
sure P at height h ft. is given approximately by 

p — ] 4 7 ^- 0 . 0000377 / 1 ^ 


Find the air pressure at the height of (a) 10,000 ft., (5) 15,000 ft. 

36 . If the force F exerted by a parachute on a man 
of weight W lb. falling v ft. per sec. is given by 

r, _Wv 

^- 15 ’ 

find the force exerted on a 160-lb. man by a parachute 
just as it opens if he is then falling at 98 ft. per sec. (see 
Fig. 4). 

37 , When a ship is displaced from its vertical position 
it makes a complete oscillation by rolling from port to 
starboard and back in a time t sec. given by 

t = 2 

gm 



Fig. 4. 


where g — 32.17, r is a constant depending on the weight and shape of 
the ship, and m is the metacentric height. If r = 38.06 ft., m = 7.874 ft., 
g = 32.17 ft per sec. per sec., find the time of an oscillation of the ship. 
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38 . A plane descending with a speed of 120 miles per hour ab an 
angle of 20° with the horizontal drops a bomb when 700 ft. high (see 



Fig. 5. 


Fig. 5 ). The vertical distance y and the horizontal distance x of the 
bomb from the point of release are given by the equations 

y = 60.2^ + l().l^^ 

X — 165 . 4 ^. 

(a) Find the distance the bomb moves horizontally if it strikes the 
warship shown in the figure in 4.98 sec. (b) Find the angle of depression 
d of the target as observed by the pilot when releasing the bomb, 
(c) Find the vertical distance the bomb falls during the first 2.5 sec. 

39 . Find the total time required for a 23.8-knot torpedo to make its 
maximum run of 12,640 yd. Take 2027 yd. = 1 nautical mile and 
assume the speed as constant. 

40 . In a certain situation the captain of a warship desired to come 
as close to an enemy scout as possible. The time in hours required 
to attain this position is given by the formula 

Time = — — 2 
a(a^ — 6^)4 

where c = initial distance of the scout from the warship, a = speed in 
knots of the scout, b — speed in knots of warship. Find the time 
required if 6 = 28.4 knots, a = 32.7 knots, c = 20.9 nautical miles. 
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the other functions are negative for third-quadrant angles. 
Finally, in the fourth quadrant, x and r are positive, so that the 
cosine (x/r) and the secant (r/x) are positive and the other 
functions are negative for fourth-quadrant angles. 

The fundamental identities. From the way in which the 
trigonometric functions of A are defined it is evident that they are 
not independent of each other. The student should be familiar 
with the following fundamental relations: 


CSC A = 

1 ^ \ 


sin A^ 1 


sec A — 

1 ( 

(2) 

cos A* ( 

cot A = 

1 \ 
tan A 1 


^ . sin A 

tan A = — 2 ^ 
cos A 

^ . cos A ) 
cot A — h 

sm A ) 

(3) 

sin^ A + cos^ A = ly^ 
tan- i4 + 1 = sec^ A, > 

1 + cot^ A = csc^ A. ) 

(4) 

cos (90° — A) — sin Ay 
cot (90° — A) = tan Ay 

CSC (90° — i4) = sec Ay 

sin (90° — A) = cos Ay ^ 
tan (90° ~ A) = cot Ay > 
sec (90° — A) = CSC Ay ) 

(6) 

or, stated in words, any trigonometric function of an acute angle 
is equal to the co-function of its complement. 

sin ( — i4) = — sin Ay 
cos { — A)= cos Ay 
tan ( — i4) = — tan Ay 

CSC (~A) = — CSC Ay 

sec ( — A)= sec Ay 
cot ( — ^) = — cot 

(6) 


The addition and subtraction formulas. 


sin + 5) = sin A cos B + cos A sin B. 
cos {A + B) = cos A cos B — sin A sin B. 


tan {A + B) 


jtan A + tan B 
1 — tan A tan B 


sin {A — B) sin A cos B — cos A sin By 
cos {A ^ B) = cos A cos i? + sin >1 sin B, 


tan (il — -5) = 


tan A — tan B 
1 + tan A tan B 


(7) 

( 8 ) 
(9) 


( 10 ) 



30 


REVIEW OF PLANE TRIGONOMETRY 


[Chap. II 


Double- and half-angle formulas. 


tan 26 = 


sin — 


cos ^(p = 


tan o ^ 


sin 26 = 2 sin 6 cos 6. \ 

cos 26 == cos2 6 — sin2 6, / 

cos 26 = 2 cos^ 6 — 1, I 

cos 26 = 1 — 2 sin^ 6. / 

2 tan 6 
1 — tan^ 6 
, /l — cos p 
2 ’ 

/i + cos <p 

_ ^ /I — cos p _ 1 — COS ^ 
^ ~ ~ V 1 4- cos p~ sin 


Conversion formulas. 

sin (6 + v?) + sin (6 — <^) = 2 sin 6 cos p, 

sin (6 + (^) — sin (6 — <^) = 2 cos 6 sin p^ 

cos (6 + <^) + cos (6 — <p) = 2 cos 6 cos p, 


COS 

(6 + <^) - 

- COS (6 

- <p) -- 

= - 

- 2 sin 6 

sin (p. , 

sin a 

+ sin 

5 

= 2 

sin 

i(« + 

5) 

cos ^(a 

- 5), 

sin a 

— sin 


= 2 

cos 

i(« + 

5) 

sin ^(a 

- 5), 

cos a 

+ cos 

5 

= 2 

cos 

i(« + 

5) 

cos ^(a 

- 5), 

cos a 

— cos 

5 

= - 

■2 sin ^(a 

+ 1 

?) sin -^( 

a — 5) 


Reduction to acute angles. Some tables give the values of the 
trigonometric functions for angles only up to 90°. For an angle 
greater than 90° the value of any function can be found by using 
these tables and resorting to the following formula: 


Any function of (n • 90° ± A) 


I same function of A if 
\ n is even. 

) co-function of A if n 
I is odd. 


The sign to be placed before the resulting function of A is the 
same as the sign of the original function in the quadrant of 
n • 90° ± A, where A is thought of as an acute angle. 


Sine law. 


( 16 ) 
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The equations (16) are referred to as the 
law of sines. This law may be stated as 
follows: The sides of a triangle are 'propor- 
tional to the sines of the opposite angles. 

Cosine law. 

a'^ ^ ^ ^ 26c cos A. 

62 = _j_ ^2 _ 2ac cos (17) 

c2 = a2 + 62 — 2ab cos C. 

The law of cosines embodied in equations (17) may be stated 
as follows: The square of any side of a plane triangle is equal to 
the sum of the squares of the other two sides diminished by twice the 
product of those two sides and the cosine of their included angle. 

Law of tangents. 

a - h ^ ta n - B) 
a + b tan ^{A + B) 

20. Length of circular arc. Figure 3 shows a central angle of 
1 radian and a central angle of 6 radians in 
a circle of radius r. Since two central 
angles in a circle have the same ratio as 
their intercepted arcs, we have 

6 ^s 
1 r 
or 

5 = rO units. (19) 

Example 1. A target in the form of a circular arc having its 
center at a gun is 3000 yd. from the gun and subtends at the gun 
an angle of 0.015 radian. Find the length of the target. 

Solution. Here r = 3000 yd., and d = 0.015 radian. Substi- 
tuting these numbers in (19), we obtain 

s = rd = 3000(0.015) = 46 yd. 

Example 2. The nautical mile, or sea mile, used in the United 
States is the arc length subtended on a circle of diameter 7917.59 
miles by a central angle of 1' (7918 miles is approximately the 
diameter of a sphere having a volume equal to that of the earth). 
Find the length of the nautical mile. 




Fig. 2. 
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Solution, Using formula (19) with 

r = ^(7917.6) (5280) • and ® X l|o’ 
we obtain 

S = 1(7917.6) (5280) = 6080.4 ft. 

This is approximately the length of the nautical mile. A more 
accurate value is 6080.27 ft. 

EXERCISES 

1 . For a circle of radius 720 ft., find the length of arc subtended by a 
central angle of (a) 18°; (6) 28°30'; (c) 17°20'30"; (d) 20'30"; (e) 38"; 
(/) (a/7r)°.^ 

2 . For a circle having a circumference 3000 ft. in length, find in 
degrees, minutes, and seconds the central angle subtended by an arc of 
length (a) 300 ft.; (6) 10 ft.; (c) 1 ft.; (d) 12 ft.; (e) 2807 ft. 

3 . Show that a central angle of 6 degrees subtends on the circum- 
ference of a circle of radius r a length s given hy 

0 _ s 

180 ~ Trr 

4 . If a circular arc of 30 ft. subtends 4 radians at the center of its 
circle, find the radius of the circle. 

5. If two angles of a plane triangle are respectively equal to 1 radian 
and 1 radian, express the third angle in degrees. 

6 . An enemy battery 6000 yd. distant from an observation post 
subtends at the post an aiigle of -gjy radian. How many yards of front 
does the battery occupy if the post is directly in front of it? 

7 . Find approximately the angle in radians subtended by a church 
spire 160 ft. high at a point in the horizontal plane through the base of 
the spire and distant 1 mile from it. 

8. An automobile whose wheels are 34 in. in diameter travels at 
the rate' of 25 miles per hour. How many revolutions per minute does 
a wheel make? What is its angular velocity in radians per second? 

9. A mil* is ts^D" of a, right angle. Find the fraction of a radian in 
1 mil and the number of mils in I radian. 

10 . A mil is approximately the angle subtended at the center of a 
circle having a radius of 1000 yd. by an arc length of 1 yd. on the circle. 
If for a circle r and s are expressed in yards and 6 in mils, prove that 

® (approx.). 

* For a discussion of the mil, see Appendix A, 
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11 . An enemy battery, range 6000 yd., subtends an angle of 12 mils. 
How many yards of front does it occupy (see Exercise 10)? 

12 . A grade is the hundredth part of a right angle. Express an angle 
of 1 grade in radians. Also show that a mil is iV of a grade. 

13 . Assuming the earth to be a perfect sphere 7917 miles in diameter, 
find the length of an arc on the equator that subtends an angle of 1" 
at the center of the earth. Also find the distance between two points 
on the same meridian if one is 8° north of the equator and the other 
5°30' south of the equator. 

14 . When the moon is 239,000 miles from the earth, its diameter sub- 
tends about 31' of angle at a point on the earth. Using this fact, com- 
pute the diameter of the moon by assuming that the diameter is the 
arc of a circle having its center at a point on the earth. 

15 . The larger of two wliecls about which a belt is drawn taut has a 
3-ft. radius. If the centers of the wheels are 6 ft. apart and if the 
ar(^ of the larger wheel in contact with the belt subtends at its center an 
angle of 3.4 radians, find the radius of the smaller wheel. 

16 . An automobile has tires 28 in. in diameter. P'ind the angular 
velocity in radians per second of the wheel of the automobile when 
going 50 miles per hour. 

17 . The drive wheel of a locomotive is 6 ft. in diameter. Find its 
angular velocity in radians per minute when the train is moving 60 miles 
per hour. 

18 . The drive wheel of a locomotive is 6 ft. in diameter. If it makes 
500 radians per minute, find the si)eed of the train in miles per hour. 

19 . Find the average speed of a man who runs two laps in 30 sec. 
on a circular track that is 35 ft. in diameter. 

hi exercises 20 to 25, give approximate answers based on formula (19). 

20 . On approaching the shore, the captain of the ship shown in 
Fig. 4 measured the angle of elevation of the top of a flagstaff and 
found it to be 2°U)'. If he knew the height of the staff was 32 ft. and 



Fia. 4. 
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if the foot of the staff was on the same level with the captain’s eye, find 
his distance from the flagstaff. 

21 . A lighthouse 100 ft. high stands on a rock. From the bottom of 
the lighthouse the angle of depression of a ship is 2°47', and from the 
top of the lighthouse its angle of depression is What is the height 

of the rock? What is the horizontal distance from the lighthouse to 
the ship? 

22 . The signal-corps man shown 
in Fig. 5 subtends an angle of 35' 
at station aS. If he is 6 ft. tall, 
find his distance from the station. 

23 . On approaching a fort situated on a plain, a recon noi ter ing party 
finds at one place that the fort subtends an angle of 3° and at a place 
200 ft. nearer the fort that it subtends an angle of 6°. How high is the 





Fig. 5. 



Fig. (). 


fort, and what is the distance to it from the second place of observa- 
tion (see Fig. 6)? 

24 . The line of sight of a gun passes through a target 10,000 yd. away. 
Through an error in the sighting mechanism of the gun the plane of fire 
makes an angle of 10 mils with the vertical plane through the line of 
sight. How far from the target will the shell burst occur if the gun is 
correctly elevated? 

26 . Statistics show that when a shell bursts within 50 ft. of an air- 
plane it registers an effective hit. Find, for effective shooting, the 
maximum deviation from the direction that would give a central hit on 
an airplane distant 10,000 yd. Assume the airplane extends through 
a circle of diameter 75 ft. 

26 . An error of 1° in the course of an airplane causes an error of 
approximately 1 mile on a 60-mile trip. Show that this is true. Use 
this fact to find the displacement from destination for (a) an error in 
course of 2° for a 300-mile trip, (b) an error in course of 3° for a 180-mile 
trip, (c) an error in course of 1.5'^ on a 250-mile trip. 




CHAPTER III 

THE RIGHT SPHERICAL TRIANGLE 

21. Introduction. Just as plane trigonometry has for its 
object the study of the relations existing among the sides and 
angles of a plane triangle, so spherical trigonometry has for its 


{Courtesy, John Hancock Mutual Life Insurance Company) 
Chart your course right 

object the study of the relations connecting the sides and angles 
of a spherical triangle. Since the earth is approximately a 
sphere, this theory will apply when distances and directions on the 
earth are in question. Hence the subject of spherical trigonom- 
etry is basic in navigation, geodesy, and astronomy. 

22. The spherical triangle. The circle in which a plane 
through the center of a sphere intersects the sphere is called a 

35 
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great circle. As in plane geometry, an arc on a great circle is 
measured by the angle that it subtends at the center and will be 
expressed in degrees, minutes, and seconds. 

A spherical triangle consists of three arcs of great circles that 
form the boundaries of a portion of a spherical surface. As in 
plane geometry, the vertices of the spherical triangle will be 
denoted by capital letters A, B, and C and the sides opposite by 
a, h, and c, respectively. The magnitude of an angle of a spher- 
ical triangle is that of the plane angle formed by tangents to the 
sides of the angle at its vertex. In general^ we shall consider only 
spherical triangles^ each of whose sides and each of whose angles is 
less than 180°. 

The planes of the great circles belonging to a spherical triangle 
form a trihedral angle at the center of the sphere (see Fig. 1). 

The face angles of this trihedral angle, 
being measured by their intercepted 
arcs, are designated by the same let- 
ters as the corresponding sides of the 
spherical triangle. The tangents to 
the arcs AB and AC at point A, being 
perpendicular to the radius OA, are 
the sides of the plane angle of dihedral 
angle M-AO-N, These tangents 
measure angle A of the spherical tri- 
angle ABC, Hence an angle of the 
spherical triangle is measured by the dihedral angles made by the 
planes of its sides. 

Important propositions from solid geometry : 

1 . The sum of the angles of a spherical triangle is greater than 
180° and less than 540°; that is, 180° < A + B + C < 540°. 

2 . If two angles of a spherical triangle are equal, the sides opposite 
are equal; and conversely. 

3 . If two angles of a spherical triangle are unequal, the sides 
opposite are unequal, and the greater side lies opposite the greater 
angle; and conversely. 

4 . The sum of two sides of a spherical triangle is greater than the 
third side, 

EXERCISES 

1 . If each angle of a spherical triangle is a right angle, what is the 
value of each side? 
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2. Show that if a spherical triangle has two right angles, the sides 
opposite these angles are quadrants and the third angle has the same 
measure as the opposite side. 

3. The face angles of the trihedral angle associated with a spherical 
triangle are each 90° and the radius of the sphere is 10 in. Find the 
angles of the triangle in degrees, and find the sides both in degrees and 
in inches. 

4. Find the magnitude of the face angles and of the dihedral angles 
of the trihedral angle associated with a spherical triangle whose sides 
are 90°, 90°, and 60°. 

6. The face angles of a trihedral angle at the center of the earth are 
50°, 60°38', 45°50'20". Find in nautical miles* the lengths of the sides 
of the associated spherical triangle on the surface of the earth. 

6. Two great circles on a sphere intersect at an angle of 23°30'. 
Find the least great-circle distance from the pole of one to a point on 
the other. 

7. What can be said regarding the size and shape of a spherical equi- 
angular triangle if the sum of its angles is (a) nearly equal to 180°; 
{b) nearly equal to 540°? 

8. Find all sides and angles of a spherical triangle having as angles 
A = 90°, B — 90°, and 

(a) C = 30°. (c) C = 120°. (e) C = 110°. 

(5) C = 45°. (d) C = 70°. (/) C == 160°. 

9. Show that the sum of the angles of a right spherical triangle is 
greater than 180° and less than 360°. 

23. Formulas relating to the right spherical triangle. Bince 
spherical triangles having more than one right angle can be solved 
by inspection, we shall be concerned with right spherical triangles 
having only one right angle. 

In this article, ten formulas relating to the right spherical 
triangle arc derived, and in the next article simple rules for writing 
these formulas are given. 

The solution of all cases of spherical triangles generally con- 
sidered in spherical trigonometry can be solved by means of 
these formulas. 

In Fig. 2 is represented a spherical pyramid that is part of 
a sphere having unit radius and center 0. In the right spherical 
triangle ABC bounding the base of the pyramid, (7 is a right angle, 

* A nautical mile is the length of an arc of a great circle on a sphere the 
size of the earth subtended by an angle of 1' at its center. 
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and therefore the dihedral angle having edge OC is a right dihedral 
angle. From A, a plane is passed perpendicular to edge OB 
cutting the spherical pyramid in the triangle AED. Since 
OE is perpendicular to plane AED, it is perpendicular to lines 
EA and ED. Hence angle AED is the plane angle of the dihedral 
angle having OB as edge. Therefore angle AED is equal to 
angle B. Also, plane AED is perpendicular to plane COB, since 
it is perpendicular to a line in the plane. Therefore line AO is 


A 



perpendicular to plane OBC because it is the intersection of th(' 
two planes OAD and ADE, both of which are perpendicular to 
OBC. Hence the angles ADO and ADE are right angles. Each 
face angle of the trihedral angle O-ABC is measured by the side 
of the spherical triangle intercepted by it and is therefore desig- 
nated by the same letter as that side. 

From Fig. 2 we read 

DA . ^ EA . OE OD ^ 

-j- = sin 0 , -y- == sm c, y- — cos c, -y = cos 0 . (1) 

Also from triangle OED, EDjOE — tan a. Replacing OE in 
this by cos c from (I) and simplifying slightly, we have 

ED = OE tan a = cos c tan a. (II) 

Similarly, from triangle OED, 

ED = OD sin a — cos b sin a. (Ill) 

Figure 3 is obtained from Fig. 2 by enlarging it and writing on it 
the values of the line segments just derived. 
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Both values for ED, one from (II) and the other from (III) are 
written on ED, From the triangle AED in Fig. 3, we read 


sin B 
cos B 


sin h 
sin c 

tan a cos c 
sin c 


tan B 
tan a cos c 


_ sin b 
sin a cos 
= sin a cos b. 


(IV) 


A 



These last four equations may be written in the following form: 


sin b = sin c sin (1) 

cos B = tan a cot c, (2) 

sin a = tan b cot Bj (3) 

cos c = cos a cos b. (4) 

Similarly, by passing a plane through B of Fig. 2 perpendicular 
to OA and proceeding as above, we could prove the formulas 

sin a = sin c sin Ay (6) 

cos A = tan b cot c, (6) 

sin & = tan a cot A. (7) 


Formulas (5), (6), and (7) are the result of interchanging a and b 



40 


THE RIGHT SPHERICAL TRIANGLE 


[Chap. Ill 


and A and B in (1), (2), and (3), respectively. From (7) cot A = 
sin 6/tan a and from (3) cot B = sin a/tan 6; multiplying these 
two equations member by member, we obtain 

4 . A 4 . n sin 6 .. sin a 

cot A cot B = 7 X 7 r = cos 6 cos a, 

tan a tan 6 ' 


or, interchanging members and replacing cos 6 cos a by cos c 
from (4), 


cos c — cot A cot B. 

( 8 ) 

Similarly from (2), (5), and (4), we obtain 


cos B = cos h sin A 

( 9 ) 

and from (6), (1), and (4), 


cos A == cos a sin R. 

( 10 ) 



24. Napier’s rules. The ten formulas derived in §23 need 
not be memorized, for it is easy to write them by using two rules 
^ devised by John Napier, the inventor of loga- 

rithms. 

Figure 4 represents a right spherical triangle. 
Figure 5 contains the same letters as Fig. 4 
except C(== 90°), arranged in the same order. 
The bars on the letters c, and A mean the 
complement of; thus B means 90° — B. Note 
that the barred parts are the hypotenuse and 
the two angles each of which has a side along 
the hypotenuse. The angular quantities a, hj Cj A^ B are called 
the circular parts. There are two circular parts contiguous with 
any given part and two parts that are not con- 
tiguous to it. Speaking of this given part as 
the middle part, we call the two contiguous 
parts the adjacent parts, and the two non-con- 
tiguous parts the opposite parts, Napier’s 
rules may now be stated as follows: 

Napier’s Rule I. The sine of any middle 
part is equal to the product of the cosines of the opposite parts. 

Napier’s Rule II. The sine of any middle part is equal to the 
product of the tangents of the adjacent parts. 
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We may use the expression sin middle = cos opposite = 
tan adjacent as an aid in recalling these rules. 

Thinking of any part as the middle part, we can write two 
formulas, one from each of the two rules. Considering each of 
the five parts in turn as middle part, we may write ten formulas, 
and these are found to be the ten formulas numbered (1) to (10) 
in §23.* 

Example. Use Napier^s rules to write two formulas by using 
(a) h as middle part; {h) A as middle part. 

Solution. Noting that sin = sin (90° -- yl) =* cos 

cos A = cos (90° — A) = sin A, etc., and applying the first rule 
to the parts 6, c, B (see Fig. 6), 
we obtain 

sin b = cos c cos By 
or 

sin b = sin c sin B. (a) 

Applying the second ruki, us- 
ing parts Ay by Uy we obtain 

sin b = tan A tan a = cot A tan a. (b) 

Similarly, using the parts Ay By a and the first rule, and after- 
wards the parts c, A, 6 and the second rule, we obtain 

sin A = cos B cos a, or cos A = sin cos a, (c) 

sin A = tan c tan b, or cos A = cot c tan b. (d) 

The formulas (a), (6), (c), and (d) are, respectively, the formulas 
(1), (7), (10), and (6) of §23. 

EXERCISES 

1. Solve each of the following right spherical triangles for the 


unknown part indicated. 

(a) a = 30°, 

(d) a = 60°, 


h = 60°, c = ? 

11 

CO 

o 

o 

A = ? 

(6) c = 60°, 

(e) c = 60°, 


a = 45°, B = ? 

A = 45°, 

h = ? 

(c) a = 45°, 

(/) A = 30°, 


B = 60°, c = ? 

B = 60°, 

a = ? 


* After the student has become familiar with the use of Napier’s rules, 
he may save time by writing the desired formulas directly from the triangle 
on which the letters have been properly barred. 


B 
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2. Using Fig. 7, show that for- 
mulas (1) to (10) hold true for the 
case a is greater than 90°, c is greater 
than 90°, 5 is less than 90°. 


3. Solve each of the following right spherical triangles for the 
unknown part indicated: 


(a) a = 60°, 


(d) A = 135°, 


h = 120°, 

A = ? 

B = 60°, 

c == 

(6) c = 135°, 


(e) a = 30°, 


b = 120°, 

a = ? 

B = 120°, 

A = 

(c) B = 150°, 


s 

It 

to 

o 

o 


c = 120°, 

a = ? 

a == 135°, 

B = 


4 . Corresponding to each of the following formulas pertaining to a 
plane right triangle, write, using Napier’s rules, an analogous formula 
pertaining to a right spherical triangle. 

(a) sin A = a/c. (d) cos A = h/c. (/) tan A — a/h, 

(b) sin B = h/c, (e) cos B = a/c. {g) tan B — b/a. 

(c) 1 = cot A cot B, 

6. On Fig. 8 interchange A and B^ also a and b. Then express the 
values of the line segments OD, OE, BE, BD, DE in terms of a, b, c, 



and write each of these line values on the figure. Equate two values of 
DE to obtain formula (4), and apply the definitions of the trigonometric 
functions to triangle BDE to obtain formulas (5), (6), and (7). 
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6. Using formula (4), show that the hypotenuse of a right spherical 
triangle is less than or greater than 90°, according as the two legs lie 
in the same quadrant or in different quadrants. 

7. Using formula (10), show that in a right spherical triangle each 
leg and the opposite angle are of the same quadrant. 

8. Use Napier^s rules to write a formula involving the following, 
taking c as unknown part, 

(a) c, J5, A. (6) c. By a. (c) c, B, b. 

9. Use Napier^s rules to write three formulas, each involving 

a and b. % 

10. Prove that tan A 

11. Prove that cos A 

26. Two important rules. In what follows it will be con- 
venient to speak of an angle of the first quadrant or of the second 
quadrant. An angle is said to be of the first, second, third, or 
fourth quadrant according as its terminal side falls in the first, 
second, third, or fourth quadrant when laid off in the usual 
manner relative to rectangular coordinate axes. 

I’rom formula (10) of §23, namely, 

cos A = cos a sin 

it follows that cos A and cos a must have the same sign since 
sin B is positive in all cases. Hence both A and a must be less 
than 90°, or both must be greater than 90°. Formula (9) may 
be used to show that B and h must be of the same quadrant. The 
following rule expresses the relation. 

Rule (i4). In a right spherical triangle an oblique angle and 
the side opposite are of the same quadrant. 

From formula (4), namely, 

cos c = cos a cos 6, 

it appears that the product cos a cos h must be positive when c is 
less than 90°; therefore cos a and cos h must have the same 
sign, and for that reason a and 6 aie both of the first quadrant 
or both of the second quadrant. From the same formula it 
appears that cos a cos h must be negative when c is greater than 


sin a 

tan b cos c 
sin b cos a 
sin c 
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90 ° ; therefore cos a and cos h must have opposite signs, and a and 
h are of different quadrants. The following rule expresses the 
relation. 

Rule (J5). When the hypotenuse of a right spherical triangle 
is less than 90°, the two legs are of the same quadrant; when the 
hypotenuse is greater than 90°, one leg is of the first quadrant 
and the other of the second. 

Rules {A) and {B) enable the computer to tell the quadrant of 
an angle found from its sine or its cosecant. 

EXERCISES 

State the quadrant of each of the unknown parts in each of the 
right spherical triangles indicated in the following diagram: 































i[mi 

























26. Solution of right spherical triangles. When two parts 
of a right spherical triangle in addition to the right angle are 
given, the remaining parts can be computed from formulas 
obtained by using Napier^s rules. In solving the triangle it will 
be found advantageous to proceed as follows: 

a. Draw a right spherical triangle lettered in the conventional 
way and encircle the given parts. 

b. Write a formula for each unknown part by applying Napier’s 
rules. Each formula should contain the unknown part and both 
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of the given parts. Then write a check formula connecting the 
three required parts. 

c. Make a form. 

d. Fill in the blank spaces of the form. 

Example. Solve the right spherical triangle in which a = 
66°59'3r', h = 156°34'19". 


B 



Fig. 9. Fig. 10. 


Solution. Figures 9 and 10 display the circular parts of a 
right spherical triangle, the known parts a, h being encircled. 
Using Napier’s rules, in connection with Fig. 10, we write 

sin © = tan @ cot A, or cot A ~ sin © cot (a) 

sin @ = tan @ cot or cot i? = sin © cot ©, {h) 

cos c = cos ® cos ®, (c) 

cos c = cot A cot B. {d) 

The symbols I sin, I cot, etc., written in any line of a form mean 
log sine of the angle at the left of the line, log cotangent of that 
angle, etc. For convcmience the negative part —10 of the 
characteristic will be omitted in the forms. 

The symbol ( — ) written before a logarithm in any form calls 
attention to the fact that the antilogarithm of that logarithm 
is negative. Hence an odd number of symbols ( — ) appearing 
in a column used to evahiate a product by logarithms will 
indicate that the prodiK^t is negative. An even number of 
symbols ( — ) will indicate a positive product. 

In the forms of spherical trigonometry we shall omit the expres- 
sions a b =, etc., to save space. The student will understand 
that each symbol refers to the number at the extreme left of its line. 

The computation of the unknown parts from the formulas (a), 
(6), (c), and the check by {d) is displayed on page 46. 



4G 


THE RIGHT SPHERICAL TRIANGLE [Chap. Ill 


(a) (6) (c) 


a = 66°59'31" 

Z cot 

9.62802 

Z sin 9 . 96400 

Z cos 

9.69202 

b = 156'’34'19" 

Z sin 

9.59944 

Zcot (-)0. 36319 

Z cos ( 

-)9. 96264 

A = 80°26'01" 

1 cot 

9.22746 




B = 164°47 26" 

Z cot ( 

-)0. 32719 

icot (-)0. 32719 




c = Z cos (-)9. 55465 ^ cos (-)9. 55466 


Observe that the check obtained by adding log cot A to 
log cot B to get log cos c checks only the logarithms of the 
computed parts. Errors made in finding A, B, and c from associ- 
ated logarithms would not affect the check. 


EXERCISES 

Solve the following right spherical triangles: 


1. 

a 

= 

10°32', 


B 

= 

12°3'. 

2. 

c 

= 

46°40', 


B 

= 

20°50'. 

3. 

a 

= 

118°54', 


B 

= 

12°19'. 

4. 

a 

= 

43°27', 


c 

= 

60°24'. 

6. 

b 

= 

48°36', 


c 

= 

69°42'. 

6. 

a 

= 

168°13'45", 


c 

= 

150°9'20". 

7. 

c 


112°48', 


B 

= 

56°11'56". 

8. 

c 

= 

32°34', 


A 

= 

44°44'. 

9. 

A 

= 

116°31'25", 


B 


116°4372". 

10. 

A 

— 

54°54'42", 


c 

= 

69°25'11". 


11. c = 55°9'32", 
a - 22°157". 

12. a = 36°27', 

h = 43°32'31". 

13. a = 29°46'8", 

B = 137‘^24'21". 

14. a = 144°27'3", 
b = 32°8'56". 

16. h = 36°27', 
a = 43°32'31". 

16. A = 63n5'12", 
B = 135°33'39". 

17. A = 67°54'47", 
B - 99°57'35". 

18. b = 22°157", 
c = 55°9'32". 

19. a = 118°30'10", 
B = 95°36'. 

20. b = 92°47'32", 
A = 50°2'1". 


21. If angle A of a right spherical triangle is 28°, what is the maximum 
size of angle B? 



22. A plane leaves point Mi in Fig. 11 flying due 
east and follows a great-circle track to a point ilf 2 . 
If Ml is in latitude 40°30' N., longitude 75° W. and if 
M 2 is in longitude 60° W., find the distance D 
traveled, the latitude of M 2 , and the course angle C 
at M 2 . 

Hint. The angle DLo at the north pole Pn is the 
difference in the longitudes of the two points Mi 
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and M 2 . The distances from the points Mi and M 2 to Pn are respec- 
tively the complements of the latitudes of these points. 


23. In the spherical triangle ABC (Fig. 
12), p is the arc of a great circle perpen- 
dicular to side c. Write an expression for 
B in terms of A, a, and 6. 

Hint. Find two values of p and equate 
them. 


C 



24. If in the triangle ABC of Exercise 23, A = 40° 10', a — 46°20', 
and b — 64°50', find B. 


26. All lines in Fig. 13 represent arcs of 
great circles. Find all unknown parts, thus 
solving a spherical triangle for which two 
angles and the included side are given. 


C 



27. The ambiguous case. When the given parts are a side 
and the angle opposite, two solutions are obtained. In such 
cases each unknown part is found 
from the sine and hence may be 
chosen either in the first quad- A 
rant or in the second quadrant; 
that is, in the case of each un- 
known an angle and its supple- 
ment must be written. If A and a represent the given parts and 
C the right angle, the two triangles will form a lune as indicated in 
Fig. 14; for in this figure appears as 180® — J5, c' as 180® — c, 
and h' as 180° — 6. 

The solution of the following example will illustrate the 
method of finding a double solution when it exists. 

Example. Solve the right spherical triangle in which 
a = 46®45', A = 59®12'. 

Solution. Using Napier’s rules in connection with Fig. 16 we 
obtain 



Fiq. 14 . 
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B 



b 

Fia. 15. 


sin c = sin @ esc (a) 

sin B = sec © cos (b) 

sin h = tan © cot ©, (c) 

sin h = sin c sin B, Check 


The solution is displayed below. 


a = 46°45' 

A = 59°12' 

Cl - 67°69'30" 
C 2 = 122°0'30" 
Bi = 48°21'27" 
B 2 - 131°38'33'' 

61 = 39°19'24" 

62 = 140°40'36" 


(a) and {check) 
I sin 9.86235 
I CSC Q.Q 66Q3 
I sin 9.92838 

i 

I sin 9.87350 
I sin 9.80188 


{h) 

I sec 0.16419 
I cos 9.70931 


I sin 9.87350 


(c) 

I tan 0.02655 
I cot 9.77533 


I sin 9.80188 


The six answers were grouped to obtain the solutions 5i, Ci, Bi, and 
62 , C 2 , B 2 by using the rules (A) and (B) of §25. 

EXERCISES 

Solve the following right spherical triangles: 

1. b = 35°44', 4. a = 77^2T50", 

B = 37°28'. A = 83°56'40". 

2. b = 129°33', 5. a = 160°, 

B - 104°59'. A = 150°. 

3. 6 = 21°39', 6 . 6 = 42°18'45", 

B = 42°i0'10". B = 46°15'25''. 

7. Apply Napier’s rules to Fig. 15 to obtain a formula involving the 
known parts a, A, and the unknown part h. From this formula show 
that there may be no solution. Discuss the case that arises when 
a and A are supplementary. 

Solve the following right spherical triangles : 

8 . 5 = 42°18', 9. a = 20°10', 

B = 42°18'. A = 115°20^ 


28. Polar triangles. The poles of a great circle on a sphere 
are the points where a perpendicular to the plane of the great 
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circle through its center pierces the surface of the sphere. To 
obtain the polar triangle of a spherical triangle ABC, construct 
three great circles on the sphere having their poles dA A, B, and 
C. Two arcs, one having B as pole and the other C as pole, 
intersect in two points on opposite sides of arc BC. Denote by 

A' C 




A' the point that lies on the same side of the great circle through 
BC as A, Locate 5' and C' by an analogous procedure. Then 
triangle A'B'C' is the polar of triangle ABC. Figures 16 (a) and 
16 (5) indicate the relations. 

The following theorems from solid geometry are important: 

1 . If A'B'C' represents the polar triangle of spherical triangle 
ABC, then ABC is the polar triangle of A'B'C'. 

2 . An angle of any spherical triangle is the supplement of the 
opposite side in the polar triangle. 

In accordance with Theorem 2, we have the following relations 
between the sides and angles represented in Figs. 16 (a) and {h ) : 

A' = 180^ - a, A = 180^ - a', ) 

B' = 180° -b, B = 180° - V, > (11) 

C' = 180° - c, C = 180° - c'. ) 

If in an equation containing the quantities a, b, c, A, B, C, 

these quantities be replaced by their values in terms of a', 6', 
c', A\ B', C', from (11), a new equation having reference to the 
polar triangle is obtained. The relations (11) will be used in the 
next article to solve a spherical triangle having a side equal to 90°. 

EXERCISES 

1. Use relations (11) to find the parts of the polar triangle of each of 
the following spherical triangles. 
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(а) A = 135°59.1', B = 100^0.1', C = 98°43.3', c = 90°, a = 
135°20', b = 98°31.5'. 

(б) a - 54°16.0', b = 114°47.0', C = 70°35.9', c = 90°, A = 
49°57.9', B = 121°5.5'. 

(c) a = 116°35.6', 5 = 105°14.8', c - 43°17.2', A = 112°47.4', 
B = 84°6.7', C = 44°59.1'. 

(d) a = 136°19.6', 6 = 43°18.5', c = 114°43.3', A = 132°15.3', 
B = 47°19.5', C = 76°48.4'. 

2. For each of the following formulas, write a new formula having 
reference to the polar triangle: 

(a) sin a == sin c sin A. 

(b) tan b — tan c cos A. 

(c) tan a = sin b tan A. 

(d) cos c = cos 5 cos a. 

(e) sin 6 = sin c sin B, 

(J) cos a = cos b cos c + sin h sin c cos A, 

ig) cos A = — cos B cos C + sin B sin C cos a. 

- , cos + B) _ tan 

cos \{A — B) tan \(g + 6) 
sin i(A + .g) __ tan 
sin \{A — B) tan i(a — b) 

3. For each of the following triangles find the known parts of the 
polar triangle; solve these i)olar triangles: 

(а) c = 90°, a == 122°48.2', B == 21°35.4'. 

(б) c - 90°, a = 49°30.0', B = 65°36.2'. 

29. Quadrantal triangles. A spherical triangle having a side 
equal to 90° is called a quadrantal triangle. Evidently the j)olar 
triangle of a quadrantal triangle is a right spherical triangle. 
Hence tliis polar triangle can be solved in the usual way, and the 
unknown parts of the quadrantal triangle can then be obtained 
by using relations (11). 

Example. Solve the spherical triangle in which c = 90°, 
A = 115°38', b = 139°58'. 

Solution. Using (11) of §28 we obtain for the polar triangle 
C' = 180° - c = 90°, a' = 180° - A = 64°22', B' = 180° - 
b — 40°2'. The solution of the polar triangle follows: 
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a' = 64°22' 

1 cot 9.68109 

1 sin 9.95500 

1 cos 9.63610 

B' = 40°2' 

1 cos 9.88404 

1 tan 9.92433 

1 sm 9.80837 

c' = ()9°49'37" 

1 cot 9.56513 



6' = 37°8'25" 

1 tan 9.87933 

1 tan 9.87933 


A' = 73°50'34" 

1 cos 9.4444G 


1 cos 9.44447 


Using eciuations (11) again, we obtain C = 180° — c' = 
110°10'23", B = 180° - 6' = 142°61'36", a = 180° - A' = 

106°9'26". 

EXERCISES 

Solve the following right s])herical triangles and then use (11) to 
obtain the solution of the polar triangle of ea(;h: 

1. a = 115°6', 2. a = 112°43'30", 

b = 123°14'. c = 85°10'10". 

Solve the following quadrantal triangles: 

5. A = 153° 16', 
b - 19°3', 
c = 90°. 

6 . 6 = 159°33'40", 
a = 95°18'20", 
c = 90°. 

B 


7. In Fig. 17, a = J8°12', B - 74°45', 
c = 90°. Solve the right triangle ACD, 
and from it deduce the solution of the qiiad- 
rantal triangle ABC, 


Fiu. 17. 



3, B = 117°54'30", 
a = 95°42'20", 
c = 90°. 

4. 7? = 69°45', 

A = 94°40', 

c = 90°. 


30. The solution of the oblique triangle. We have seen that 
any right spherical triangle can be solved by the use of Napier\s 
rules. An oblique spherical triangle can be solved by dividing 
it into two right triangles and then using Napier’s rules to solve 
each of them. When the given parts are two sides and the 
included angle, drop the perpendicular from the vertex of an 
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unknown angle to the opposite side. An example will serve to 
indicate the method. 


Example. Solve the spherical triangle in which a = 88°24', 
h = 56°48', C = 128°16'. 

Solution. Figure 18 represents a triangle with the given 
^ parts encircled and with the arc AD 

drawn perpendicular to the side BC. 
Applying Napier’s rules to the 
right triangle ACD, we obtain the 
formulas 



tan <p = tan b cos C (12) 

cot 6 = cos h tan C (13) 

sin p = sin h sin C (14) 

Fig. 18 . sin p = cot 6 tan (p {check) (15) 

The solution of the right triangle ADC by using (12), (13), (14). 
and (15) follows. 


h = 56°48' 

C = 128^0' 

aan 0,18417 

^cos (-)9.79I92 j 

/ COS 

1 tan ( 

9.73843 
-)0. 10303 

Z sin 9 . 92260 
Zsin 9.89495 

ip = 136"34'35" 

Uaii (-)9. 97009 | 

1 



e = 124°4()'0" 

1 cot (-)9. 84147 

1 cot ( 

-)9. 84146 


p == 138°55'48" 

lam. 9.81756 



Zsin 9.81755 


After the first right triangle has been solved, the figure should 
^ be drawn showing the perpendic- 

ular falling inside or outside the 
triangle according as (p is less 
than or greater than the side 
along which it lies. 

Since ip is greater than a, the 
point D falls outside the arc CB 
extended as indicated in Fig. 19. 
In the triangle BDA the arcs p 
and ^ — a are known. Applying Napier’s rules to triangle 
BDA, we obtain the following formulas: 



cot = cot p sin (p^ 

(16) 

cot d' = sin p cot (p^ 

(17) 

cos c — cos p cos ip' 

(18) 

(check) cos c = cot 6 cot Bi 

(19) 
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The solution of the triangle BDA follows. 


p = 138°55'48" 

1 cot ( 

-)0.05977l 

1 sin 9.81755 

1 cos 

(~)9.87732 

_ a) = 48°10'35" 

1 sin 

9.87227 

1 cot 9.95175 

1 cos 

9.82402 

Bi = 130°32'7" 

1 cot ( 

-)9.93204 




e' = 59‘=32'56" 

1 cot 

9.76930 

/ cot 9.76930 



c = 120A0'52" 

1 cos 

9.70134 


/ cos 

(-)9.70134 


Using Fig. 19 and the quantities obtained by the solutions, 
we have 


B = 180° - 5i = 49°27'48", ^ = e - 0 ' = 66°13'4", 

C = 120°10'62". 

EXERCISES 

Solve the following spherical triangles by the method of this article : 


1. a = 88°24'0", 
h - 56°48'0", 
C = 128°16'0". 

2. 6 = 120°30'0", 
c = 70°20'0", 

A = 50°10'0". 

3. a = 7(r24'0", 
b = 58°J9'0", 
C = 116°30'0". 


4. a = 88°37'40", 
c = 125°18'20", 
B = 102°16'36". 

6 . a = 86°18'40", 
b = 45°36'20", 
a = 120°46'3()". 

6. 6 = 132°17'30", 
c = 78°15'15^ 
A - 40°20'10". 


Solve the following triangles by solving the polar triangle. 


7. A = 120°10'0", 
B = 100°20'0", 
c = 30°5'0". 


8. A = 27°22'34", 
a = 9r2G'44", 
b = 120°18'33". 


Solve the following spherical triangles by the method of this article 


9. a = 40°6'0", 
b = 118°22'0", 
A = 29°43'0". 

10. a = 128n5'0", 

b = 129°20'0", 
A = 130°25'0". 


11. a = 150°57'5", 
b = 134°15'54", 

A = 144°22'42". 

12. a = 52°45'20", 
c = 7ri2'40", 

A = 46°22'10". 


13. Solve each of the following triangles by solving its polar tiiangl< 


(a) c = 80n3'0", 
C = 78°i5'0", 
B = 75°17'0". 


(b) a = 115°13'4", 
A == 120°43'0", 
B = 116°38'0". 



CHAPTER IV 

*!k 

ELEMENTARY APPLICATIONS 


31. Definitions and notations. The earth revolves about a 
diameter calh'd its axis. One point where the axis cuts the 
surface of the earth is called the north pole, the other is called 
the south pole, Ps. 

The equator is the great circle on the earth whose plane is 
perpendicular to the axis of the earth. 

A meridian is a great circle on the earth passing through the 

north pole and the south pole. In 
Fig. 1, PnBPs and PnCPs represent 
meridians. Since meridians cut the 
equator at right angles, angular dis- 
tances of points on the earth from 
the equator arc measured along 
meridians. 

The latitude (Lat. or L) of a point 
on the earth is the angular distanc(^ 
of the point from the equator. It is 
measured along a meridian north or 
south of the equator from 0° to 90°. 
In Fig. 1, CM 2 represents the lati- 
tude of M 2 . In general, north latitude is considered positive, 
south latitude negative. 

Because of the great importance of triangle in con- 

nection with problems relating to distances and angles on the 
earth, it is called the terrestrial triangle. Arc M 1 M 2 represents 
the distance along the great-circle track from Mi to M 2 , and the 
angle MiMiPn gives the initial direction of the track. The angle 
of departure PnMiM 2 measured from the north around through 
the east from 0° to 360° is called the initial course Cn. For a 
person situated on the northern hemisphere of the earth at a point 
such as z in Fig. 2, north is along the tangent to the meridian 
away from the equator; for a person standing at z facing north, 

54 


Pn 
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east is on his right, west is on his left, and south is opposite to th(' 
direction in which he is facing. 


Ps 

Fig. 2. Fig. 3. 

Figure 3 indicates directions at four positions on the earth. 

The longitude (Long, or X) of a point on the earth is the angle 
at either pole between the meridian passing through the point 
and some fixc^l meridian known as the prime meridian. It is 
measured east or w(ist of the prime m(a*idian from 0° to 180°. 
The meridian of Greenwich, England, is the prime meridian, 
not only for English and American navigators but also for those 
of many other nations. 

The latitudes and longitiuh) of a point give its position on the 
earth just as the two coordinates of a point give its position rela- 
tive to a set of rectangidar ax{\s. 

32. Course and distance. In general, the procedure of apply- 
ing spherical trigonometry to solve problems relating to the (^arth 
consists in finding three parts of the terrestrial triangle, solving 
for one or more of the other three parts, and interpreting th(i 
results. Consideu*, for example, the problem of finding the grc'at- 
circle distance between two points Ah and M 2 when the latitude 
and the longitude of eacii point are known. In Fig. 4, Fa 
represents the north pole, QK 1 K 2 Q' the eepiator, PnOQPs tlu' 
meridian of Greenwich, and Mi and M 2 two places on the earth. 
The longitudes Xi of Mi and X 2 of M 2 arc known; hence angle 

AIiPnAI'i = X2 — Xi 

is known. Also, the latitudes Li = KiMi of Mi andL 2 = KiAU^ 
of M 2 are known; hence the arcs MiPn = 90° — Li — co-Li 
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and MiP„ = 90° — Li = co-Li are known. Thus, in triangle 
MiPnMi, two sides MiP„ = co-Li and MiP„ = co-Li and the 
included angle MxPnMi = X 2 - Xi are known. Consequently, 
we can solve this triangle by the method of §30. 

The coiirse of a ship is the inclination of its direction of sailing 
to the meridian through it. Course is measured from 0° at north 
around to the right (clockwise) through 360°. 

A nautical mile is 6080.27 ft. This length was chosen because it 
is practically the length of 1' of arc on a great circle of the earth 
(see Example 2, §20). 


Pn 



A knot is the unit of speed used in navigation. It is a speed of 
1 nautical mile per hour. 

Example. Compute the initial course and the distance for 
a great circle airplane trip from Annapolis, Lat. 38°59' N., Long. 
76°29' W. to Seattle, Wash., Lat. 47°36' N., Long. 122°20' W. 

Solution. Spherical triangle P„A<S in Fig. 6 represents the 
terrestrial triangle; spherical triangle CAB in Fig. 5 is the same 
triangle lettered in the conventional way. A represents the posi- 
tion of Annapolis, S the position of Seattle, and EEi part of 
the equator. The given parts are the angle at P„ = the differ- 
ence in longitude DLo = C = 122°20' - 76°29' = 45°51', the 
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arc PnA = co-Li = 5 = 90° - 38°59' = 
PnS = C 0 -L 2 = a = 90° -- 47°36' 

= 42°24'. 


The parts to be found are the 
angle at A, initial-course angle, 
and the length of the arc ASy 
the distance traveled c. The arc 
BD = p represents the perpen- 
dicular from S to C A. Apply- 
ing Napier ^s rules to solve right 
triangle BDCj we obtain the 
formulas 

tan (p = tan a cos C, 
sin p == sin a sin C. 



Fig. 5. 


The solution is exhibited in the following form : 


and the arc 



Fig. 6. 


a = C 0 -L 2 = 42°24' 

C = DLo = 45°51' 

<P = 32°27'28" 
p = 28^56'5" 


I tan 9.96053 
I cos 9.84295 
I tan 9.80348 


I sin 9.82885 
I sin 9.85583 


I sin 9.68468 


In this case is less than h and the perpendicular p falls inside 
the triangle as shown in Fig. 5. In triangle BDA we know p and 
^ = 5ri' - 32°27'28" = 18°33'32". Applying 
Napier^s rules to solve the right triangle BDA, we obtain the 
following formulas: 

cot A — cot p sin 
cos c = cos p cos (p\ 


The solution is exhibited in the following form: 


p = 28°56'5" 
= 18°33'32" 

A = Course angle = 60 ° 4 ' 8 " 
c = Distance = 33 ° 66 ' 8 " 


I cot 0.25742 
I sin 9.50281 
I cot 9.76023 


I cos 9.94209 
I cos 9.97681 


I cos 9.91890 


Here c represents the distance. Since 1' of arc of a great circle 
on the earth has the length of 1 nautical mile (6080.27 ft.) the 
distance AS = c = 33°56'08" = (33 X 60 + 56 -|- -^) miles ~ 
2036.1 miles. From Fig, 6 and the quantities obtained in the 
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solution we get initial course = i4 = N. 60°04'8" W. or compass 
reading 299°56'62". 

EXERCISES 

1. Solve the following spherical triangles: 


(а) a = 37°48'12", 

^ = 59°44'16", 
C = 90°. 

(б) A = 110°47'50", 
B = 135°35'34", 

c = 90°. 

(c) A = 55°32'45", 
B = 101°47'56", 
C = 90°. 


(d) b = 132°25', 

B = 107°30', 

C = 90°. 

(e) B = 74°45', 
a = 18°12', 
c = 90°. 

(/) a = 25°18'45", 
A = 15°58'15", 
C = 90°. 


2. Solve the following isosceles spherical triangles: 


(a) c = 51°8', 

A = B = 41°57'. 


(b) C = 50°19'40", 

A = B = 100°12'30". 


Hint. Draw the arc of a great circle through the vertex perpendicular 
to the opposite side. This perpendicular bise(Ts the base and the angle 
at the vertex. 

3. Two great circles on a sphere intersect !it 35°. A point A on one 
circle is 65° from their intersection. Find the distance from the inter- 
section to the point nearest to A on the other circle. 


B 



4. All lines in Fig. 7 represent arcs 
of great circles. Find all unknown parts, 
thus solving a spherical triangle for which 
two sides and the included angle are 
given. 



6. All lines in Fig. 8 represent arcs 
of great circles. Find all unknown 
parts, thus solving a spherical triangle 
for which two sides and an angle opposite 
one of them are given. 
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P 


6 . Figure 9 represents a spherical triangle, 
with the north pole at P, Panama in latitude 
8°57' N. at Ml, and Honolulu in latitude 
21°18' N. at M 2 . M 2 D is the arc of a great 
circle perpendicular to PMi and DLo is 78°20'. 
Solve the right triangle I completely and 
afterward triangle II. From the results find 
the distance M 1 M 2 and the course angle at Mi. 



Fig. 9. 


7 . The northern vertex V (see Fig. 10), or 
point of highest latitude reached on the great- 
circle track from Mi to M 2 , is in latitude 
L„ = 68°27' N., and longitude = 20°23' W. 
A ship sails on the great-(urcle track M 1 M 2 , 
starting from Mi in longitude Xi = 37®18' W. to 
M 2 in longitude X 2 == 26°28' W. Find the 
distance Mi M 2 . 

Hint, DLoi = Xi — X,., DL 02 = X 2 — 'Kp, and 
1" is a right angle. 


Pn 



Fig. 10. 


8 . The initial course of a certain ship sailing from New York (latitude 
L = 4()°4(y N., long. X = 73°58'30" W.) is due east. After she has 
sailed 600 nautical miles on a great circle, find lier latitude, longitude, 
and course. 


9 . Find the latitude and distance from New York of the ship in 
Exercise 8 when her longitude is 15°25' W. 

10 . Find the latitude and longitude of the northernmost point on a 
great-circle track sailed by a ship leaving Ban Francisco (latitude 
L — 37°48' N., long. X = 122°23' W.) on a course of 310°. 

11. What is the shortest distance from New York to the great circle 
that passes through Ban Francisco and the nearest point to Ban Fran- 
cisco on the 180° meridian? 


12 . Find the point on the 180° meridian that is nearest Ban Francisco 
(latitude L = 37°4S' N., long. X = 122°23' W.). 

13 . A ship sails from a place in longitude 33°14'25" W. 2000 nautical 
miles on a great circle. If the initial course is due east and if the change 
in longitude is 53°14'25", find the latitude of departure and the course 
of arrival. 


33. Parallels of latitude. In Fig. 11, C represents the center 
of the earth, Pn the north pole, AB an arc on the equator, and DE 
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an arc of a small circle in latitude L cut out by a plane DEF 
parallel to the plane of the equator. From the figure it appears 
that angle ACB = angle DFE = angle DPnE is the difference 

in longitude DLo between points A 
and B or between D and E. From 
sector ACBj 

(AB)n = R{DLo)r, (1) 

where (AB)n denotes arc AB in 
nautical miles, R the radius of the 
earth in nautical miles, and {DLo)r 
the difference in longitude in radians. 
But numerically 

(AB)r, = (ABY = (DLoY, 

where the symbol ' indicates the 
quantity is measured in minutes. 

Hence numerically 

(DLoY = R{DLo)r. (2) 

Also from sector DFE 



{DE)n = R{cos L){DLo)ry 

where {DE)n denotes are DE in nautical miles. Substituting 

Departure P the value of R{DLo)r from (2) in this 

equation, we get 



{DE)n = (cos L)(DLoy. 


( 3 ) 


34. Plane sailing. The path of a ship 
intersecting at the same angle all the 
meridians which it crosses is called a 
rhumb line. All rhumb lines except 
parallels of latitude are called loxodromic 
curves. Such a curve when sufficiently 
prolonged spirals about a pole but does 
not reach it. 

In Fig. 12 PP' represents a comparatively short distance along 
a rhumb line which cuts meridian PN at angle C. NP' represents 
part of a parallel of latitude. The lengths of PP' = d, PN = ly 
and NP' = p are called respectively the distance , the difference in 
latitude y and the departure. For comparatively short distances 


Fig. 12. 
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the triangle PNP' is considered as a plane triangle and the 
following formulas are read from it: 

I = d cos C, p = d sin C. (4) 

34a. Middle latitude sailing. Since difference in latitude I is 
along a meridian, the number of nautical miles in I is the number 
of minutes in the difference in latitude between P and P\ 
Formula (3) shows that departure p must be multiplied by sec L 
to get DLo. Since L is a variable between P and P', an approxi- 
mation to DLo in minutes is obtained by multiplying departure p 
by the secant of the mid-latitude {^){Laf.P + LaLP'). These 
relations are expressed by the following formulas: 

(DifE. lat.)' = d cos C, 

(DLo)' = d sin C sec ^(Lat. P + Lat. P'), 

where d is in miles. Observe that the first formula in (5) is exact, 
whereas the second is approximate. This method of converting 
departure to difference in longitude is called middle latitude sailing. 

Example. An airplane flies 200 miles northeast from Annapolis 
Lat. 38°59' N., Long. 76'^29' W. Find the difference in latitude 
and the departure. Also find the latitude and longitude of the 
place reached. 

Solution. Using formulas (4) we obtain 

I = 200 cos 45° = 141.4 miles, 

p = 200 sin 45° = 141.4 miles (a) 

Hence the change in latitude is 141.4' = 2°21.4' and the 
required latitude is (38°59' + 2°21.4') N. = 41°20.4' N. Using 
the second formula of (5), we have 

DLo = 200' sin 45° sec [38°59' + ^(2°21.4')] = 188.5' = 3°8.5'. 
Hence the required longitude is 

(76°29' - 3°8.5') W. = 73°20.6' W. 

EXERCISES 

1. If a ship sails on a course of 42° for 190 miles, what are the 
departure and difference in latitude? 

2. If a ship sails a course of 19° for 201.85 miles, what is the 
departure? 

3. A ship asks bearings from two radio stations A and B. A 
reports the ship’s bearing 82° (Navy Compass) and B reports 127°. 
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Station B is known to be 127 nautical miles from A on bearing 58° from 
A. Find the difference in latitude and departure of the ship from A. 

In solving the following problems use formula (5). 

4. A ship steams due west 120.5 miles in latitude 39°. Find the 
change in its longitude. 

6. A ship in latitude 47°30' N. steams directly east until it has made 
good a difference in longitude of 2°30'. Find the departure. 

6 . A ship at point = 41°30' N.,X = 59°47' W., steams on course 
147° for 290 miles. Find the latitude and longitude of the point of 
arrival. 

7. A ship leaves a point Mi, Li = 43°19' N., Xi = 17°42' W. and 
arrives at point M 2 , Lo = 41°13' N., X 2 = 21°14' W. Find the course 
and distance for a rhumb line .track. 

8. Find the course and distance on a rhumb line track from a point 
in latitude 34°48. 1' N., longitude 22°14.2' W. to a point in latitude 
37°40' N., longitude 25°40' W. 

9. (a) If the difference of longitude of two places A and B on the 
earth is 50° and their latitudes are 30°, find the distance AB measured 
on the equal latitude circle. 

(6) What is the distance AB measured on a great (drcle? The 
radius of the earth is approximately 3900 land miles. 

10. Two points A and B are the ends of a 500-land-mile arc of a 
small circle in latitude 36° N. Find the difference in their longitudes. 
If Ai and Bi are both in latitude 36° N. and the arc of a great circle 
connecting them is 500 land miles long, what is the difference in their 
longitudes? Assume the radius of the earth is 3960 land miles. 

36. The Mercator chart. In steaming a short distance a ship 
generally follows a rhumb line for the convenience of maintaining 
a constant course. For added convenieiK^e navigators use freely 
a chart on which any rhumb line will appear as a straight line. 
Such a chart is called a Mercator chart. 

On a Mercator chart the meridians appear as a set of parallel 
lines spaced at equal distances for equal differences in longitude; 
the parallels of latitude appear as a set of parallel lines per- 
pendicular to the first set. Since the meridians are represented 
by parallel lines and a rhumb line must cut them at the same 
angle, the rhumb line must appear as a straight line on the chart. 

In Fig. 13 the length X'Y' represents the length XY on the 
equator, and A'B'represents the arc AB of a parallel of latitude. 
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In accordance with formula (3) arc AB = arc XY cos L; and, 
since A'B' = X'Y\ it is apparent that arc AB appears on the 
chart expanded to 1/cos L = sec L times its natural size. Since 
the parallels of latitude are expanded in the ratio sec L, the 
meridians near each parallel must be expanded in the same ratio 



to avoid local distortion. The greater the latitude the greater 
the distortion; for as L increases so does sec L. However, since 
the ratio of expansion is always sec /v, the length d of any short 
part of a rhumb line will be approximately equal to the line seg- 
ment of length dj,^ representing this part on the map multiplied 
by the cosine of the mid-latitude for the segment. In symbols 

d = dm cos (mid. lat). . (6) 


If B in Fig. 13 is in latitude L and the earth be assumed 
sphcuical in shape the distance Y'B' on the map would be, to 
some scale, 72 log (sec + tan L) = (21,600/27r) log (sec L + 
tan L) miles. * Be(;ause of the fact that the meridians are slightly 
elliptical, this formula cannot be used for large distances. 


* For those who have studied calculus it may be iuteresting to read the 
following derivation. Let C in the adjoining figure to 
some scah*, represent the length Y'B' of Fig. 13 in map 
units which would represent miles along X'Y' . Then 
if A C n^presents a slight change in C and AL the corre- 
sponding change in latitude we have 


AC = (RAL) sec Lj 


or from calculus 


dC = R sec L dL. 


Hence 


~ Jq ^ T dL — R log (sec L + tan L) 
( 360 ) ( 60 ) 


27r 


- log (sec L + tan L). 
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The scale for the maps shown (see Fig. 14) is such that ^ in. is 
assigned to each degree of longitude (or of latitude at the equator) . 
Hence any length on the map can be changed to minutes, and 
therefore to miles by multiplying its length in inches by 120, or 
by laying it off along the horizontal longitude scale and reading 
the corresponding number of degrees and minutes directly. 

The essential facts may be summarized as follows: 

* When the length dm of any line is found in minutes of the 
longitude scale the corresponding true length d may he obtained 
by using 

d dm cos (mid. Lat.), (approx.). (6) 

Also the latitudes of the ends of the line may be read from the 
chart and used in the first of formulas (5) slightly transformed to 
read 

d - (L 2 - Ii)' sec C. (7) 

Observe that L 2 — Li must be expressed in minutes and that C, 
the course angle, may be found by using a protractor. 

Example. Figure 14 represents a Mercator chart. Approxi- 
mately how many miles are represented by lines 7iC, BA^ and AC? 

Solution, Measurement of BC gives its length as 2^ in. The 
corresponding number of minutes is (2^) X 120' = 247.5'. 
The mid-latitude is 31.5°. Hence, in accordance with (6), BC 
represents the length d given by 

d = 247.5 cos 31.5° - 211.3 miles. 

The student should also find this result by applying formula (7). 
Similarly BA is 1.75 in, long, and it represents the length I 
given by 

I = 1.75 X 120 cos 31.5° = 180 miles. 

Observe that it is the difference in latitude for the track BC. 
This could have been found by observing that BA represents the 
three degrees of latitude from 30° to 33° on the left of the chart. 
Hence it represents 3 X 60 = 180 miles. 

The length AC is 1^ in., and AC lies in latitude 33°. Hence 
in accordance with (6) it represents the length p given by 

V = (M) 33° = 110 miles. 

Observe that this is the departure for track BC 
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EXERCISES 

1 . In Fig. 14 find approximately how many miles are represented by 
DE, EF, and FD. 

2 . Read from the chart of Fig. 14 the latitude and longitude of each 
point lettered. 

3 . Using formula (6) find the rhumb line distance represented by 
each of the following lines in Fig. 14: (a) GH^ (b) IK, (c) LM, (d) NO. 

4. If a ship sails from G to H (see Fig. 14), find the difference in 
latitude and the difference in longitude (a) by reading these quantities 
directly from the figure, (6) by using formulas (5). 

6 . In Exercise 4 replace G hy K and H hy I and then solve the 
problem. 

6 . Plot on Fig. 14 point Mx, L = 49°20', X = 38°, and point M 2 , 
L = 47°30', X = 32°30'. Draw a line connecting these points and meas- 
ure the angle (course angle) this line makes with a meridian. Measure 
the length of the line and use formula (6) to find the number of miles it 
represents. 

7 . In Exercise 6 change 49°20' to 47°20' and 47°30' to 48°10'. Solve 
the resulting problem. 

8. From a point Mx in latitude 30°30', longitude 39°40', draw aline 
at an angle of 50° with the meridians and running upward and toward 
the right a distance of 2 in. At the upper end of this line segment make 
a dot and mark it M 2 . Find the latitude and longitude of M 2 (a) by 
reading these quantities from the chart, (5) by using formulas (5). 

9. A ship steams from a point in latitude 47°30', longitude 36°10' to 
a second point in latitude 49°10', longitude 33°50'. Using Fig. 14, find 
the rhumb line distance between the two points and the rhumb line 
course angle. (Measure the course angle with a protractor.) 

10 . A ship steams on a rhumb line course of 70° for a distance of 
45 miles from a point in latitude 30°20', longitude 39°20' to a second 
point. Find the latitude and longitude of the second point. 

11 . In Exercise 9 change 47°30' to 47°10', 33°50' to 32°5' and solve 
the problem. 

12 . In Exercise 10 change 30°20' to 47°20', 70° to 55° and solve the 
problem. 

13 . With each of the following trips the rhumb line distance is 
tabulated. W represents westward sailing, E represents eastward 
sailing. Using (7) find, in each case, the course Cn. 

Distance 

(a) San FranciscoL = 37°48' N. to Honolulu L = 21°18' N. W 2100 mi. 
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Distance 

(6) Honolulu L = 21°18' N. to Manila L = 14°36' N. W 2160 mi. 

(c) Manila L = 14°36' N. to Tokyo L = 35°39' N. E 1620 mi 

{d) Tokyo L = 35°39' N. to Singapore L = 1°18' N. W 2880 mi. 

14 . With each of the following trips the course Cn is tabulated. 
Using (7) find, in each case, the rhumb line distance. 

Course 

(а) Singapore L = 1°18' N. to Darwin L = 12®23' S. 117°5' 

(б) New York L = 40°42' N. to Liverpool L - 53°27' N. 75^0' 

(c) Dakar L = 14°41' N. to Natal, Brazil L = 5°47' S. 221° 



CHAPTER V 


THE OBLIQUE SPHERICAL TRIANGLE 

36. Law of sines. To prepare for solving spherical triangles, 
we shall develop general formulas analogous to those developed 
for plane triangles. 

The law of sines for spherical triangles, analogous to the law 
of sines for plane triangles, may be stated as follows: 

The sines of the sides of a spherical triangle are proportional to 
the sines of the angles opposite^ or in symbols 

sin a _ sin 6 _ sine 

sin A ~ sin B sin C ^ 

In Fig. 1 let a, b, c represtint the sides of a spherical triangle 
and let B, C represent the opposite angles. Draw an arc 



Fig. 1. 


CD(= h) of a great circle through the vertex C perpendicular to 
the side c, or the side c produced, to form the right spherical 
triangles ACD and BCD, Apply Napier’s rules to these right 
triangles to obtain 

sin h = sin b sin A, sin h ~ sin a sin B, 

Equating these two values of sin hj we get 

sin a sin B = sin b sin A, 

68 
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or, dividing by sin A sin 

sin a __ sin b . . 

sin A sin 5 ^ ' 

In like manner, by drawing an arc from A perpendicular to CB 
and arguing as above, we can show that 

sin 6 _ sin c . . 

^ B " sirTC^ 

Equations (2) and (3) are together equivalent to (1). The law 
of sines may be used in the solution of a spherical triangle when 
a side and the angle opposite are included among the given parts. 

When a part of a spherical triangle is found by means of the law 
of sines, there is often some difficulty in determining whether the 
part found is of the first quadrant or of the second quadrant; for 
sin A = sin (180° — A). Other formulas must be used in many 
cases. However, the following theorems from solid geometry 
will often enable the computer to determine the quadrant. 

The order of magnitude of the sides of a spherical triangle is 
the same as the order of magnitude of the respective opposite 
angles; or, in symbols, if 

a < b < Cy then A < B < C. 

The sum of two sides of a spherical triangle is greater than the 
third side. 

EXERCISES 

1. Figure 2 represents the spherical triangle ABC with its associated 
trihedral angle 0, the face angles of 
which are a, 6, c, AF is the inter- 
section of two planes, one 
perpendicular to OBy the other 
perpendicular to OC. Point F is 
in plane OCB, Taking OA = 1 
unit, express the values of all 
straight-line segments of the figure 
in terms of a, 6, c. By and (7. 

Derive the law of sines from the 
result. 

2. Check the following data by using the law of sines: 

(a) A = 108°40', B = 134^20', C = 70^18', a = 145°36', 
b = 154^45', c = 34®9'. 


A 
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(6) A = 47°21', B = 22^20', C = 146^40', a = 117®9', h = 27^22', 
c = 138°20'. 

(c) A = 110°10',5 = 133°18',C = 70^6', a = 147°6',6 = 155°5', 
c = 32°59'. 

3 . Use the law of sines to find the missing parts of the following right 
spherical triangles : 

(а) a = 58‘^8'19", h = 32‘^49'22", B = 37n2'53", c = 63°40'. 

(б) a = 36n4'6", A = 49°29'56", h = 38^45', c = file'll". 

4 . Use the law of sines to find the missing part of each of the following 
spherical triangles: 

(а) A = 130°5'22", B = 32°26'6", C = 36°45'26", c - 51°6'12", 
a = 84°14'29". 

(б) A == 70°, C = 94°48'12", c = 116°, a = 57°56'53", 
b = 137°20'33". 

6. Solve the polar triangles of the triangles of Exercise 3. 


37. The law of cosines for sides. The cosine of any side of a 
spherical triangle is equal to the product cf the cosines of the two 
other sides increased by the product of the sines of the two other sides 
and the cosine of the angle included between them^ or in symbols 

cos a = cos b cos c + sin b sin c cos A. (4) 


The following proof is analogous to the one given for the law 
of cosines in plane trigonometry. 

In Fig. 1 let arc AD = (p. Then arc BD = c (p. Write 

these values on the triangle of Fig. 
C l(^)y and place bars over a, 6, A, and 

B in preparation for using Napier^ s 
rules. The result is Fig. 3. 

Now apply Napier^s rules to tri- 
angles ACD and BCD to obtain 

cos a = cos h cos (c — <p)y (5) 
cos b = cos h cos (p. (6) 



Fia. 3. 


Divide (5) by (6) member by mem- 
ber, and transform slightly to get 


cos a _ cos h cos (c — (p) 
cos b cos h cos (p 


cos c cos (p 4- sin c sin <p 

' —) 


( 7 ) 


COS (p 
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or, simplifying further, 

cos a = cos 6 (cos c + sin c tan cp). (8) 

Again apply Napier’s rules, using parts 6, A, (p of triangle ACD 
to obtain 


cos A = cot b tan (p, 
or 

tan <p = cos A tan b, (9) 

Replace tan (p in (8) by its value from (9) to get 

cos a = cos 6(cos c + sin c cos A tan 6), (10) 

or, simplifying the right-hand member, 

cos a = cos b cos c + sin h sin c cos A. (11) 

Similarly, we may obtain 

cos b = cos a cos c + sin a sin c cos J5, (12) 

cos c — cos a cos b + sin a sin b cos C, (13) 


An argument differing slightly from the one just used shows that 
(11) holds for a triangle shaped like the triangle of Fig. 1(6). 

The law of cosines applies to the solution of a spherical triangle 
when two sides and the included angle are given. Although 
it is not adapted to logarithmic computation, it is used in the 
derivation of many important formulas of spherical trigonometry. 

Example. Find c in the spherical triangle for which a = 
76°24'40", b = 58°18'36", C = 116°30'28". 

Solution. The law of cosines may be written 

cos c = cos a cos b + sin a sin b cos C. 

Here it will be necessary to compute each product in the right- 
hand member, add the results, and then find c from a table of 
natural cosines; or find the logarithm of the natural cosine, and 
then find c from the table giving the logarithms of cosines. The 
computation is indicated in the following form: 
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a = 76°24'40" 
h = 58n8'36" 

C = 116°30'28" 

0.12342 
- 0.36915 
-0.24573 c 

38. The law of cosines for angles. Applying (11) to the polar 
triangle (see §28) of ABC, we obtain 

cos a' — cos V cos c' + sin ?>' sin c' cos A'. (14) 

Using equation (11) of §28 to replace a' , V , c' , and A' of (14) by 

180° — A, 180° — B, 180° — C, and 180° — a, respectively, we 
obtain 

cos (180° — A) = cos (180° — B) cos (180° — C) 

+ sin (180° - B) sin (180° - C) cos (180° - a), 
or 

— cos A == cos B cos C — sin ^ sin C cos a, 
or 

cos A = — cos B cos C + sin B sin C cos a. (15) 

Similarly, we obtain from (12) and (13) 

cos B = — cos A cos C + sin A sin C cos 6, (16) 

cos C ~ — cos A cos B + sin A sin B cos c. (17) 

Evidently this process of applying known formulas to the 
polar triangle of a given one is very important. It furnishes a 
method of deriving from every equation applying to a general 
spherical triangle another equation that may be called the dual 
of the first one. The role played by the sides in the given equa- 
tion is played by the angles in the dual equation, and the role 
played by the angles in the given equation is played by the sides 
in the other. A similar statement applies to theorems relating to 
a spherical triangle. This principle of duality will come to our 
attention again and again in the discussion that follows. 

Example. In a certain spherical triangle, A = 60°, B = 60°, 
and c = 60°. Find C. 


(cos a cos b) (sin a sin h cos C) 

I COS 9.37098 I sin 9.98767 

I cos 9.72042 I sin 9.92988 

Zcos(-)9.64965 

log 9.09140 

log (-)9.56720 

== cos-1 (-0.24573) = 104°13'30". 
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Solution. Substituting 60” for each of the letters A, B, and c 
in (17), we obtain 

cos C = — cos 60° cos 60° + sin 60° sin 60° cos 60° 

= -i + f = i. 

Hence 


C = cos-1 i ^ 82°49'9". 

EXERCISES 

1. Use the law of cosines to find a for each of the following spherical 
triangles : 

(a) h = 60°, (h) b = 45°, (c) b = 45°, 

c = 30°, c = 30°, c = 60°, 

A = 45°. A = 120°. A - 150°. 

2. Use the law of cosines for angles to find A for each of the follow- 
ing triangles: 

(a) B = 120°, (6) B = 135°, 

C = 150°, C = 120°, 

a = 135°. a = 30°. 

3. In a spherical triangle, given a = 30°, b = 45°, c — 60°, find A. 

4. Derive the law of sines algebraically from the law of cosines. 

Hint. Solve (11) for cos A, form sin'-^ A, and reduce the numerator 

to a form involving cosines only. Then show that sin^ A/sin^ a is 
symmetrical in a, b, c. 

6. In Fig. 4, ABC represents a spherical triangle with its associated 
trihedral angle 0. BLM is a plane 
through B perpendicular to OB, 
intersecting OA produced, in M and 
OC produced, in L, Taking OB = 1 
unit, express the values of the line 
segments OL, OM, BL, BM in terms ^ 
of a, 5, c, then apply the law of 
cosines of plane trigonometry to the 
triangles BLM, and OLM, and equate 
two values of LM^ to obtain after slight 
transformation 

cos b = cos a cos c + sin a sin c cos B. 
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6. From formula (15) show that 

hav (180° - A) = hav {B A- C) - sin B sin C hav o, 

remembering that hav A =1^(1 — cos A). 

7. In each of the triangles of Exercise 1 complete the solution by 
means of the law of sines. 

8 . Solve the polar triangles of the triangles of Exercises 1 and 3. 

9. Using the law of cosines, prove that in a spherical triangle having 
three sides of the second* quadrant the angles opposite are of the second 
quadrant. 

10. What equations are dual to those expressing the law of sines? 

11. Find the equation dual to the one written in Exercise 6 . 

12. Replace C by 90° in (1), (13), (15), and (17), and then obtain 
the resulting formulas by applying Napier’s rules to the parts of a 
right spherical triangle. 

39. The six cases. When three parts of a spherical triangle 
are given, the other three parts can be computed. Accordingly 
a classification of spherical triangles is made on the basis of given 
parts. Six cases are referred to as follows: 

I. Given the three sides. 

II. Given the three angles. 

III. Given two sides and the included angle. 

IV. Given two angles and the included side. 

V. Given two sides and an angle opposite one of them. 

VI. Given two angles and a side opposite one of them. 

For purposes of solution, there are, in a sense, only three cases. 
If a method of solution for Case I is known, this same method may 
be applied to solve the polar of a triangle classified under Case II. 
'Ehe solution of a quadrantal triangle in §29 by the method of 
solving a right spherical triangle illustrates the process. Simi- 
larly, the formulas used to solve a triangle classified under 
Case III may be used to solve the polar of a triangle classified 
under Case IV ; also, the same formulas may be used to solve a 
triangle coming under Case V and the polar of a triangle classi- 
fied under Case VI. 

40. The half-angle formulas. This article is devoted to the 
derivation of formulas that may be used to solve triangles for 
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which the given parts are three sides or three angles. Solving 
(11) for cos il, we have 


cos A — 


cos a — cos h cos c 
sin h sin c 


( 18 ) 


Equating 1 minus the left-hand member to 1 minus the right- 
hand member and simplifying slightly, we get 


1 


cos A = 


sin h sin c + cos h cos c — cos a 
sin h sin c 


or, replacing sin h sin c + cos h cos c by cos {h — c), 


1 


— cos A — 


cos (h — c) — cos a 
sin b sin c 


Now, replacing 1 — cos A by 2 sin^ ^A and changing the right- 
hand member by using (14) of §19 and the fact that sin { — d) = 
— sin dj we get 

- , 2 sin i(a + b — c) sin i(a — 2) -f- c) 

2 sin2 1 A - V . (19) 

sin b sin c 


Denote half the sum of the sides by s and write 

s = 1 (a + 2> + c), (20) 

Subtracting in succession a, 6, and c from both members of (20), 
we obtain 


5 — a = — a + b + c)y 

s ~ c 


s — 6 = ^(a — b + c), 
= ^(^ + 5 — c). 


( 21 ) 


Substituting from (21) in (19) and taking the square root of both 
members, we obtain 


sin ^A = 


/sin (s 

V 


— b) sin (5 — c) 
sin 5 sin c 


Considerations of symmetry show that 


sin = 
sin -g-C == 


4 

4‘ 


sin (s — a) sin (s — c) 


sm a sin c 


sin (s — a) sin (s — b) 
sin a sin b 


( 22 ) 


(23) 

(24) 
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Similarly, proceeding as above, we obtain 

^ , cos a — cos h cos c 

1 + cos A = 1 + 


1 + cos A = 


sin h sin c 
_ cos a — ((50S h cos c — sin 6 sin c) 
sin h sin c ^ 

__ cos a — cos (6 + c) 
sin h sin c ^ 

2 sin ^(a + 6 + c) sin \{ — a + h + c) 


sin h sin c 


(25) 


Replacing in (25) 1 + cos A by 2 cos^ using (20) and (21) and 
extracting the square root of both members, we get 


cos 


1 . /sin s 


sin (s — a) 


sin & sin c 

Considerations of symmetry show that 


1 „ /sin s sin U 

cos = X ^ ^ 

^ \ sin a SI 


(s-h) 


sin c 


cos = 


^in s sin (s — c) 
sin a sin 6 


(26) 

(27) 

(28) 


Dividing (22) by (26), member by member, and replacing 
sin ^A - 4 - cos ^A by tan ^A, we obtain 


tan 




sin (s — b) sin (s — c) 


sin s sin (s — a) 


(29) 


Multiplying numerator and denominator under the radical by 
sin {s — a) and removing l/sin^ {s — a) from the radical, we have 


tan AA = -T— 
^ sin 

or 


where 


r = 


i 

s- a) 


sin (6' — a) sin (s — b) sin (s — c) 


sin 5 


j 

tan "^A y 

^ sin (s — a) 


/sin (s — a) sin (s — b) sin (s — c) 


sin s 


; (30) 


(31) 


(32) 
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Similarly, 

tan — r.* 

2 Sin (s — b) 

(33) 


tan iC = . / X* 

2 sm (s — c) 

(34) 

Since hav A = 

= sin^ iA, formula (22) may be written 


hav A 

= sin {s — h) sin {s — c) esc b esc c. 

(35) 


Similar formulas for hav B and liav C may be obtained from 
(23) and (24). Formula (35) is often used when haversine tables 
are available. 


41. Cases I and II. Given three sides or given three angles. 

Evidently formulas (31), (33), and (34) are adapted to solve a 
spherical triangle when three sides are given. To solve a spher- 
ical triangle when the three angles are given, we find the sides 
of the polar triangle by subtracting each of the given angles 
from 180® and then applying equations (31), (33), and (34) to 
find the angles of the polar triangle; subtraction of each of these 
angles from 180® gives the sides of the original triangle. Also, 
the formulas of Exercise 1 on page 299 may be used. 

Example. Find A, B, and C for a spherical triangle in which 
a == 70®14'20", h = 49®24'10", c = 38®46'10". 

Solution, s = ^(a + 6 + c) = 79®12'20". The solution by 
means of formulas (32), (31), (33), and (34) and the check by 
the law of sines follows. The number in parenthesis above each 
column refers to the formula associated with the column. 

(32) (31) (33) 

B - o = 8°58'00" I sin 9 19273 I esc 0.80727 

8 - b = 29®48'10" I sin 9.69637 I cac 0.30363 

« - c - 40°26'10" I sin 9.81197 

« - 79°12'20" Z CSC 0.00775 

2 )log 8.70882 

r log 9.35441 log 9.35441 log 9.35441 

U => 55®25'38", I tan 0.16168 

A - 110°51'16" 

=» 24®28'2", Z tan 9 . 65804 

B - 48°66'4" 

iC - 19®13'23", 

C = S8®a6'46" 

Check. a 1 Z sin 9.97364 h I Z sin 9.88042 c I Z sin 9.79671 

^ I ^ Bin 9.97058 B |z sin 9.87735 C | Z sin 9.79 364 
0 . 00306 0 . 00307 0 . 00307 


(34) 



Z tan 9.54244 
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EXERCISES 

1, Write O' = ^ ^ ^ and use equations (11) of §28 to derive 


= 270“ - f + = 270“ - <r, 

s' - a' - 90° - (o- - A), s' -b' 90° - {a - B), 

s' - c' = 90° - (o- - C). 


Then apply equations (22), (26), and (29) to the polar triangle to 
obtain 


cos — 


tan la = 


^/(cos (<r — B) cos (a — C) 

cos <r cos (<r — A) 

^ sin B sin G ’ 
—COSO- cos (cr — A) 

^ cos (<r — B) cos (a — C) 


2. Solve the following spherical triangles: 


(а) a = 30“, 
6 = 45“, 
c = 60“, 

(б) a = 30“, 
h = 60“, 
c = 60“. 


(c) a = 150“, 
6 = 120 °, 
c = 60“. 

(d) A = 60“, 
B = 135“, 
C = 60“. 


(e) A = 60“, 
B = 30“, 
C = 120“. 
(/) A = 150“, 
B = 120“, 
C = 135“. 


3. Solve the following spherical triangles: 


(а) a = 110“, 
b = 32“, 
c = 96“. 

(б) a = 108“14', 
b = 75“29', 
c = 56“37'. 

(c) a = 78“15'12", 
b = 101“20'18", 
c = 112“38'42". 

(d) a = 70“0'37", 

b = 125“30'52", 
c = 63“47'55". 


(e) A = 80“, 

B = 110“, 

C = 130“. 

Cf) A = 59“55'10", 
B = 85“36'50", 
C = 59°55'10". 

(g) A = 89“5'46", 

B = 54“32'24", 
C = 102“14'12". 

(h) A = 172“17'56", 
B = 8“28'20", 

C = 4“23'35". 


4. Solve the polar triangles of the triangles of Kxercise 2. 



§42] 


NAPIEE^S ANALOGIES 


79 


6 . Derive the following equations from (22) to (34) 

cos ^A cos ^B 

sin s 

sin ^G 

1 — y 
sin c 

cos ^A sin 

sin (s — a) 

cos iC 

sin c 

sin ^A cos ^B^ 

sin (s — b) 

cos 

sin c 

sin \A sin \B 

sin (s — c) 

sin 

sin c 


6 . Prove that the following relation holds true for a right spherical 
triangle : 

tan^ ^A — sin (c — h) esc (c + 6). 


42. Napier’s analogies. This article is devoted to deriving 
formulas that may be used to solve triangles for which the given 
parts are two sides and the included angle or two angles and the 
included side. Substituting A — and B = in (7) and 
(9) of §19, we get 

sin ^{A + B) = sin ^A cos + cos ^A sin ^B, (36) 

sin ^(A — B) = sin ^A cos ^B — cos ^A sin ^B, (37) 

Dividing (37) by (36) member by member, we get 

sin ^(A — Bi^ sin ^A cos ^B — cos ^A sin ^B 

sin ^(A + B) sin ^A cos ^B + cos ^A sin ^B 


Or, dividing both numerator and denominator of the right-ham! 
member of (38) by sin ^A sin ^Bj 

sin ^(A — B) ^ cot ^A — cot ^B 
sin ^(A + i?) cot ^“A + cot ^B 

From (31) and (33) we find cot ^A = ^ ij^ ^ 

Substituting these values in (39) and canceling r, 

we obtain 


sin ^(A B) _ sin (s — a) — sin (s ~ b) 
sin A (A + B) sin (s — a) + sin {s — b) 


( 40 ) 
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Using (14) of §19 to transform the right-hand member of (40), 
we get 

sin ^(.4 — B) _ 2 cos ■|-(28 — a — h) sin ^(h — a) . 

sin + B) 2 sin ^(2s — a — 6) cos ^(b — a) 

Replacing (2s — a — b) by c in (41) and simplifying slightly, we 
get 

sin ^(A - B) ^ tan ^(c - b) 
sin ^(A + B) tan ^-c 

Again, using (9) and (7) of §19 with A = ^A and B = ^B, 
we get 

cos ^(A — B) = cos ^A cos ^B + sin ^A sin (43) 

cos ^(A + R) = cos ^A cos ^B — sin ^A sin ^B, (44) 


Dividing (43) by (44) member by member, then dividing numer- 
ator and denominator of the right-hand member of the resulting 
equation by sin ^A sin ^B and finally replacing cot ^A by 


sin (s 


and cot 




sin (s 


we have 


cos ^(A — B) 
cos ^(A + B) 


sin (s — a) sin {s — b) 


sin (s — a) sin (s — b) 


(45) 


Replacing by its value from (32) and simplifying slightly, we 
obtain 


cos - 5 - (A — B) sin *9 + sin (s — c) 
cos -|-(A + B) sin s — sin (s — c) 


(46) 


Treating the right-hand member of this equation in a manner 
similar to that employed in transforming (40), we get 


cos ■^(A — 5) tan ■^(n A" ^ 
cos ^(A + B) tan 


( 47 ) 


Applying (42) and (47) to the polar triangle, we obtain 
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sin ^(a — _ tan ^(A — B) 

sin ^{a -\- b) cot 

cos ^{a — &) _ tan ^{A + B) 
cos ^(a + b) cot 


( 48 ) 

( 49 ) 


The formulas (42), (47), (48), and (49) are known as Napier\s 
analogies. These formulas are analogous to the law of tangents 
in plane trigonometry. 

EXERCISES 

1 . Apply (42) and (47) to the polar triangle, then proceed in a 
manner analogous to that pursued in this article and obtain formulas 
(48) and (49). 

2 . Use formulas (42), (47), (48), and (49) to prove the following 
formulas known as Gausses equations or Delambre’s analogies: 


sin + B) = 
sin i(A — ^) = 
cos 4 (A + B) = 
cos ■4(A — B) = 


cos I (a — b) 
cos 

sin |■(a — b) 
sin Ic 

cos + b) 
cos 

sin 4 (<^ + b) 
sin 


cos 4^(7, 


cos 4C, 


sin 4(7, 
sin 


3. Show that the second of Gauss’s equations can be written 

hav (a — b) 

hav (A - 5) = — hav (180° - C). 

hav c 


4 . From formula (47), show that in any spherical triangle one-half 
the sum of two angles is in the same quadrant as one-half the sum of the 
opposite sides; that is, 4(c^ + ^) ^iid 4(A + B) are in the same quadrant. 

6. (a) Divide sin 4(A — B) = sin 4 A cos ^B — cos 4 A sin by 
cos 4(A — B) = cos 4 A cos ^B sin 4 A sin ^B, member by member, 
then proceed in a manner similar to that employed in this article in 
deriving (42) and thus deduce formula (48). 

(6) Derive formula (49) by dividing sin 4(A + B) by cos 4(A + B). 

6. (a) Divide sin 4(A — B) by cos 4(A + B) and proceed in a 
manner similar to that outlined in 5 (a) and derive the formula 

sini(^ - B) smi(a - b) ^ ^ 

COS Tf (A -|- B) cos ^(a -j” 
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43. Cases III and IV. Given two sides and the included 
angle or given two angles and the included side. The four 
formulas (42), (47), (48), and (49) are used to solve a triangle 
when the given parts are two sides and the included angle, or 
two angles and the side common to them. If the law of sines 
is used to find the last unknown after two unknowns have been 
found, often the ambiguity arising may be removed by using 
the theorem that states that the order of magnitude of the sides of 
a spherical triangle is the same as that of their respective opposite 
angles. 

Other sets of formulas may be obtained from (42) and (47) to 
(49) by the interchange of letters. For example, another set 
would result from replacing a by c, c by a, A by C, and C by A in 
(42) and (47) to (49). 

Example. Find A, 5, and c for a spherical triangle in which 
a = 57‘^56'53", h = 137°20'33", C = 94^48'6". 

Solution. In this example ^{b — a) = 39®41'50", + a) = 

97^38'43", iC = 47^24'3". Formulas (48), (49), (42), and (47) 
may be written in the respective forms 

tan — A) = sin ^(b — a) esc ^(b + a) cot |-(7, (48') 

tan ^{A + jB) = cos ^{b -- a) sec ^{b + a) cot ^C, (49') 

tan = tan ^{b — a) sin ^{B + A) esc ^(B — A), (42') 

tan = tan ^{b + a) sec ^{B — A) cos ^{B + A). (47') 

The following form indicates the computation. The number in 
parenthesis above each column refers to the formula associated 
with the column. 



(480 

(490 

(420 

check (470 

iib - a) « 39®41'50" 

Zsin 9.80531 

Zcos 9.88617 

Z tan 9.91915 


+ a) = 97®38'43" 

1 CSC 0.00388 

Zsec (-)0. 87602 


Z tan (-)0. 87214 

JC » 47®24'3" 

1 cot 9.96356 

1 cot 9.96356 



- A) = 30°39'2" 

1 tan 9.77275 


Z CSC 0.29260 

Z sec 0.06535 

J(B + A) = 100«38'58" 


Z tan (- ;0. 72575 

Z sin 9.99245 

Zcos (-)9. 26670 

y = 57®59'56" 

A = 69®59'56" B « 

131®18'0" 

C « 1J5®59'52". 

Z tan 0 . 20420 

Ztan 0.20419 


These results could have been checked by the law of sines. 
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EXERCISES 

1. Solve the following spherical triangles: 


(o) a = 30°, 


(c) a = 30°, 


(e) B = 30°, 


B 

= 45°, 

c 

== 150°, 

a = 

= 45°, 

c 

= 60°. 

h 

= 135°. 

C = 

= 60°. 

ib) h 

= 135°, 

(d) A 

= 150°, 

(/) A - 

= 60°, 

A 

= 45°, 

c 

= 30°, 

h = 

= 120°, 

c 

= 60°. 

B 

= 120°. 

C = 

= 150°, 


2. In the following triangles where two values for a part are given, 
select the proper value. 

(а) A = 65°13', B = 49°28', 130°33', C = 128°16', a = 88°24', 

b = 56°48', c = 120°11'. 

(б) A = 50°10', B = 135°5', C = 50°30', a = 69°35', 110°26', 
b = 120°30', c = 70°20'. 

(c) A = 127°40', B = 45°15', C = 124°42', 16°20', a = 68°63', 

b = 56°50', c = 18°10'. 

(d) A = 52°20', B = 45°15', C = 124°42', a = 68°53'. b = 56°50', 

c = 104°19', 18°10'. 

3. Using Napier’s analogies, solve the following spherical triangles: 


(o) c = 116°0'0", 

A = 70°0'0", 

B = 131°18'0". 
(6) a = 88°37'40", 
c = 125°18'20", 
B = 102°16'36". 
(c) a = 76°24'0", 

6 = 58°19'0", 

C = 116°30'0". 


(d) o = 86°18'40", 
b = 45°36'20", 
C = 120°46'30". 

(e) a = 41°6'0", 

b = 119°24'0", 
C = 162°22'30". 

(f) 120°18'33", 
A = 27°22'34", 
B = 91°26'44". 


4. In the following spherical triangles, find the angles by means of 
Napier’s analogies and the required side by using the law of sines. 


(a) a = 42°45'0", 
b = 47°15'0", 
C = 11°11'41' 


(6) a = 131°15'0", 
b = 129°20'0", 
C = 103°37'23". 


44. Cases V and VI. Two of the given parts are opposites. 
Double solutions. For convenience of reference, a theorem from 
solid geometry is repeated here. 
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Theorem. The order of magnitude of the sides of a spherical 
triangle is the same as that of their respective opposite angles. 
Or if a and h are a pair of sides of a spherical triangle and A and 
B the respective opposite angles, we know that if 

a < by then A < B. (50) 

When the given parts of a spherical triangle are two sides and 
an angle opposite one of them, say, a, 6, and A, the angle B may 
be found by using the law of sines, 

. ,3 sin 6 . . 

sin B — sm A. (51) 

sin a ^ ' 


Since sin B does not exceed 1 in magnitude, log sin B does not 
exceed zero. Hence no solution will exist when log sin ^ > 0. 

When log sin < 0, a positive acute angle and its supplement 
must be considered for B, Each value of B must be consistent 
with (50). Hence, there will be no solution, one solution, or two 
solutions according as (50) is satisfied by neither, by one and 
only one, or by both of the values of B obtained from (51). If 
a, then B = A, and there is one solution. 

Accordingly, begin the solution of a spherical triangle in which 
a, 6, and A are the given parts by using (51) to find log sin B. 
If log sin B > Oy there is no solution. If log sin B < Oy find 
two values of S, one a positive acute angle and the other its 
supplement. Then, to find c and C, use the given parts with 
each value of B that satisfies (50) in 


tan = 

cot = 


sin l(A + B) 


•sin ^(A 
sin ^(a + b) 
sin -^(a — b) 


-- tan |(a 


b),. 


tan ^(A — B), 


(52) 


These formulas were obtained by solving Napier^s analogies (42) 
and (48) for tan and cot respectively. 

A similar discussion, with the roles of sides and angles inter- 
changed, applies when the given parts are two angles and a side 
opposite one of them; (51) solved for sin b would first be used and 
then (52). 


Example. Given a = 52‘"45'20", b == 7n2'40", A = 46°22'10". 
find c. By C, 
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Solution. Two solutions are to be expected. First using 

sin B = sin h sin A esc a (!') 

to find and afterwards using (42') and (49) to find Ci, (7i, C 2 , 
and C 2 , we obtain the solution indicated below. 


a = 52°45'20" 
b = 71°12'40" 

A = 46°22'10" 

(10 

1 CSC 0.09906 

1 sin 9.97622 

1 sin 9.85962 


/5i = 69°24'22" 

= 120°36'38" 

- A) = 6°31'6" 

+ A) = 52°53'16" 

“ - a) = 9°13'40" 

l(b + a) = 61°59'0" 

1 sin 9.93490 

(420 

1 CSC 0.94492 
isin 9.90171 

1 tan 9.21075 

(49) 

1 tan 0.12112 
1 sec 0.00565 
1 cos 9.67185 

^ci = 48°46'26" 

Cl = 97°32'62" 

^Ci = 57°49'56" 

Cl = 116°39'62" 

1 tan 0.05738 

1 cot 9.79862 


(420 

“749) ■’ 

1(6 - a) = 9°13'40” 

1 tan 9.21075 

IsQC 0.00565 

•1^(6 + a) = 61°59'0" 


1 cos 9.67185 

1(52 - A) = 37°6'44" 

1 CSC 0.21941 


1(52 + A) = 83°28'54" 

Isin 9.99718 

1 tan 0.94211 

Jc2 = 14°58'35" 

C 2 = 29°67'10" 

1 tan 9.42734 


= 13°30'4" 

C 2 = 27°0'8" 


1 cot 0.61961 


This solution may be checked by the law of sines. 


EXERCISES 

Solve the following spherical triangles: 

1. a = 68°52'48", 2. a - 34°0'30", 

h = 56°49'46", A = 61°29'30", 

B = 45°15'12". B = 24°30'30". 
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3 . a = 42°15'20", 

4. a =c 

59°28'27", 

A = 36°20'20", 

A = 

52°50'20", 

B = 46°30'40". 

B = 

66°7'20". 

6. 6 = 80°, 

6. a = 

63°29'56", 

A = 70°, 

b = 

132°14'23", 

B = 120°. 

C = 

61°18'27". 

46. MISCELLANEOUS EXERCISES 

Solve the following spherical triangles: 


1 . 0 = 120°22'40", 

6. a = 

40°5'26", 

h = lir34'27", 

b = 

118°227", 

c = 96°28'35". 

C - 

160°1'23". 

2. a = 41°6'0", 

II 

150°17'26", 

h = 119°24'0", 

A = 

61°37'53", 

C = 48°54'38". 

B = 

139°54'34". 

3. A = 121°32'41", 

8. a = 

31°11'7", 

B = 82°52'53", 

b = 

32°19'18", 

C = 98°51'55". 

c = 

33°15'21". 

4. c = 86°15'15", 

9. A = 

63°57'39", 

A = 153°17'6", 

5 = 

35°4'3", 

B = 78°43'32". 

c = 

132°44'8". 

6. 6 = 84°21'56", 

10. A = 

59°55'10", 

A = 115°36'45", 

B = 

85°36'50", 

B = 80°19'12". 

C = 

59°55'10". 


11. In a spherical triangle given c, A, a + 6, derive 


1 . 1 sin (s — c) 

tan ^A tan 

12. Given two sides and the sum of the opposite angles of a spherical 
triangle derive a formula from Gauss's equations (Exercise 2, §148) 
for computing the remaining angle. 

13. Prove the relation 

cot a sin 6 = cot A sin 0 4- cos C cos &. 

Hint. Multiply equation (13) by cos 6, substitute in (11), and then 
divide by sin b sin a, etc. 

14. If Cl and C 2 be the two values of the third side when A, a, 6 are 
given and the triangle comes under Case V, show that 

tan ^C\ tan - 2^02 = tan ^{h — a) tan ^(6 + a). 
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16. If h is the base of an isosceles spherical triangle and if the equal 
sides a, c be bisected by the arc ^ of a great circle, show that 

sin ^ sin sec 


16. Prove that 

sin (s — a) + sin (s — 6) + sin (s — c) — sin 5 = 4 sin sin ^6 sin ^c. 


17. In a spherical triangle A = B — 2C, show that 

8 sin^ ^C(cos s + sin ^C) cos — cos a. 


18. Show that 


hav a = 


sin sin {A — ^E) 
sin B sin C 


where E = {2<t ^ 180 ®) and a = ^{A + B + C), 

19. In an equilateral spherical triangle, show that 2 cos sin ^A — 1 . 

20. If in a spherical triangle C = A 
+ Bj show that 

cos C = — tan tan -Jfe. 

21. If the sum of the angles of a 
spherical triangle is 360®, show that 

cos^ + cos^ l6 + cos^ = 1. 

46. Case III. Alternate meth- 
od. Another set of formulas suffi- 
cient to solve the spherical triangle 
for which two sides and the in- 
cluded angle are known do not contain p. Applying Napicr^s 
rule to triangle I of Fig. 5, we obtain 

tan ip = tan h cos C. (53) 

Also 

=z a — ip. (S4) 

Again, by using Napier^s rules, we obtain from triangles II and I 
sin ip' = cot B tan p, 

sin ip == cot C tan p. {a) 


A A 
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Dividing the first of these equations by the second, member by 
member, and solving the result for cot B, we get 

cot B = cot C sin esc (55) 

Note that the equations (a) were found by using p, and B in 
triangle II and the homologous parts ip, p, and C in triangle I. 
The procedure to get (55) will be followed to obtain a formula 
for cos c. From triangles II and I, we get 


cos c = cos (p^ cos p, cos h = cos (p cos p. 

Dividing the first of these equations by the second, member by 
member, and solving for cos c, we get 

cos c = cos b sec (p cos (p\ (56) 

From triangle I 


from triangle II 


cot d = cos b tan C ; 


(57) 


and 


cot 6' = cos c tan B, 

A e + 


(58) 

(59) 


The law of sines may be used as a check formula. 


Example. Use formulas (53) to (59) of this article to solve 
the spherical triangle in which a = 68°20'25", b = 52°18'15", 
C = 117°12'20". 

Solution. The solution and the check by the law of sines are 
displayed in the following form: 


a = 68°20'25" 

(53) 

(55) 

(56) 

(57) 

( 58 ) 

6 = 52U8'15"' 

1 Z tan 0.11194 


Z cos 9 . 78638 

Zcos 9.78638 


C = 117°12'20" 

1 Z cos (-)9 66009 

Z cot (-)9.71100 


Z tan (-)0. 28900 


iP - 149°23'29'' 

Ztan(-)9 77203 

Zese 0.29314 

Z sec (-)O 06517 



(p' = a — <p = - 

-8r3'4" 

Zsin (-)9. 99468 

Zcos 9.19188 



B = 45 '’ 4 ' 41 '' 


Zcot 9,99882 



Ztan 0.00118 

c = 96 '’ 20 ' 43 " 



/ cos (-)9. 04343 


Z cos (-)9. 04343 

e = 139°56'51" 




Z cot (-)0. 07538 



e' = -83°40'36^' 

A = 56°16U6" 

Check: a 1 Z sin 9 . 96820 6 j Z sin 9 . 89832 

A I Z sin 9 91995 | Z sin 9 85008 


c Z sin 9.99733 
C |z sin 9.94909 


Z cot (-)9. 04461 


0.04825 


0.04824 


0.04824 
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EXERCISES 

Solve the following spherical triangles by the method of this article: 


1 . 


2 . 


a = 88°24'0", 
b = 56^48'0", 
C = 128°16'0". 
b = 120°30'0", 
c = 70°20'0", 
A = 50°10'0". 
a = 76°24'0", 

6 = 58n9'0", 
C = 116°30'0". 


4 . 


6 . 


a = 
c = 
B = 

a = 
b = 
C = 
b = 
c = 
A = 


88°37'40", 

125°18'20", 

102°16'36". 

86n8'40", 

45°36'20", 

120°46'30". 

132°17'30", 

78n5'15", 

40‘"20'10". 


Solve the following triangles by solving the polar triangle: 


A = 120n0'0", 
B = 100°20'0", 
c = 30°N0'\ 


8. A = 

C - 
b = 


27°22'34", 

91°26'44", 

120°18'33'- 


9 . Using Fig. 6, derive formulas (a) to {g ) : 


cot 6 — cos c tan B, 

6' = A - d, 

tan b = tan c cos 6 sec d' 
cos C = cos B CSC 6 sin 0', 
tan <p = cos B tan c, 
tan = cos C tan 6, 

6)5 = ^ 



Using the formulas of Exercise 9, solve each of the following triangles : 

10 . a = 129°5'28", 11 . A = 3r34'26", 

B = 142°12'42", B = 30°28'12", 

C = 60°4'54". c = 70°2'3". 

47. Haversine solution of Case III.* Evidently the law of 
cosines could be used to find a when 6, c, and A are given. This 
would not, however, be convenient for logarithmic computation. 
A formula for finding a directly by using a table of haversines 
will be developed from the law of cosines. 

* A table of haversines is contained in ‘^Useful Tables from the American 
Practical Navigator/^ H. O. No. 9, Part II, published by the United States 
Hydrographic Office, Washington, D. C. 
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The law of cosines may be written 

cos a = cos 6 cos c + sin 6 sin c cos A. (60) 

By definition hav 0 = |-(1 — cos 6), Solving this for cos 6, we 
get cos ^ = 1 — 2 hav B. Hence 

cos a = 1 — 2 hav a, cos 4=1 — 2 hav A. (61) 

Substituting the expressions for cos a and cos A from (61) in (60), 
we obtain after slight simplification 


1 — 2 hav a = cos h cos c + sin & sin c — 2 sin h sin c hav 4. (62) 

Now cos h cos c + sin h sin c = cos (6 — c) = 1 — 2 hav (b — c). 

Replacing cos h cos c + sin h sin c by 1 — 2 hav (6 — c) in (62) 
and solving for hav a, we obtain 

hav a = hav (h — c) + sin b sin c hav 4. (63) 

Similarly, 

hav h = hav (a — c) + sin a sin c hav R, (64) 

hav c = hav (a — 6) + sin a sin h hav C. (65) 

After a side has been computed by the haversinc formula, three 
sides and an angle will be known. The other two angles may 
then be obtained by using the law of sines. The facts that when 
a < b < c then A < B < C and that the sum of two sides is 
greater than the third side will often serve to determine the 
quadrant of each angle thus found. Also, since in cos a — cos b 
cos c = sin b sin c cos 4, sin b and sin c are always positive, it is 
evident that the angle A will be in the first or second quadrant 
according as cos a — cos b cos c is positive or negative. When the 
sign of this quantity cannot be determined by inspection, the 
slide rule may be used. Also the result of solving (63) for hav 4, 


hav 4 = 


hav a — hav (b — c) 
sin b sin c 


66 ) 


and the corresponding formulas for hav B and hav C are useful. 


Example. Use (63) to find the side a of a spherical triangle in 
which b = 59°29'30", c = 109°39'40", 4 = 50n0'10"; then find 
B and C by the law of sines. 
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Solution. The formulas to be used are 

hav a = hav (6 — c) + sin b sin c hav A, (o) 

sin B = sin b sin A esc a, ib) 

sin C = sin c sin A esc a, (c) 


The solution is displayed in the following form: 



(a) (a) 

ib) 

(c) 

b = 59°29'30" 1 

i sin 9.93529 1 

1 Bin 9.93529 


c = 109°39'40" 

Isiix 9.97391 


1 sin 9.97391 

A = 50°10'10" 

i hav 9.25465 

1 sin 9.88533 

1 sin 9 . 88533 

c - b ^ 50°10'10" 

U hav 0.17974 




loa 9.16385 0.11583 



a =• 69°34'66" 

n hav 0.32557 

1 CSC 0.02818 

1 CSC 0.02818 

B - 44°64'3B" 


1 sin 9.84880 


C = 129°29'64" 



1 sin 9.88742 


EXERCISES 

Using the haversine formula, find the unknown side in the following 
spherical triangles : 


1. 6 = 125°8', 
c == 64‘=’26', 

A = 100°4'. 

2. a = 13U15', 
b = 129°20', 

C == 103°37'20". 


3. a = 63°29'56", 
b = 132n4'23", 
C = 6U18'27". 

4. C = 48^20', 
b = 52^0', 
a = 49°20'. 


6. Solve Exercise 3 for B and A by using the law of sines. 

6. Using the relation cos 6—1—2 hav 6, derive from the cosine law 
hav c = hav (a — b) hav (180° — C) + hav {a + b) hav C. 


48. Cases I and II. The most expeditious method of solving 
a spherical triangle in which three sides are given employs 
formulas (31) to (34) of §40. However, one angle may be found 
by using 

cos A = (cos a — cos b cos c) esc b esc c, 

a formula obtained from the law of cosines, or by using (66) of 
§47, namely 

hav A = [hav a — hav (6 — c)] esc b esc c. 

Two sides and the included angle will then be known, and the 
law of sines may be employed. The spherical triangle for which 
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three angles are given 
triangle. 

may be solved by means of its polar 


EXERCISES 

Solve the following spherical triangles: 

1. a = 57^ 

4. A = 116°35'36", 

h = 137°, 

B = 105°14'48", 

c = 116°. 

C = 43°17'12". 

2. A = 150°, 

6. a = 77°36'12", 

B = 131°, 

h = 63°16'48", 

C = 115°. 

c = 107°23'12". 

3. a = 149°30', 

6. A = 136°19'36", 

h - 131°0', 

B = 43°18'30", 

c = 119°20'. 

C = 114°43'18". 

49. MISCELLANEOUS EXERCISES 

Solve the following spherical triangles: 

1. a = 76°24'40", 

6. o = 99°40'48", 

h = 58n8'3Q", 

b = 64°23'15", 

C = 116'’30'28". 

A = 95°38'4". 

2. 6 = 99“40'48", 

6. A = 73°11'18", 

c = 100'’49'30", 

B = 61°18'12", 

A = 65°33'10". 

a = 46°45'30". 

3. A = 31°34'26", 

7. a = 57°17', 

B = 30°28'12", 

b = 20°39', 

c = 70°2'3". 

c = 76°22'. 

4. o = 40°5'26", 

8. A = 86°20', 

h = 118°22'7", 

B = 76°30', 

A = 29°42'34". 

C = 94°40'. 

9. A ship sailing on a 

great circle crosses the equator in longitude 

78°26' W.’ with course 43° 
10° W. 

'32'. Find its latitude when its longitude is 

10. A ship sails 5400 nautical miles from San Francisco, Lat. 37°48' N., 
Long. 122°23' W., along a great circle with initial course of 240°25'. 

Find the position reached. 


11. Find the pole (L, X) of the great circle of Exercise 10. 

12. An airplane flies 7000 nautical miles along a great circle. If the 

initial course is 25°32' and if it reaches a point in latitude 18° 15' N. 
and longitude 12° 15' W., find its initial position. 
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13. Using (63) and (66), find the initial course and distance for a 
voyage along a great circle from Los Angeles (latitude L = 34°03' N., 
longitude X = 118°15' W.) to Wellington (latitude L — 4l°18' S., 
longitude X = 174°51' E.). 

14. Using (66) find the three angles of the spherical triangle in 
which a = 70°14'20", 6 = 49°24'10", c = 38°46'10". 



CHAPTER VI 


APPLICATIONS 

60. Nature of applications. Many ai)pli cations of spherical 
trigonometry deal with time and with angular distances. These 
considerations of time and distance may have reference to bodies 
far removed from the earth (celestial) or to bodies on the earth 
(terrestrial). 

The shape of the earth is approximately that of a sphere having 
a diameter of 7917 miles. In what follows we shall consider it as 
a sphere. Hence the problem of finding the great-circle distance 
between two points on the earth or of locating a point on it is a 
problem that may be solved by the use of spherical trigonom- 
etry. Time enters our considerations because the rotation 
of the earth about its axis once every day furnishes the basic 
unit of time. 

61. Definitions and notations. The earth revolves about a 
diameter called its axis. One point where the axis cuts the 
surface of the earth is called the north 'pole, Pn; the other is called 

the south pole, 

The equator is the great circle on 
the earth whose plane is perpendi- 
cular to the axis of the earth. 

A meridian is a great circle on 
the earth passing through the north 
pole and the south pole. In Fig. 
1, PnBPs and PnCPa represent 
meridians. Since meridians cut the 
equator at right angles, angular 
distances of points on the earth 
from the equator are measured 
along meridians. 

The latitude (Lat. or L) of a point on the earth is the angular 
distance of the point from the equator. It is measured along a 

94 


Pn 



Fig. 1. 
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meridian north or south of the equator from 0° to 90®. In Fig. 1, 
CM 2 represents the latitude of Af 2 . In general, north latitude is 
considered positive, south latitude negative. 

Because of the great importance of triangle MiPnM 2 in con- 
nection with problems relating to distances and angles on the 
earth, it is called the terrestrial tri- 
angle. Arc M 1 M 2 represents the dis- 
tance along the great-circle track from 
Ml to M 2 , and the angle M 2 MiPn 
gives the initial direction of the track. 

The angle of departure PnMiM 2 
measured from the north around 
through the east from 0® to 360® is 
called the initial course Cn. For a 
person situated on the northern 
hemisphere of the earth at a point 
such as z in Fig. 2, north is along the 
tangent to the meridian away from the equator; for a person 
standing at z facing north, east is on his right, west is on his left, 
and south is opposite to th(i direction in which he is facing. 

Figure 3 indicates directions at four positions on the earth. 

The longitude (Long, or X) of a point on the earth is the angle 
at either pole between the meridian 
passing through the point and some 
fixed meridian known as the 'prime 
meridian. It is measured east or 
west of the prime meridian from G® 
to 180®. The meridian of Green- 
wich, England, is the prime meridian, 
not only for English and American 
navigators but also for those of 
many other nations. 

The latitude and longitude of a 
point give its position on the earth 
just as the two coordinates of a point give its position relative to 
a set of rectangular axes. 

62. Course and distance. In general, the procedure of apply- 
ing spherical trigonometry to solve problems relating to the earth 
consists in finding three parts of the terrestrial triangle, solving 



Fig. 3. 
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for one or more of the other three parts, and interpreting the 
results. Consider, for example, the problem of finding the great- 
circle distance between two points Mi and M2 when the latitude 
and the longitude of each point are known. In Fig. 4 , Pn 
represents the north pole, QK1K2Q' the equator, PnGQP^ the 


Pn 



Ps 


Fig. 4. 

meridian of Greenwich, and Mi and M2 two places on the earth. 
The longitudes Xi of Mi and X2 of M2 are known; hence angle 

MiPnM2 ~ X 2 — Xi 


is known. Also, the latitudes Li = KiMi of Mi andL2 = K2M2 
of M2 are known; hence the arcs MiPn = 90 ® — Li == co-Li 
and M2Pn — 90 ® — L2 *= C0-L2 are known. Thus, in triangle 



MiPnM2j two sides MiPn == co-Li and 
M2Pn — C0-L2 and the included angle 
MiPnM2 == X2 — Xi are known. Con- 
sequently, we can solve this triangle by 
Napier^s analogies, by the method of §30 
or by that of § 47 . 

Example. Compute tlie initial great- 
circle course and the distance for a trip 
from St. Augustine lighthouse I/i = 30 ® N., 
Xi = 76 ® W. to the Strait of Gibraltar 


L2 = 36 ® N., X2 = 5 ® 30 ' W. 


Fig. 6. 
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Solution. Substituting from Fig. 5, 90° — Li for a, 90° — 
for h, Xi — Xj for C, Mi for B, and D for c in formulas (53), (54), 
(55), and (56) of §46, we obtain 

tan <p = cos (Xi — X 2 ) tan (C 0 -L 2 ) = cos (Xi — X 2 ) cot L 2 , (a) 

ip* = 90° — 1j\ — (p '=■ 90° — (Z/i + ^), (6) 

cot Ml = cot (Xi — X 2 ) sin p* esc p 
or cot Ml = cot (Xi — X 2 ) cos (Li p) esc p^ (c) 

cos D = cos p' see p cos (C 0 -L 2 ) = sin (Li + <p) sec p sin L 2 . 

(d) 


Substituting the given values in formulas (a), (5), (c), and (d) 
and evaluating p^ Mi, and D from the results, we obtain the 
following solution: 




(a) 

(c) 

(d) 

(Check)! 

\x = 70°30' 


1 cos 9 . 52350 

1 cot 9.54915 



L 2 = 36° 


1 cot 0.13874 


1 sin 9.76922 


<P = 24°40'35" 


i tan 9 . 66224 

1 CSC 0.37935 

i sec 0.04159 


Lx + ^ = 54°40'35" 



1 cos 9 .76208 

1 sin 9.91163 

1 tan 0.14956 

Ml = N.63°62'30' 

' E. 

Z cot 9 . 69058 


1 cos 9.64378 

D = 58°8'43" = 

3488.7 miles* 


Z cos 9.72244 

1 tan 0.20660 

1 





log 0.00000 


The problem of finding course and distance is conveniently 
solved by using formula (65) §47 to find distance D and then 
using the law of sines to find the course angle. To apply (65), 
§47, to Fig. 5, replace c by a by 90° — Li, h by 90° — L 2 , and 
C by Xi — X 2 to obtain 

hav D = hav (L 2 — Li) + cos Li cos L 2 hav (Xi — X 2 ). (1) 

The law of sines applied to Fig. 5 gives 

sin Ml = cos L 2 sin (Xi — X 2 ) esc D. (2) 

So far as formula (2) is concerned the angle Mi may be of the 
first quadrant or of the second. A navigator usually knows 
the course approximately and thus knows the quadrant to be 
expected. Very often the quadrant of Mi can be determined by 
considering that the order of magnitude of the sides of a spherical 

* 1' of angle at the center of the earth subtends 1 nautical mile = 6080 ft. 
on a great circle of the earth. Hence, when an arc of a great circle on the 
earth is expressed in minutes, it is also expressed in nautical miles. 

t The check formula was obtained by drawing a perpendicular from Mi to 
PnMz in Fig. 5 and applybs Wc^pioi’^rj SJules. 
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triangle is the same as that of the opposite angles or by a rough 
sketch. When the suggested methods fail, the law of sines should 
not be employed. In such cases, the following formula may be 
used: 

hav A = [hav a — hav {h — c)] esc b esc c, 

EXERCISES 


1 . Figure 6 represents the terrestrial tri- 
angle with the arc of a great circle drawn 
through M 2 perpendicular to PnM\. Apply 
Napier ^s rules to the figure to obtain 

tan (p = cos (X2 — Xi) cot L2, 

<p' = 90° - (Li + (^), 
cos D = sin L2 sec (p sin (Li + </?), 
cot C = cot (X2 — Xi) CSC (p cos {Li + <p). 

Fio. G. 

2. In formulas (53) to (56) of §46 substitute 90° — Li for a, 90° — L 2 
for 6, X2 — Xi for C, Mi for 5, and D for c to obtain the formulas of 
Exercise 1. 

3. Substitute for a, 6, c, and C of formula (65) of §47 appropriate 
values from Fig. 6 to obtain 

hav D = hav (Li — L 2 ) + cos Li cos L 2 hav (X2 — Xi). 

Then write a formula from the law of sines for finding the course 
angle Mi, 

4. Substitute for a, 6, c, A, J5, and C appropriate values from Fig. 6 
in formulas (42), (47), (48), (49) of §42 to obtain formulas for solving 
the triangle of Fig. 6 completely. 

6. Find the initial compass course and distance in nautical miles for a 
great-circle voyage from San Diego (Li = 32°43' N., Xi = 117°10' W.) 
to Hong Kong (L2 = 22°9' N., X2 = 114°10' E.). Use the formulas of 
Exercise 1. 

6. The great-circle distance from Cape Flattery, L = 48°24' N., 
X = 124°44' W., to Tutuila, L = 14°18' S., X = 170°42' W., is 4633.7 
miles. Find the course of the ship on arrival at Tutuila if it follows a 
great-circle track from Cape Flattery to Tutuila. 

7. Find the distance by great circle from New York, Li = 40°40' N., 
Xi = 4“ 55“ 54“ W., to a place near Cape of Good Hope, Lj = 33°56' S., 
X-. = 1“ 13"' 55’ E. 
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8. The distance from Cape Flattery, L — 48°24' N., X = 124°44' W., 
to Tutuila, L = 14^18' S., X = 170^42' W., is 4633.7 miles. Find the 
initial course for a trip from Cape Flattery to Tutuila, by great circle. 

9 . Find the initial course and the distance for a great-circle voyage 
from Cape of Good Hope 34°22' S., 18°30' E. t6 Singapore 1°17'30" N., 
103°51' E. Also find the latitude and longitude of the northern vertex* 
(the most northerly point) of this great-circle track. Use the formulas 
of Exercise 3. 

10. Find the initial course and the distance for a voyage along a 
great circle from Los Angeles L = 34°03' N., X = 11 8® 15' W. to Welling- 
ton L = 4n8' S., X = 174°51' E. 

11 . The northern vertex of the great-circle track from a place near 
San Francisco, Lat. 38°28' N., Long. 123°23' W., to Manila, Lat. 14°35' 
N., Long. 120^57' E., has Lat. 4(U07' N., Long. 163°33'36" W. Find the 
latitude reached when the longitude is 180°. 

12. The northern vertex of a great-circle track is in L = 60°50'26" N., 
X = 60°29'37" E. Given the following positions: 

Rio de Janeiro: L = 22°55' S., X = 43°09' W., 

Strait of Gibraltar: L = 35°53' N., X = 5°42' W., 

Cape St. Roque: L = 5°29' S., X = 35°15' W., 

Cape Manuel: L = 14°39' N., X = 17°27' W. 

When following this track, what will be the 

{a) Longitude when in the latitude of Rio de Janeiro? 

(6) Latitude when in the longitude of Strait of Gibraltar? 

(c) Longitude when in the latitude of Cape St. Roque? 

id) Latitude when in the longitude of Cape Manuel? 

(e) Course and distance when in the latitude of Rio de Janeiro? 

(/) Distance from vertex when in the longitude of Strait of Gibraltar? 

13 . A ship sails from San Francisco L = 37°48' N., X = 122°23' 
W., to Manila L = 14°35'48" N., X = 120°57'18" E., following a 
great-circle track. Find the course angle at departure, the course 
angle at arrival, and the distance traveled. 

14 . Substitute 90° — Li for a, 90° — for 6, Xi — X 2 for (7, M\ for 
R, M 2 for A, D for C, in (42), (47), (48), (49) to obtain: 

sin \{M 2 — M^ tan ^(iv 2 — Li) 
sin i(M 2 + Ml) tan ^D 

* A meridian passing through the vertex of a great-circle track is per- 
pendicular to the track. 
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cos — Afi) ^ cot ^(Li -h Li) 

cos “h -^i) tan 

sin ^(L2 — Li) __ tan 1(^2 — Mi) 
cos ^(JLi + Li) cot ■^(Xi — X2) 
cos ^(L2 — Li) tan i(Afi 
sin ^(L2 + Li) cot "^(Xi — X2) 

Using these formulas, solve Exercise 8. 

53. The celestial sphere. Consider a fixed star so far away 
from our solar system that the light rays coming to us from this 
star appear to follow parallel lines independent of our position; 
for example, light rays coming from this star to us at one position 
of the earth’s orbit appear to have the same direction as light rays 
coming from the star to us 6 months later when we are on the 
other side of the orbit of the earth or approximately 186 million 
miles from the first position. Since, to us, light rays from this 
star seem to travel in parallel lines, we naturally associate a fixed 
direction with it. 

We shall speak of the celestial sphere as a sphere concentric 
with the earth and having a radius of unlimited length; by this 
we shall understand that any two parallel lines cut this sphere in 
the same point, and any two parallel planes cut it in the same 

great circle. With any point on 
this sphere is associated a fixed 
direction ; the angular distance 
between two points on it may be 
considered, but not an actual dis- 
tance in miles. 

Figure 7 represents the celestial 
sphere with the earth at its 
center. 

The point Pn on the celestial 
sphere where a line connecting 
the center of the earth to its north 
pole cuts the celestial sphere is called the north celestial pole; the 
point Ps diametrically opposite is called the south celestial pole. 

The plane of the equator of the earth cuts the celestial sphere 
in the equinoctial or celestial equator. The celestial poles are the 
poles of the celestial equator. 
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The great circles such as PnMPs in Fig. 7, passing through the 
celestial poles, are called hour circles or celestial meridians. 

The point Z (see Fig. 8) directly above an observer, that is, 
the point where a line connecting the center of the earth to an 


Zenith 




Fig. 9. 

observer on it would intersect the celestial sphere, is called the 
zenith. The point on the celestial sphere diametrically opposite 
the zenith is called the nadir Na (see Fig. 9). 

The horizon NWSB of an observer is the great circle on the 
celestial sphere having the zenith and nadir as poles. A plane 
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tangent to the earth at a point on it intersects the celestial sphere 
in the celestial horizon associated with the point. 

The point on the horizon directly below the north celestial 
pole is called the north 'point of the horizon. The south pointy 
the east point, and the 'west point of the horizon are then deter- 
mined in the usual way. 

The great circles, such as ZMK of the celestial sphere, which 
pass through the zenith, are called vertical circles. Evidently they 
are all perpendicular to the horizon. The prime vertical is the 
vertical circle EZW (see Fig. 8) passing through the zenith and 
the east and west points of the horizon. 

Figure 9 exhibits both the equinoctial system and the horizon 
system. 


64. The astronomical triangle. The spherical triangle (see 
Fig. 10) whose vertices are the north celestial pole, the zenith, and 
the projection of a heavenly body on the 
celestial sphere is called the astronomical 
triangle. The solution of many of the 
problems of astronomy and of navigation 
requires the solution of this triangle. 

The great-circle distance of a point on 
the celestial sphere from the celestial equator 
is called the declination d of the point. This 
corresponds to the latitude of a point on the 
earth. Inspection of Fig. 9 shows that the 
arc PnM of the astronomical triangle is 90® 
minus declination, or co-d. 

The hour angle ^ of a point on the celestial sphere is the angle 
between the hour circle passing through the zenith of the observer 
and the hour circle passing through the point.* As the earth 
turns on its axis, the heavenly bodies appear to move on the 
celestial sphere. Thus the angle through which the earth must 
turn to bring the celestial meridian of an observer into coincidence 
with the hour circle of a point on the celestial sphere appears 
as the hour angle of the point relative to the observer. The 
significance of the word hour angle appears when we consider 

* Hour angle is often expressed as so many degrees east or west, according 
as the body observed is in the eastern sky or in the western sky. It is often 
measured toward the west from 0^ to 24* (360°). 


Pn 
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that the earth turns on its axis and moves in its orbit in such a 
way that the sun crosses the meridian of a place once every 
24 hours. 

The altitude hoi a point on the celestial sphere is its great-circle 
distance from the horizon. Inspection of Fig. 9 shows that the 
side MZ of the astronomical triangle is 90^ minus altitude 
or co-h, * 

The azimuth Z^ of a point on the celestial sphere is the angle at 
the zenith between the vertical circle of the point and the celestial 
meridian of the observer. It is usually measured from the north 
point around through the east from 0° to 360°. It is easy to write 
the azimuth Zn when the angle Z of the astronomical triangle has 
been found. 

Evidently the length P^Z of the astronomical triangle is 90° 
minus the latitude of the observer, or 90° — L. 

66. Given d, L; to find h and Figure 11 represents the 
astronomical triangle with the given parts encircled. Since two 
sides and the included angle are given, we may adapt formulas 
(53) to (56) of §46 to the triangle of Fig. 11, or we may con- 



struct an arc of a great circle through M perpendicular to PnZ, 
letter the triangle as shown in Fig. 12, and then apply Napier’s 
rules to obtain 

* If a navigator wishes to observe a number of stars at a particular time, 
say near sunset, he knows the time and from that can find the angle t; he 
knows approximately what his latitude will be, and ho can find the declina- 
tion of convenient stars in the Nautical Almanac. Hence he can compute 
the approximate positions, altitude, and azimuth of several stars in advance 
and thus expedite the process of locating, identifying, and observing them. 
Instead of computing h and Z, he can find these quantities in tables when 
such are available. 
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tan ip = cos t cot d, (3) 

^' = 90^^ - 1/ - = 90® - (L + <p), (4) 

cot Z == cot t sin ip' CSC ip = cot t cos (L + ip) esc ip, (5) 

sin h == cos ip' sec ^ sin d = sin (L + (p) sec ip sin d, (6) 

sin t cos d esc Z sec A = 1. (Check) (7) 


If *L represents the latitude of a place north of the equator, d should 
he taken positive for a body having north declination and negative 
for one having south declination, or vice versa. 


Example. Use formulas (3) to (7) to find the altitude h and 
the azimuth Zn of a star having d = 1®9'15" S., t = 45®10'30" 
east, if it is viewed by an observer in latitude 37®30' N. 

Solution. The solution found from the formulas (3), (4), (5), 
(6), and (7) appears below. 


t = 45°10'30" E. 
d = 

L - 37°30'0" N. 

•p = 91®38'13" 

L ip ^ 129®8'13" 
Z = N.122®6'43'' E. 
h = 33°9'18" 

1 


<3) 

Z cos 9. 848161 
I eot (-) 1.69580 


I tan (-)1.54396j 
« Zn 


(*">) (6) (7) 


1 cot 9.99735 


I CSC 0.00018 

I cos (->9.80015 
I cot (-)9. 79768 


I sin (-)8. 30411 

I sec (-) 1.54414 
I sin 9.88966 


I sin 9.737911 


I sin 9 . 85080 
I cos 9.99991 


I CSC 0.07211 
I sec 0.07717 


log 9.99999 


Evidently we could have used Napier^s analogies to solve the 
triangle of the illustrative example, or we could have adapted 
formula (63) of §47 to the triangle and have used the result to 
find h. 


EXERCISES 

1. From Napier's analogies (§42) derive the formulas 

tan — M) = cot \t sin ^(L — d) sec ^(L -|- d), 
tan ^{Z + M) = cot \t cos -^(L — d) CSC ■J-(L 4- d). 

2. From formula (63) of §47, derive the formula* 

hav co-h = hav (L — d) + cos L cos d hav L 

* In the practice of navigation the method of Saint Hilaire is frequently 
used to determine the observer's position. In this method the value of 
Z is taken from azimuth tables, and h is computed by the formula of Exer- 
cise 2. The navigator then compares the computed value of h with the 
observed value and uses the difference between the two in determining the 
correction to be applied to the assumed position of his ship. 
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From the data of Exercises 3 to 10, compute h and Zn. 


!l 

CO 

6“15' S., 

7 . d = 10° N., 

t = 

14°6' W., 

t = 40° W., 

L = 

21°18' N. 

L = 35° S. 

11 

38°17'24" S., 

6. d = 7° S,, 

t = 

28°30'29" W., 

t = 28° E., 

L = 

24°32'58" N. 

L = 41° N. 

6. d = 

59°56' N., 

9. d = 8° N., 

t = 

60°32' E., 

t = 35° E., 

L = 

44°45' N. 

L = 39° N. 

sx. 

II 

10° S., 

10 . d = 22°30' S., 

t = 

25° E., 

t = 60° E., 

L - 

18°57'16" S. 

L = 45° S. 

From the data of Exercises 11 to 16, compute h. 

11 . t - 

3^ P.M., 

14 . t = !*■ 13“ 12’ P.M., 

d = 

5° S., 

d = 13°21' N., 

L = 

50° N. 

L = 15°54' S. 

11 

25° E., 

16 . « = 4'* 2“ 8’ P.M., 

d = 

10° S., 

d = 69°66' N., 

L = 

18°57T6" S. 

L = 44°45' N. 

13 . t = 

2^ 40“ P.M., 

16 . i = o'" 56“ 24’ p.M. 

d = 

10° N., 

d = 6°15' S., 

L = 

35° S. 

L = 21°18' N. 


17 . Check the answers of Exercises 3 to 10 using the formulas of 
Exercise 1. 

18 . If the observer’s latitude is 29°17'24" N., and a star, in declina- 
tion 30°21'14" 8., has the hour angle 4^ 30“ 48^ W., find the altitude 
of the star. Use hav (90° — h) = hav (L — d) + cos L cos d hav 

66. To find the time and amplitude of sunrise. Figure 13 
represents a stereographic projection of the astronomical triangk', 
PnZM when the body M is the sun on the horizon. The dotted 
line indicates the path of the sun across the sky as a small circle 
each of whose points is distant co-d from the pole. When the sun 
crosses the meridian at if, it is noon. Hence t represents the 
angle through which the earth must turn during the time inter- 
val from sunrise to noon. Since the earth turns through 15*^ per 
hour, ^/15 will be the number of hours from sunrise to noon if t 
is expressed in degrees. The declination of the sun can be found 
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from the Nautical Almanac,* and the latitude of the observer is 
supposed known. Therefore, to find a formula for apply 
Napier’s rules to right spherical triangle NMPn (Fig. 14), and 


N 


L 



\m°-t \ 




.yt 


1 

1 — 

\ ^^Path~ 

<0^^ 1 

k'^ / 


S 

Fig. 13. 


write cos (180® — t) = tan d tan 
L, or 

cos t = — tan d tan L. (8) 

The angular distance from the 
east point of the horizon to 


N 



the sun at sunrise is called the amplitude of sunrise. From 
right spherical triangle NPnM of Fig. 14 we find, by using 
Napier’s rules, sin d = cos L sin A, or 

sin A = sin d sec L. (9) 

From Fig. 14 we obtain the check formula 

— cot A cot t cac L = 1. (10) 


Example. Find the amplitude and the time of sunrise at 
Annapolis, L — 38®59' N,, at a time when the declination of the 
sun is 20® S. 

Solution. The solution found from formulas (8), (9), and (10) 
appears below 


L - 38®59'0" 
d = -20®0'0" 
t = 72^527" 

A = - 26 ® 6 ' 14 " 

1 


( 8 ) 

I tan 9.90811 
Uan (-)9.56107 
I cos 9.46918 


(9) 

I sec 0.10940 
I sin ( — )9.53405 

] sin (-)9.64345 


( 10 ) 

I CSC 0.20128 

I cos 9.48889 
I cot 0.30983 
log 0.00000 


* Owing to refraction of the sunbeams by the earth^s atmosphere, the 
sun will appear to be on the horizon considerably earlier than the results 
of this computation would indicate. In practice, corrections must be made 
on this account. 
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Since 15® indicates a time of 1**, 72®52'7" will indicate 4*" 51“ 28". 
As t is the time from sunrise till noon, we obtain 

12** - (4"^ 51“ 28") = 7"^ 8“ 32" 

as the local apparent time* of sunrise. The negative sign before 
the amplitude indicates that the sun appeared on the horizon 
south of the east point. 

EXERCISES 

1. Find the amplitude of sunrise in latitude 38°58'53" N. when the 
declination of the sun is 22°29'00" S. 

2. At Annapolis, Lat. 38°59' N., the sun in declination 23°27' N. has 
the altitude 0°, bearing easterly. Find the local apparent time. 

3. Find the amplitude and the local apparent time of sunrise and 
sunset for Annapolis, Md., L = 38‘^58'53" N., at summer and winter 
solstice {d = ±23°27'7")* 

4. (a^i Find the local apparent time of sunrise and sunset at Cape 
Nome, L = 64°23' N. on Mar. 21, d = OW', Dec. 21, d = 23°27' S., 
and June 21, d = 23°27' N. (b) Find the amplitude of the sun at each 
occurrence, (c) Find the length of the longest day and of the shortest 
day at Cape Nome. 

6. Assuming that the declination of the sun ranges between 23°27' S. 
to 23°27' N., show that a place where the sun rises at midnight must lie 
within 23°27' of a pole of the earth. 

Hint. In the formula cos t — — tan L tan d, let t = 180° (= 12^). 

6. For a point on the earth having latitude 80° N. find (a) the declina- 
tion of the sun when the time of daylight is just 24 hr.; (h) the declina- 
tion of the sun when the night lasts just 24 hr.; (c) the least altitude and 
the greatest altitude of the sun during the day when the declination 
of the sun is 23°27' N.; (d) the declination of the sun when continuous 
night begins; {e) the length of the shortest possible shadow cast by a 
vertical pole 20 ft. long. 

67. To find the time of day. The declination of the sun can 
be found from the Nautical Almanac for a given time, and the 
altitude of the sun can be measured with a sextant. Hence, if 
the latitude of the place is known, the three sides of the astro- 

* The noon of local apparent time occurs when the sun is on the meridian 
of the observer, and the time of day is expressed in terms of the hour angle 
of the sun. Owing to the fact that the sunbeams are refracted by the 
earth’s atmosphere, the sun appears to be on the horizon slightly earlier 
than is indicated by the solution given. 
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nomical triangle are known, and t can be 
found. Since t represents the angle through 
which the earth must turn before noon if the 
sun is in the eastern sky, and since the earth 
turns through 15® per hour, t/lb will be the 
interval of time before noon if t is expressed 
in degrees. If the sun is in the western sky, 
^/15 is the time since noon. 

To obtain formulas adapted to this case, substitute from Fig. 15 



a = 90® - A, b = p = (90® - d), c = 90® - L, 

A =t, B = Z, s =Uh + p+L) 

in (22) and (23) of §40, and simplify to obtain 

sin^ = hav t = cos S sin (S — h) sec L esc p, (11) 
sin^ — hav Z = sin {S — h) sin {S — L) sec h sec L, (12) 


The law of sines may be used to obtain the check formula 


sin Z esc p esc t cos /i = 1. (13) 

Formula (11) gives the time of day, and formula (12) the angle 
from which the azimuth Zn of the sun at the time of the observa- 
tion may be determined. 


Example. Find the azimuth Zn of the sun and the local 
apparent time in New York, L — 40®43' N., at the instant when 
the altitude of the sun is 30® 10' bearing west and its declination 
is 10® N. 

Solution, The solution obtained by using formulas (11), (12), 
and (13) appears below. 


L = 40^43' 
h = 30n0' 
p = 90" - d = 80‘ 
S = 75"26'30" 

S - h = 45°10'30" 

S - L = 34"43'30" 
t = 58°34'9" 

- 3 *^ 64 '" 17 " 

Z - N. 103"36'20" 
Zn - 266 ° 23 ' 40 " 

1 


( 11 ) 

sec 0 . 12036 


I CSC 0.00665 
I cos 9 . 40031 
I sin 9.85156 


I hav 9.37888* 


( 12 ) 

sec 0. 12036 
sec 0.06320 


sin 9 . 86156 
sin 9.76560 


W. 


Jhav 9.79072* 


(13) 

I cos 9 .93680 
iese 0.00666 


I CSC 0.06891 


I sin 9.98764 


log 0.00000 

* Those who do not use haversine tables may divide log hav t and 
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Since 58®34'9" is equivalent to 3” 54"* 17" and the sun is in the 
western sky, the time is 3 54“ 17" 7 . p.m. 


EXERCISES 


1. In formulas (22) and (23) of §40, substitute a — 90° — h, , 

6 = p = (90° - d), c = 90° - 7v, A = B = Z, = l(/i + p + L), 


and simplify to obtain formulas (11) and (12). 

2 . An observation of the altitude of the sun was made in each of the 
following cities. Find the azimuth of the sun and the local apparent 
time of observation in each case. 

(a) Pensacola, Fla., L = 30°21' N., sun^s altitude h = 24°30' bearing 
east, declination 20°42' N. 

(5) Philadelphia, Pa., L — 40°0' N., h — 2d°0' E., d = 20°0' N. 

(c) Annapolis, Md., L = 39°0' N., h = 22°0' E., d = 20°0' N. 

Given the following data, find t and Z, 

3 . L - 42°45'0" N., 6. L = 45°0'0" N., 

d - 18°27'0" N., d = 22°30'0" N., 

h = 38°36'0" E. 30°0'0" W. 


4 . L = 25°35'0" N., 
d - 10°24'0" S., 
h = 35°19'0" E. 


6. L = 30°0'0" N., 
d = 15°0'0" N., 
h = 45°0'0" W. 


68. Ecliptic. Equinoxes. 

Right ascension. Sidereal time. 

The earth rotates about its axis 
once a day, and it also moves 
around the sun once a year. 

To an observer on the earth, 
the sun seems to move about the Q'f 
earth, describing a great circle on 
the celestial sphere called the 
ecliptic. The plane of the eclip- 
tic is inclined at an angle of ap- 
proximately 23°27'* to the plane 
of the celestial equator (see Fig. 

16). 

To an observer on the earth the sun appears to move eastward 
on the ecliptic, crossing the celestial equator while moving 



log hav Z by 2 to obtain log sin t/2 and log sin Z/2, respectively, and then 
find t/2 and Z/2 from the table of logarithms of trigonometric functions. 

* This angle 23°27' is called the obliquity of the ecliptic. 
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northward at the vernal equinox V.E. and while moving south- 
ward at the autumnal equinox A.E. 

The right ascension RA of a body on the celestial sphere is 
the angle measured eastward from the hour circle of the vernal 
equinox to the hour circle of the body; thus the right ascension 
of the sun varies from 0° to 360^. Evidently a point is located 
on the celestial sphere by its right ascension and its declination 
just as a point on the earth is located by its longitude and its 
latitude. 

Relative to the stars, the earth turns about its axis once in 
approximately 23 56“ mean solar time. This period of time, 
called the sidereal day,"^ is divided into 24 equal parts called 
sidereal hours, and the sidereal hours are divided into 60 equal 
sidereal minutes of 60 equal sidereal seconds each. Relative 
to the stars, the earth rotates through 15® each sidereal hour. 
The sidereal time of a place is measured from the time when the 
vernal equinox crosses the meridian of the place. Hence the 
right ascension of the zenith of a place when expressed in hours, 
minutes, and seconds in the usual way is the sidereal time at that 
place. From this it follows that the difference in the sidereal 
times of two points on the earth measures the hour angle between 
their celestial meridians; hence the difference in the sidereal 
times of two points measures the difference in their longitudes, 
A corollary to this may be stated : the difference in sidereal time of 
Greenwich and that of a second place measures the longitude of the 
second place relative to Greenwich as prime meridian. 

Example. At a certain instant the sidereal time at one place 
is 2 , and at a second place it is 4^ 30“. Find the longitude of 
the second place if that of the first place is (a) 0®, (6) 60® E., 
(c) 60® W. 

* Besides sidereal time, we shall consider two other kinds, namely, local 
apparent time and mean solar time. The noon of local apparent time occurs 
when the sun is on the meridian of the observer, and the time of day is 
expressed in terms of the hour angle of the sun. Mean solar time is defined 
in terms of a fictitious sun that travels along the celestial equator at a 
uniform rate and makes a complete circuit in the same time as the actual 
sun. It is mean solar noon when the fictitious sun is on the meridian, and 
the mean solar time at any instant is the hour angle of the fictitious sun. 
This fictitious sun is used in order that we may have a day of uniform length 
throughout the year. 
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Solution. In Fig. 17 the circle represents the equator. V.E. 
represents the position of the vernal equinox, and A, 5, and G 
represent, respectively, the points on the equator where the 
meridian of the first place, that of second place, and that of 
Greenwich meet the celestial 
equator. Since the sidereal time 
of A is 2^, arc VE A is 2 X 15° 

= 30°. Similarly, VE B is 67^° 
and AB = 37^°. In case (a), 

Greenwich and A have the same 
meridian; hence the longitude of 
B is 37i° E. 

In Case (5), the meridian of 
Greenwich must be represented 
at G 2 in Fig. 17, since A is in 
longitude 60° E. Hence the 
longitude of B in this case is 
60° + 37^° = 97^° E. 

In Case (c), Greenwich must have the position Gz in Fig. 17, 
since A is 60° west of Greenwich. Hence the longitude of B is 
60° - 37^° = 22^° W, 

EXERCISES 

1 . When it is 0^ (sidereal time) in Greenwich, it is 4^ at a certain 
place; find the longitude of this place. 

2. At a place in longitude 81°15' W. the sideral time is 10^ IT"" 30^ 
Find the sidereal time at Greenwich. 

3 . The longitude of a first place differs from that of a second place by 
95°30'. When the sidereal time of the first place is 10 , find the sidereal 
time of the second place if it is (a) east of the first place; (6) west of 
the first place. 

4 . An observer in longitude 24°30' W. observes a star whose RA is 
12^ 31“ 10\ A radio signal gives Greenwich sidereal time at the 
instant of the observation as 4^ 20“ 30*. Find the hour angle of the 
star. 

6 . If ST I is the sidereal time at a first place in longitude Xi west of 
Greenwich and ST 2 the sidereal time of a second place farther west, 
find the longitude of the second place. 

6. On Jan. 13, 1932, the RA of the star Vega was 18^ 34“ 36*. What 
was the hour angle of Vega at the instant when the local sidereal time 
was 12‘‘ 54“ 16‘? 
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7. At a certain time, the Greenwich hour angle for the Star Rigel 
was 279°42' W. Find the local hour angle of Rigel for an observer in 
Ix)ng. 76°38'30" E. 


69. The time sight. The data and formulas considered in 
§57 may be used to find the longitude of an observer whose 
latitude is known. This method of determining longitude at 
sea is called the time sight. In Fig. 18, PnG represents the celestial 
meridian of Greenwich, PnO the celestial meridian of the observer 
and PnM the celestial meridian of the sun. The angle t found 
p by the method of §57 determines 

the local apparent time at 0; the 
angle GPnM determines the local ap- 
parent time of Greenwich. Hence 
the longitude in degrees 

X = angle GP^O = angle GPnM — t 

of 0 is obtained by multiplying by 15 
the difference in hours between the 
local apparent time of Greenwich and 
that of 0. Sometimes it will be neces- 
sary to add angle GPi^M and angle t 
and sometimes to subtract them, depending on their relative 
positions. The local apparent time of Greenwich is obtained by 
radio, by telegraph, or by computing it from Greenwich mean 
time shown by a chronometer. The longitude is east or west 
according as the local time is later or earlier than Greenwich 
local time. 

If the object Af is a star, we still have 



Fig. 18 . 


X = angle GPnM ~ t, 

where t is computed as in §57, and the angle GPnM is obtained 
by subtracting Greenwich sidereal time (computed from Green- 
wich mean time as given by a chronometer) from the right 
ascension of the star (obtained from a Nautical Almanac). 

EXERCISES 

In each of the following sets of data, ST refers to sidereal time of 
Greenwich, EA to the right ascension of an observed star, d to its 
declination, h to its altitude, and L to the latitude of the obser\rer. 
Find the longitude of the observer for each situation. 
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1. L = SO^O'C" N., 
d = 22°30'0" N., 
h = 45°0'0" W., 
ST = 4'* 10", 

RA = 13'' 5". 

2. L = 12“0'0" S., 
d = 5°0'0" N., 
h = 45°0'0" W., 
Sr = lO*' 6", 

RA = s'* 7". 

3. L = 39“0'0" N., 
d = 20°0'0" N., 
h = 22°0'0" E., 

= s'* 8", 

iBA = 2" 0". 


4. L = 30°30'0" N., 
d = 15°30'0" N., 
= 44“30'0" W., 
Sr = 17“ 15" 24’, 
RA = 10“ 5" 6’. 

6. L = 40°0'0" N., 
d = 8°0'0" N., 

A = 20°0'0" E., 
ST'= 0“ 47" 24’, 
RA = l“ 5" 7’. 

6. L = 43°30'0" N., 
d = 15°0'0" N., 
h = 20°0'0" W., 

= 13“ 5" 15’, 

= 0“ 15" 20’. 


60. Meridian altitude. To find the latitude of a place on 
the earth. Figure 19 represents the cross section of the earth 
and of the surrounding celestial sphere 
by the plane of the meridian of an ob- 
server. qq' represents the equator of 
the earth ; the position of the observer ; 
and PnPs, the axis of the earth. QQ', 

PnPs, N, and S represent, respec- 
tively, the celestial equator, the zenith, 
axis of celestial sphere, north point of 
the horizon, and south point of the hori- 
zon. Since qz represents the latitude of 
the observer and since arc qz = arc QZ = 
arc NPn, it appears that the latitude of an observer on the earth is 
equal to the declination of his zenith and to the altitude of the pole 
elevated above his horizon. 

If, then, an observer knows the declination d of* a star M (see 
Fig. 20) and observes its altitude Af j^ist as it crosses his meridian 
above the pole, he can find his latitude by writing 

L = NPn = /i - (90^ - d). 



* The declination of a star can be found from the Nautical Almanac, 
t Various corrections to the observed altitude are generally necessary to 
obtain the true altitude. 
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The student should draw a figure for each case. First, a 
figure like Fig. 20 should be drawn showing the circle, 2, iV, and 
S. Then the star M should be located on the figure so that 
arc NM = if the star bears north or so 
that SM = if it bears south. 

Next, the pole should be located so 
that arc 



MPnCot MPs) = 90° — d. 

Finally, the altitude of the pole elevated 
above the horizon should be computed 
from the figure. 


Example. Find L if the declination of a star is 62° S. and if 
its altitude as it crosses the meridian at upper culmination* is 
50° bearing south. 

Solution. Since the star bears south and since it appears 
in the sky 50° above the horizon, it is 
represented in Fig. 21 on the right side 
of the circle so that arc SM == 50°. 
Next 

S MPs = 90° - d = 90° - 62° 28° 

is laid off to locate P^. Hence the 
latitude is 

L == 50° - 28° = 22° S. 

The observer must have been in south latitude since the south 
pole was elevated above the horizon. 

EXERCISES 

From the meridian altitude h, the declination d, and the bearing of 
the observed body as indicated, find the latitude of the observer in each 
of the following cases: 

* The stars appear to move through the sky, each describing a small 
circle, one of whose poles is the celestial north pole, the other, the celestial 
south pole. Thus each star crosses the plane of the meridian of a place 
twice every 24 hr., the first time on one side of the pole and the second time 
on the opposite side. The greater of the two altitudes of meridian transit 
is the altitude of upper culmination; the lesser is the altitude of lower 
culmination. 


Z 
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Assume in each of the Exercises 1 to 12 that the body is in upper 


culmination. 

d 

h 

d 

h 

1. 50° N. 

40° N. 

7 . 41°39' N. 

82°11' N. 

2 . 40° S. 

20° S. 

8 . 37°15' N. 

40°21' N. 

3 . 20° N. 

60° S. 

9 . 11°0' N. 

70°19' N. 

4 . 50°25' S. 

35°29' S. 

10 . 17°39' S. 

72°21' S. 

6. 30°15' S. 

47°35'’ N. 

11 . 47°23' S. 

35°26' S. 

6. 28°10' N. 

71°12' S. 

12 . 23°13' N. 

75°40' S. 

Avssume in 

each of the Exercises 13 to 16 that the 

body is in lower 

culmination. 

13 . 59°49' N. 

44°11' N. 

15 . 7;ric' N. 

28°48' N. 

14 . 77°54' S. 

25°18' S. 

16 . 42°29' N. 

25°23^ S. 


17 . Two observers, A and are at different places on the same 
meridian. At the same instant each observer measured the meridian 
altitude of a star having declination 26° IG' S. A observed the star 
bearing south at an altitude 30° 17', B observed the star bearing north 
at an altitude 60° 17'. Find the great-circle distance between A and B. 

61. Given tj c?, /i, to find L. This is the double-solution case, 
since the given parts of the astronomical triangle are two sides 
and the angle opposite one of them. A 
method of finding L when d, and h are 
given is obtained by applying Napier's 
rules to the right triangles in Fig. 22. 

From triangle I, we have cos t = tan ip 
tan d or 

tan (p = cos t cot d. (14) 

From triangles I and II, we get 

sin d = cos p cos ip, 
sin h = cos p cos 

Dividing the second of these equations by the first, member by 
member, and solving the result for cos we obtain 

cos ip' — cos ip sin h esc d. (15) 

Then 90° — L = or 

L = 90 ° — (<^ + 


Pn 



( 16 ) 
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Two solutions are obtained by choosing from (15), first 
positive and then negative. Since approximate position is 
generally known, only the desired value need be computed. If 
north declination be considered as negative, the latitude found 
from (16) will be north if 90*^ — (^ + <p') is positive and south 
if 90° — (v? + is negative. 


EXERCISES 

1. From the following data, compute in each case the latitude. 

(a) t = 35° W., (6) t = 29° W., 

d = 0° N., d = 7° S., 

h - 42°. h = 34°. 

2. From the following data, compute in each case the latitude and 
azimuth. 


(а) t = 30° W., 
d = 15° N., 
h = 60°. 

(б) t = 32° W., 
d = 26° N., 
h = 40°. 


(c) t = 31°12'13" W., 
d = 15°127'' N., 
h = 59°1F44". 

(d) t = 10° E., 
d = 23° S., 
h = 22°. 


62. MISCELLANEOUS EXERCISES 

1. From cos a; = 1 — 2 hav x prove 

sin X sin y — hav {x y) — hav {x — y), 
cos X cos y — I — hav {x A- y) — hav {x — t/), 

and thence, from the law of cosines: 

hav a — hav (6 + c) hav A + hav (5 — c) hav (180° — A), 
_ hav h — hav (c — a) 

~ hav (c + o) — hav (c — a)^ 


or 


hav (180° — B) 


hav (c + q) — hav h 
hav (c + a) — hav (c — a) 


2. Given t - 45°10'30" W., d = 1°9'15" S., L - 37°30' N., find the 
azimuth Zn. 

3. Given t = 55° E., d = 15° S., and L = 42° N., find h and Z. 

4., Given t = 30° W., d = 45° N., h = 60°, find L and Z. 

5. Given e = 30° E., d = 15° S., ^ = 60°, find L and Z. 
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6 . From the following data, compute in each case the latitude and 
azimuth. 

(a) h = 68°, (6) t = 30°11' E., 

t - 10° E., d - 22°29' N., 

d - 23° S. h 44°57'. 

7 . In each of the following exercises, L represents the latitude of the 
observer, d the declination of a star, and h its altitude. Find in each 
case the hour angle t and the azimuth Zn of the star. 

(a) L = 45° N., d = 22°3()' N., h = 30° W. 

(b) L = 30° S., d = 15° N., h = 37°30' E. 

8 . An airplane following a great-circle track travels from a place 
having L = 37°50' N,, X = 122°20' \7. (near Oakland, Calif.) to a 
place having L = 40°40' N., X = 74° 10' W. (near Newark, N. J.). 
How close does it pass to a point for which L = 41°50' N., X = 87°40' W. 
(near Chicago, 111.)? 

9 . Compute the distance and the intial course for a voyage along a 
great circle from Yokohoma, L — 35°26'41" N., X = ]39°39'0" E., to 
Diamond Head, Hawaii, L = 21°15'8",N., X = 157°48'44" W. 

10. Compute the distance and the initial course for a voyage along a 
great circle from Brisbane, Australia, L — 27°27'32" S., X = 153°r48" 
E., to Acapulco, L = 16°49'10" N., X - 99°55'50" W. Also find the 
latitude and longitude of the southern vertex of the track. 

11 . Compute the distance and initial course for a great-circle voyage 
from a point having!/ = 37°42' N., X = 123°4' W., near Farallon Island 
Lighthouse, to a point having L = 34°50' N., X = 139°53' E., near the 
entrance to the Bay of Tokyo. 

12. Find distance and the initial course of a great-circle voyage from 
San Diego, L = 32°43' N., X = 117°10' W., to Cavite, L = 14°30' N., 
X = 120°55' E. 

13 . Find where the track of the preceding exercise crosses the meridian 
of 157°49' W. and at what distance from the harbor of Honolulu, L = 
21°16'5" N., X = 157°49' W., then due south. 

14 . The initial course by great-circle track from San Francisco, 
L = 37°50' N., X = 122°30' W., to a place near Yokohama, L == 35°30' 
N., X == 140° E., is 302°59'05". Find the longitude of the most north- 
erly point of this path. 

16 . Find the latitude and longitude of the most northerly point 
reached by a plane flying from San Francisco, Lat. 37°48' N., Long. 
122°28' W., to Calcutta, Lat. 22°33' N., Long. 88° 19' E. 
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16 . An airplane follows a great-circle track from New York, L = 
40°40' N., X = 74°10' W., to L = 56°30' N., X - 3°0' W. (near Edin- 
burgh, Scotland). Where will it make its nearest approach (a) to the 
North Pole? (6) To L = 46^^50' N., X = 71^0' W. (near Quebec, 
Canada) ? 

17 . Find the distance in degrees between the sun and the moon 
when their right ascensions are, respectively, 15*" 12”^, 4^ 45"" and their 
respective declinations are 21°30' S., 5°30' N. 

18 . Find the distance in degrees between Regulus RA = 10^, p = 
77°19' and Antares UA = 16'* 20'", p = 116°06'. 

19 . An observer in Lat. 60‘^23'20" S. finds the altitude of a star when 
crossing the prime vertical* to be 38®23'20", bearing east. Find the 
declination of the star. 

20 . A star in declination 47^52' 15" S., bearing east, makes its prime- 
vertical transit in altitude 58°20'00". Find the hour angle of the star. 

21. What is the latitude of the place at which the sun rises exactly in 
the northeast on the longest day of the year? 

22. Find the local apparent time of sunrise and sunset at 

(а) London: L = 51°29' N., if d of sun = 13°17' N. 

(б) Panama: L == 8°57' N., if d of sun = 18°29' N. 

(c) New Orleans: L — 29°58' N., if d of sun = 4°30' N. 

(d) Sydney: L = 33°52' S., if d of sun = 4°30' N. 

23. Find the length (a) of the longest day; (6) of the shortest day at 
Leningrad L = 59°56'30" N., X = 30n9'22" E. 

24 . Find the hour angle and amplitude of moonrise at Washington, 
D. C., L = 38°59' N., on a day when the moon’s declination is 25°28' N. 

26 . If twilight continues until the sun is 18° below the horizon, find 
the length of dawn, dark night, bright day, and twilight in Annapolis, 
L = 38°58'53" N. (a) at summer solstice {d = 23°27'7" N.); (5) winter 
solstice {d = 23°27'7" S.); (c) when the sun is at an equinox. 

26 . The following observations have been made of a heavenly body 
in upper culmination. Find the latitude in each case. 



Declination 

Observed altitude 

Bearing 

(a) 

28°10' N. 

71°12' 

South 

(6) 

73°02' N. 

58°40' 

North 

(c) 

44n7' S. 

65°23' 

South 

(d) 

30n5' s. 

47°35' 

North 

(e) 

50°25' S. 

35°29' 

South 

(f) 

o 

O 

40°14' 

North 


For definition of prime vertical, see §53. 
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27. What relations must exist between L and d for a lower culmina- 
tion to be visible? What relation always exists at a visible lower 
oulmination between h and d? 

28. In each of the following observations of a lower culmination, find 
the latitude: 



Declination 

Observed altitude 

Bearing 

(a) 

88“50' N. 

37°20' 

North 

(6) 

46°22' S. 

32°15' 

South 

(c) 

59°49' N. 

44°11' 

North 

(d) 

77°54' S. 

25°18' 

South 


29 . The right ascension of the sun is 45°; find (a) the length of the 
night at a point in latitude 60° N. ; (6) the length of the shadow cast by 
a vertical stick 10 ft. long at 10 a.m. (local apparent time) at a point in 
latitude 40° N.; (c) the direction of a wall that casts no shadow at 
10 A.M. at a place having latitude 40° N. 

Hint, Compute the declination of the sun and then draw the 
astronomical triangle. 

30 . At a place in Lat. 51°32' N., the altitude of the sun is 35°15' 
bearing west and its declination is 21°27' N. Find the local apparent 
time. 

31 . In London, L = 51°31' N., for an afternoon observation the alti- 
tude of the sun is 15°40'. If its declination is 12° S., find the local 
apparent time. 

32 . (a) A navigator in latitude 15°23'36" S. observes a star having 

RA = 12“ 27“ 32', d = 22°16'36" N., at an altitude h = 17°26'30" W. 
If the sidereal time ST of Greenwich at the instant of observation is 
Ifih longitude of the navigator. 

(5) Also find the longitude of a second navigator in latitude 
62°21'39" N. who at the same instant observes a star having RA — 
o'" 27*" 30“, d = 26°55'21" N. at an altitude h = 33°17'44" W. 

33 . Find to the nearest minute the direction of the shadow of a ver- 
tical staff in Lat. 38°59' N. at 6 a.m. local apparent time, when the 
declination of the sun is 23°27' N. 

34 . Find the direction of a wall in Lat. 52°30' N. that casts no shadow 
at 6 A.M. on the longest day of the year. 

36. An explorer claimed to have reached the north pole. He took the 
picture of a flagpole 6 ft. high. From measurements made on the 
photograph it appeared that the 6-ft. pole cast a shadow 10.1 ft. long. 
Prove that he must have been at least 7° from the pole. 
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Find the shortest length of shadow that a stick 6 ft. long could pos- 
sibly cast on level ground when held vertical at the north pole. 

36 . If the altitude of the north pole is 45° and if the azimuth of a 
star on the horizon is 135°, find the polar distance of the star. 

37 . Find the time of day when the sun bears due east and when it bears 
due west on the longest day of the year at Leningrad (Lat. 59°56' N.). 

38 . Two points on the earth are in latitude 40° N. and their differ- 
ence in longitude DLo = 70°. How much does the parallel of latitude 
joining these points exceed in length the arc of the great circle joining 
them? How far apart are the mid-points of the two tracks? (Use 
3437 nautical miles for the radius of the earth.) 

39 . Find the altitude of the sun at 6^ a.m. at Munich (Lat. 48°9' N.) 
on the longest day of the year. 


63. Ageton’s method. 
P 



The solution of a spherical triangle 
when two sides and the included angle 
are known is the most important one 
for navigation. A short method for 
solving the astronomical triangle 
when dy and L are known was de- 
vised by Commander Arthur A. 
Ageton. It is widely used in the 
United States Navy. 

Ageton^s formulas involve only 
secants and cosecants. They may be 
easily derived by applying Napier \s 
rules to Fig. 23. These formulas are 


CSC R = CSC t sec c?, 

^ CSC d 

CSC K = 

sec R 

CSC A = sec sec {K — L), 
CSC R 


CSC Z 


sec h 


(17) 


Since t, d, and L are known, it appears that the formulas (17) 
can be used to solve for Ry K, hy and Z in succession, and, from 
the results, azimuth and altitude can be computed. 


64. Dreisonstok’s method. Another method for obtaining 
azimuth and altitude by solving the astronomical triangle was 
devised by Lieutenant Commander Joseph Y. Dreisonstok 
(Retired). This method is also used widely in the United States 
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Navy and is especially useful in aerial navigation. It has 
reference to Fig. 24. ty d, and L are assumed known. Then by 
means of special tables the legs a and 
h and angle Z' of the right triangle 
PXZ can be read. Finally by using 
Napier ^s rules and Fig. 24, we 
deduce the formulas 


B = (90°- d) - b, 
CSC h = sec a sec 5, 
tan Z" = CSC a tan 

Z = Z' + Z'\ 


(18) 



Fiq. 24. 


Azimuth and altitude are easily 
computed from the results obtained by using these formulas. 


66. Tables of computed altitude and azimuth. By means of 
the United States Hydrographic Office Publication H. O. No. 214 
it is possible to solve the astronomical triangle without trigo- 
nometric computation for altitude and azimuth, when declination, 
hour angle, and latitude are known. Although the range of the 
tables is limited, it is sufficient to deal with practically all useful 
cases. Also many other problems including course and distance 
problems in great circle sailing come within their range. The 
convenience of these tables is considerable although their bulki- 
ness makes them unsuitable for some purposes. 



66. Lines of position. Fix. A line of position for an observer 
is a line passing through his position. For example, if an 
observer sees a lighthouse bearing 50° (see Fig. 25), then a straight 
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line passing through the lighthouse and bearing 50° or 50° + 
180° = 230° is a line of position for this observer. Lines of posi- 



Fig. 26 . 


tion are frequently obtained from radio bearings. If an observer 
can draw two straight lines of position on a map, his position will 

M be indicated by their intersection. 
Such an intersection is called a fix 
(see Fig. 26). Evidently an observ- 
er could plot his position on a map by 
plotting two known objects, observ- 
ing their respective bearings, and 
drawing the corresponding lines of 
position. 

67. Circles of equal altitudes for 
a star used to make a fix. The point 
in which a straight line connecting 
the center of the earth to a star cuts the earth^s surface is called 
the sub-astral point of the star. Any circle on the earth having 





§ 67 ] 


CIRCLES OF EQUAL ALTITUDES FOR A STAR 


123 


the sub-astral point of the star as pole is a circle from each of 
whose points the star has the same altitude. In Fig. 27 aS repre- 
sents the sub-astral point of the star M and circles AB^ DE, and 
FGy having S as pole, are circles of equal altitudes for the star. 

The circles of equal altitudes throxigh an observer’s position 
are of great importance in navigation. If the star is in the 
observer’s zenith, its altitude is 90° and the circle of equal alti- 
tudes is a point. But if the zenith distance of the star is greater 
than 4° the observer’s circle is so large that, for practical purposes, 
the representation of a small portion of it on a map may be taken 
as a straight line, called a Sumner line. A Sumner line is a very 
useful line of position to be used in making a fix. 



(a) 



Fig. 28 . 

The use made of the circle of equal altitudes will now be con- 
sidered. By a process known as dead reckoning approximate 
values of the ship’s latitude and longitude are obtained by 
applying to the last well-determined position the run that has 
since been made using for the purpose the distance sailed and the 
course. The declination is obtained from the Nautical Almanac 
and t is obtained by using the longitude of the D.R. position in 
the formula of §59. Hence, d, and L being known, he for the 
star may be computed by the method of §55. Also the altitude 
ho and the azimuth Z can be measured directly by means of 
instruments. Since he is computed from data obtained by dead 
reckoning it will be slightly in error; whereas ho and Z, being 
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observed from the actual position will be correct. If K is 
greater than Kq the true position is farther from the sub-astral 
point of the star than the D.R. (dead reckoning) position, as 
may be seen by considering Fig. 28(a). If he is less than /lo 
the true position is nearer to the sub-astral point than the D.R. 
position [see Fig. 28(6)]. The mnemonic Coast Guard Academy 
with the initial letters ( 7 , ( 7 , A suggests computed greater away 
or he greater than ho go away from subastral point. 

Hence to draw the line of position corresponding to the ohservePs 
circle of equal altitudes for a star, observe the altitude ho and the 
azimuth Z of a star, using known values of t, d, and L, compute he 
by the method of §55, plot the D.R. position, draw through it a line 
having a bearing equal to the azimuth Z of the star, plot a point on 
this line distant from the D.R. position the difference between he 
and ho in the appropriate direction, and finally draw the desired 
line of position through this latter point perpendicular to the first line. 



Two lines of position may be drawn by using two stars, and 
their intersection gives a corrected position. In practice three 
or even more lines of position are drawn when conditions are 
favorable. The following example will illustrate the procedure. 

Example. The captain of a ship near Cape Henry found his 
approximate position by dead reckoning to be Lat. 36°49' N., 
Long. 75°12' W. He found for the star a Scorpii, declination 
26n7'12" S., altitude ho = 19°24'14", azimuth 148°20', and the 
computed altitude K = 19°26'45". For the star /? Leonis 
declination 14°57'6" N., he found altitude ho = 51°4'5", azimuth 
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245°40' and by computation K — 51°00'37". Draw a fix from 
this data and read the latitude and longitude of his position. 
Solution. For star a we have 

he - ho 19°26'45" - 19°24'14" = 2'31". 

Since he > ho the correction is 2'31" = 2.6 miles away on bear- 
ing = 148°20'. For star we have ho — K = 51°4'5" — 
51°00'37" = 3'28". Since K, < ho the correction is 3'28" = 
3.6 miles towards on bearing = 246°40'. On Fig. 29 the dead 
reckoning position is plotted at A. Line Aa is drawn bearing 
148°20' and on it AA' is laid off equal to 2.5' = 2.5 miles. A'a' 
is drawn perpendicular to Aa. Similarly AjS is drawn bearing 
245°4()', AB is laid off equal to 3.5' = 3.5 miles and is drawn 
perpendicular to A^. Lines A'a' and Bfi' intersect in the position 
P, the fix required. From the map we read Lat. = 36^49. 5' N., 
Long. = 75°17' W, (The scale of the chart in Fig. 29 is 1 in. 
= 12.5 mi.) 


EXERCISES 

1. Using the observed altitude /lo, the computed altitude hr, and the 
bearing of the observed body as indicated, draw a figure showing an 
assumed dead reckoning position D.R., L = 37° N., X = 75°30' W., the 
bearing, and the line of position in each of the following: 



ho 

he 

Bearing 

(a) 

30°40' 

CO 

o 

o 

75°30' 

(.b) 

42°55' 

43° 

35° 

ic) 

27°55' 

27°58' 

82°30' 

id) 

00 

o 

o 

40°44' 

50°50' 

(e) 

39°7' 

38°58' 

65°40' 

if) 

72°50' 

72°44' 

147°30' 

ig) 

68°40' 

68°35' 

285°20' 

ih) 

32°24' 

32°30' 

205°30' 

it) 

57°28' 

57°34' 

345°10' 

U) 

26°32' 

26°27' 

210° 


2. Draw a figure showing an assumed dead reckoning position, two 
lines of position, and a fix obtained by using the data of the exercises 
indicated in each of the following: 


(A) l{a), Kb); 

(B) 1(c), l(^); 


(C) 1(d), Kh); 

(D) 1(1), 1(3). 
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[Chap. VI 


3 . Draw a figure showing a fix determined by the following data using 
the D.R. position L = 37° N., X = 75°30' W: 


/?<o he Bearing 

38°44' 38°40' 50° 

27°36' 27°39' 197° 

62°40' 62°38' 147° 


Hint: The three lines of position will not intersect in a point. Take as 
your correct position the point of intersection of the medians of the 
small triangle formed by the lines of position. 

4. Given d - 22°30' S., t = 60° E., L = 45° H., X = 32° W., 
ho = 36°36T8". Using the given values of d, t, and L compute he and 
Zn. Then show on a figure the given D.R. position, the bearing, a line 
of position. See §55. 

6. The navigator of a cruiser at D.R. position Lat. 37°17' N., Long. 
75°27' W. observes the sun for a line of position and finds ho = 15°43', 
Zn = 107° 11'. At the same instant the assistant navigator finds that 
the true bearing of Hog Island Light (Lat. 37°24' N., Long. 75°42' W.) is 
285°. Using his value of he — 15°40' obtain a fix and read the latitude 
and longitude of his position. 

68. Aerial navigation. The parts of this treatment applying 
to navigation could be used for aerial navigation as well as 
navigation on the ocean. The theory used in location of position 
by an airplane pilot is essentially the same as that used by the 
captain of a ship. As soon as a pilot conducts aircraft on long 
oversea passages out of sight of land or over strange terrain, ho 
must determine his position by using methods the same in funda- 
mentals as those used by a surface navigator. However, the 
aerial navigator has many obstacles to overcome. The following 
paragraph will suggest some of them. 

A ship travels through the water on a given course and at a 
speed known within close limits of accuracy. Ocean currents 
are known, and the effect of these currents and of winds can be 
estimated with relative accuracy and due allowance made for 
their effect. On the other hand, aircraft travel at high rates of 
speed; the supporting medium moves rapidly in three dimensions; 
winds cannot be charted as can ocean currents; aircraft encounter 
fog, haze, storms, and heavy cloud formations so that it is diffi- 
cult to compute drift and take observations; and many other 
difficulties imposed by travel in three dimensions make aerial 



AERIAL NAVIGATION 


127 


navigation difficult and comparatively hazardous. The aerial 
navigator does not have a stable platform from which to take 
observations. The high speed of aircraft demands that solutions 
of the astronomical triangle be found expeditiously. Confined 
spaces in airplane compartments, disturbing effects of air stream, 
generally unstable characteristics of planes in flight, all contribute 
to difficulties of accurate observation and subsequent working up 
of data. Consequently in this field of work the aim has been to 
shorten navigational methods to the greatest possible extent 
without undue sacrifice of accuracy and to use many instruments 
of light weight and small bulk adaptable to convenient handling 
and stowage. 

It therefore appears that positions in the air cannot generally 
be found with the same degree of ease and accuracy as positions 
on the surface of the earth. Nevertheless, the best possible 
results should be attempted to avoid the risk of missing the 
destination and to obtain the economy in time and fuel incident 
with the most direct route. 




APPENDIX A 

1. The mil. The mil is an angular unit equal to of four 

right angles. 

The word mil, meaning one-thousandth, originated from the 
idea of adopting as a unit the angle that subtends an arc equal 
to ^ of the radius. Such an angle subtends 1 ft. at a distance 
of 1000 ft., 1 yd. at a distance of 1000 yd., etc. This manifestly 
furnishes a quick method of estimating the distance of an object 
whose size is known. There would under these circumstances 
2t 

be q'q^ or 6283. 18 -f such units subtended by a circle. This 

number is too inconvenient to be of practical use in calibrating 
instruments. The circle is therefore divided into 6400 equal 
parts, and each of these is called a mil. The arc subtended by a 

central angle of 1 mil therefore equals or (0.00098+)^, or 

so nearly of the radius that it may be so taken for purposes 
not demanding great accuracy. This property, coupled with the 
knowledge that in small angles the chord very nearly equals the 
arc, enables us to say for rapid and rough approximation: 

A mil subtends a chord equal to ^ q - of the distance to the chord. 
With due regard to the degree of approximation j a small number 
of mils (several hundred) subtends a chord equal to the small number 
times x"(^o distance to the chord, or, in symbols 

® 1000 

where 6 is in mils and s and r are expressed in the same unit. 

The methods of rapid approximate measurement of angles and 
distances by the use of the mil system were first developed by the 
Field Artillery in computing firing data. Their use was extended 
to mapping, sketching, and reconnaissance. During the World, 
War the Infantry adopted the system, and it has now become 
general. 
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The mil as a unit has the advantage that it is convenient in 
size for certain military measurements. 

Example 1. Two points, A and are 50 yd. apart and 
2000 yd. away. How many mils should they subtend (see 
Fig. 1)? 

B 

50 yd. 

A 


Solution, 50 divided by yow 

Or, at 2000 yd., 2 yd. corresponds to 1 mil; therefore 50 yd. 
corresponds to 25 mils. 

Example 2. An observer measures the angular distance 
between two points, A and B, 5000 yd. away, to be 30 mils. 
How far apart are A and H? 

Solution, -xYW X 30 = 150. 

Or, at 5000 yd., 1 mil subtends 5 yd.; therefore 30 mils sub- 
tends 150 yd. 

Example 3. The angular distance between A and B is observed 
to be 40 mils. They are 100 yd. apart. How far away are they? 

Solution, ^ X 1000 = 2500. 

Or 40 mils corresponds to 100 yd.; therefore 1 mil corresponds 
to 2^ yd., but 2^ is i qq q of 2500 yd. 

EXERCISES 

1 . A battery with a front of 60 m. is observed from a point 3000 m. 
away, measured on a line normal to the battery. What angle does the 
battery subtend? (Or what is its front in mils?) 

2. A four-gun battery 4000 m. away has a front of 15 mils. How 
many meters between muzzles? 

3. The guns in your battery have wheels m. in diameter. You 
measure a wheel as 5 mils. How far are you from the battery? 

4. An observer measures the front of a target to be 40 mils at a 
point 6000 m. away. What should a scout (a) 3000 m. in front of the 
same observer measure it to be? (6) 4000 m. in front of the observer? 
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5 . Two targets, T and f, are 20 m. apart. The range TG, perpen- 
dicular to the line of targets, is 5000 m. Two guns, G and g, are also 
20 m. apart, the angle TGg being 1500 mils. Take t and g both on the 
same side of TO. 

(a) What is angle tgG in order that the gun g may be laid on 

(b) What change in deflection of G must be given to lay it on 

6 . A hostile trench measures 80 mils from your position. A scout 
500 meters in front of you measures it 100 mils. What is the distance 
of the trench from your position? 

7 . You signal to a man at a distant tree to post himself 20 yd. 
from the tree (measured perpendicular to the line from the tree to 
you). The man is now 8 mils from the tree. How far away is the 
tree? 

8 . An observer finds that he is on the same level with the top of a 
distant tower that is 34 yd. high. The angular depression of the base 
of the tower is 8 mils. How far away is the towei ? 

9 . From D a distant object B appears to the right of an object A, 
which is 6000 meters away. An observer at D measures the angle 
ADB to be 35 mils. He moves to C, 180 meters to the right on a line 
normal to AD, and measures the angle ACB to be 15 mils. How far 
away is H? 

Hint Sum of angles of a triangle is constant. 

10 . From Trophy Point, near the U. S. Military Academy, the 
angular elevation of Fort Putnam is 210 mils, and its distance is 600 yd. 
Also, the elevation of the top of the West Academic Building is 120 mils, 
and its distance is 250 yd. The West Academic Building and Fort 
Putnam are 500 yd. apart. What is the angular elevation of Fort 
Putnam as measured from the top of the West Academic Building? 
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2. The range finder. A range finder is an instrument designed 
to obtain the distance of an object from the instrument. Essen- 
tially it is a mechanism in a tube by means 
of which images caught at the ends of the tube 
can be brought into alignment by turning a 
thumbscrew. 

In Fig. 2 line AB represents a range finder 
of length 6. AC and BE are lines perpendic- 
ular to AB. When the two images of point 
C caught at the ends A and B are brought 
into alignment, the distance AC — li can be 
read on a dial. When the image of point C 
caught at end A is brought into alignment 
with the image of point D caught at B^ the 
distance AG = jRi is registered on the dial. 

The distances U and Ri in Fig. 2 must be so 
great as compared with h that the errors in 
the equations 

B<j) = 6 , R\9 == &, ( 1 ) 

<> = |» ® (2) 

are negligible. On the other hand when the range of an object is 
so great that the angles represented by </> and S in Fig. 2 are small, 
relative to the errors inherent in the mechanism of the range 
finder, trustworthy results cannot be obtained. A 12-ft. range 
finder is effective for distances from 100 to 25,000 yd.; a 26-ft. 
instrument, for ranges from 1200 to 50,000 yd.; a 30-ft. instru- 
ment, from 2400 to 60,000 yd. 

The following examples illustrate the principles involved in the 
use of range finders. 

Example 1. Let Fig. 2 represent a range finder of length 
h set parallel to line CD. If 6 = 10 yd. and if the distance 
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Fig. 2. 
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72i = 2500 yd. and R = 10,000 yd. have been found by using 
the instrument, find the length of CD, Also find CD in terms oi 
J?, Ri and h. 

Solution. Denote angle EBC by </> and angle EBD by 6. 
Since these angles are small, use equations (2) to obtain 


_ — 10 , Jl 10 . 

~ 1 0000 “^ “ 2 5 00 

By using (1), we obtain 

CD = Re — R4> = 1000()[^^o — TwWl == 30 yd. (approx.). 
To find CD in terms of R^ i^i, and 6, use (2) and (1) to obtain 


= A, Q ~ (jj) ~ ^ (approx.). 

it K I 


Replacing {9 — <j>) in the last equation by their values from the 
first two, we obtain 


(h h\ _ bR(R - Ri) _ b{R - Ri) 

\Ri r) " ,RRi Ri 


( 3 ) 


Example 2. Figure 3 indicates how a range finder may be 
used to obtain the direction angle a for an 
object CD of small known knigth a by 
means of the ranges R and Ri which may be 
read from the instrument. Find angle a in 
terms a, 6, 7?, and Ri, assuming that a and b 
are small as compared with R and Ri. Find 
a if a = 50 yd., R = 3000 yd., Ri - 1000 
yd., and 5 = 10 yd. 

Solution. Referring to Fig. 3, observing 
that CF is small and using (3) in the solution 
of Example 1, we have 

FD = (approx.). 

ill 

Since angle FCD = a, sin a = sin (FCD) = 

FD/a, or replacing FZ) by the value just found. 



_ b(R - Ri) 

aR 


( 4 ) 
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For the values mentioned in the example, 


sin a 


10(3000 - 1000) ^ 

50(1000) “ ^ 


and 


a = 23°36'. 


Example 3. A range finder is poorly adjusted. Show how 
the range given by such an instrument may be corrected. 

Solution. When a range finder is not well adjusted it will 
register inaccurate distances. Referring to Fig. 4, we may say 
in such a case, that the ranges R and jRi 
are based on angles <i> ± d and 6 ± d where 
d is the error due to poor adjustment of the 
instrument. Hence 

<> ± 0 ± d = (5) 

If X is the corrected range, we have x 
(6 — <t>) = a, since 6 and </> are the true 
angles. Then we may write 


e - <j>~ (e ± d) - {,i> ± d)’ 

or, replacing 6 ± dhy b/Ri and <t> ± d by ^ from (5), we obtain 
the corrected range 

_ a _ aRRi 

^ ~ XZT ~ - Ri)' (7) 

Ri R 


D a C E 
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For example, if a = 50 yd., R = 12,000 yd., Ri == 2100 yd., 
and b = 10 yd., the corrected range would be 


X 


50(12,000) (2100) 

i0(12,000 - 2l00) 


12,727 yd., 


and the correction increment is 727 yd. 


EXERCISES 

1 . In Fig. 2 find (a) CD UR — 10,000 yd., Ri = 2000 yd., and b — 
30 ft. (6) if ]?i - 1500 yd., CD - 180 ft., b = 36 ft. (c) CD if 
e = 990", <t> = 165", 5 = 36 ft. 
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2. In Fig. 3 find (a) « if E = 10,000 yd., R, = 2500 yd., a = 180 ft., 
= 36 ft. (b) find a if 0 = 188", 8 = 960", a = 165 ft., 6 = 30 ft. 

(c) find a if a = 9°30', R = 3500 yd., Ri = 1000 yd., 6 = 30 ft. 

3. In Fig. 4 find the correction increment (a) if R = 15,000 yd., 
Ri = 2800 yd., CD = 165 ft., 6 = 36 ft. (6) if ^ = 185", 8 = 545", 
6 = 48 ft., CD = 300 ft. 


4. In Fig. 5 6 = 36 ft., (a) find DT it R 
14,000 yd., Ri = 2000 yd., R2 == 800 yd. {b) 
find DT and DC if a = 70°, <t> = 155", - 

1710", 82 = 4200". 



6. The captain of a vessel equipped with a coincident range finder of 
effective length 30 ft. desires to find the distance between two channel 
buoys C and D. He trains his range finder on buoy C and reads range 
Rc — 14,000 yd. He then aligns the image of D with the image of C 
and reads on the dial Ri = 2000 yd. If the range finder is parallel 
to CD for the readings, find the distance between the buoys. 

6. Two masts on a freighter are 165 ft. apart. The captain of a 
cruiser wishes to find the distance to the freighter with a range finder 
that is poorly adjusted. He trains the range finder on the right-hand 
mast and reads on the dial 15,000 yd. He then aligns the image of the 
second mast with that of the first and reads on the dial 2800 yd. If 
the range finder is parallel to the freighter, find the corrected range 
and the angular error of 8 for his instrument. 
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3. Stereographic projections. In the applications of this 
chapter, the student will frequently find it convenient to draw a 
figure showing the main features of the problem under considera- 
tion. For this reason the following facts relating to stereographic 
projections are presented. 

Consider a plane through the center of the sphere in Fig. 6 
and the poles Pn and Pa of the great circle in which the plane 
intersects the sphere. A straight line connecting any point P 
on the sphere to Pa cuts the plane in a point called the stereo- 
graphic projection of the point. The stereographic projection of 
a curve lying on the sphere is the locus of the stcreographic 

projections of its points. The 
point Pa is called the center of 
projection, the plane is called the 
primitive plane, and the great 
circle cut out by the primitive 
plane is called the primitive circle. 
The angular measure of an arc 
of a great circle that has a given 
arc as a projection is called the 
true length of the given arc. 

Figure 6 represents the sphere 
with center of projection Pa, 
with primitive plane WSEN, 
and with p the stereographic 
projection of P. The truth of the following statements, num- 
bered I, II, III, IV, and V, is easily perceived. 

I. The points of the hemisphere on the same side of the 
primitive plane as P« project outside the primitive circle, and the 
points on the other hemisphere project inside the primitive circle. 

II. The projection of any great circle through the center of 
projection Pa is a straight line through the center of the primitive 
circle. 

III. The primitive circle projects into itself. 
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IV. The projection of any great circle passes through the ends 
of a diameter of the primitive circle. For the plane of the great 
circle cuts the primitive circle in a diameter and the ends of this 
diameter project into themselves. 

V. The part of the projection of an arc of a great circle that 
lies inside the primitive circle has a true length of 180®, and if 
this arc is bisected each part has a true length of 90®. 

The following statements, numbered VI and VII, are of 
fundamental importance. The proofs are omitted. 

VI. The stereographic projection of a circle lying on a sphere 
is a circle or a straight line. 

VII. The angle of intersection of two arcs on a sphere is equal 
to the angle of intersection of their stereographic projections. 

4. Construction of some simple projections. The projection 
of a great circle can be drawn when the two points where it 


Fia. 7. Fia. 8. 

crosses the primitive circle at the ends of a diameter and the 
projection of another point are known. For, by VI, §3, the 
projection is a circle three points of which are known. For 
example, suppose that a great circle cuts the primitive circle 
shown in Fig. 7 at point Mi and that A is the projection of 
another of its points. If 0 is the center of the primitive circle, 
Ml lies on the projection by IV, §3. Therefore the circle through 
Mif Aj and M 2 is the required projection. Only the stereographic 
projection of one-half of a great circle is shown in Fig. 7. 

Again, the projection of a great circle can be drawn when a 
point where the great circle cuts the primitive circle and the 
inclination of the plane of the circle to the primitive plane are 
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known. For, by IV, §3, two points at the ends of a diameter are 
known, by VI the projection is a circle, and by VII the angle 
between the primitive circle and the projection are known. 

Suppose that the great circle whose stercographic projection 
is to be drawn cuts the primitive circle GMiK shown in Fig. 8, 
Sit Ml and that its plane is inclined 35° to the primitive plane. 
Draw the mutually perpendicular diameters M 1 M 2 and GKj 
construct with a protractor the line Mil\ making an angle of 35° 
with OMi and meeting GK at S. With >8 as a center and SMi 
as radius, draw the required circle M 1 RM 2 . The circle sym- 
metrical over M 1 M 2 with the one drawn also satisfies the given 
conditions. 


EXERCISES 

1 . What great circles project into straight lines? 

2. What is the nature of the projection of any circle passing through 
the center of projection? 

3. What is the true length of the arc MiR in Fig. 3? Give a reason 
for your answer. 

4. Construct the projections of the great circles whose planes are 
inclined at 30°, 60°, 90°, 120°, and 150°, respectively, with the primitive 
plane, assuming that each one passes through a point M\ chosen on the 
circumference of the primitive circle. 

6. Draw a circle to be used as primitive circle. Through the ends of 
one of its diameters construct a circle. This second circle is the pro- 
jection of a great circle. Now construct the projections of two other 
great circles through the ends of the same diameter, each of whose 
planes is inclined at 30° to the plane of the great circle whose projec- 
tion is drawn first. 

6. To find the true length of a projected arc. The actual 
magnitude of an arc of a great circle that has a given arc as its 
projection has been called the true length of the given arc. The 
object of this article is to give, without proof, a method of finding 
the true length of any arc that is the stereographic projection 
of a part of a great circle. 

Let arc ACB in Fig. 9 represent the projection of a great circle 
on the primitive plane ABF. It passes through the ends A and B 
of a diameter and cuts the perpendicular diameter EF at C, 
Draw line AC and prolong it to meet the primitive circle in D, 
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lay off arc DG equal to 90"^ toward the inside of the projected 
circle, and draw GA meeting EF at X. The true length of 
arc ST is then obtained by drawing XS and XT to meet the 


Fia. 9. 

primitive circle in Si and respectively, and then using a 
protractor to find the length in degrees of arc SiTi. 

If the method just desc.ribed be applied to find the true length 
of a part of a diameter, the point X, will be found to fall at the 
end of the perpendicular diam- 
eter. Hence, the true length of 
OC in Fig. 9 is the arc BD, and 
the true length of XC is the arc 
GD or 90°. It now appears 
that X is the projected pole of 
the great circle represented by 
ACB in Fig. 9; consequently 
we may refer to X as the X)ole 
of great circle ACB. 

Evidently we can now lay off 
an arc of any desired true 
length from a given point on a 
projection of a great circle. 

Thus, to lay off 50° from A 
along the arc ACB in Fig. 10, lay off arc AT equal to 50°, locate 
the pole X of arc ACB, and draw XT meeting arc ACB in E. 
The arc AE has a true length of 50°. 



B 

Fig. 10. 
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Note that arc AC = 90°, and arc AO - 90°. Therefore, in 
accordance with a theorem from solid geometry, angle OAC is 
measured by the true length of arc CO, or by arc DB. A little 
reflection on the processes just illustrated will enable the drafts- 
man to measure with facility angles and arcs defined by projec- 
tions of great circles. 

To measure the angle between two projected arcs of great circles 
through point A, lay off arc AD = 90° on one circle and arc 
AE = 90° on the other, draw straight lines AD and AE to meet the 
primitive circle in D and E, respectively, and measure arc DE with 
a protractor. Since A is the pole of arc DE and angle A is meas- 
ured by the true length of arc DE, the reason for the construction 
is apparent. 

Also, the angle between two arcs may be obtained by measuring 
the angle between their radii drawn to the point of intersection, 

EXERCISES 

1 . Draw a primitive circle and the projections of three great circles 
making 45°, 90°, and 135° angles, respectively, with the primitive and 
all passing through the ends of the same diameter. Divide each arc 
inside the primitive circle into six parts, each having a true length of 
30°. Also check the angle between tlie primitive and the projection by 
finding the true lengths of parts of the diameter perpendicular to the 
one having its end on the projected circle. 

2. Draw the projections of two great circles meeting in a point A 
inside the primitive circle. Lay off arc AD — 90° on one projection 
and arc AE = 90° on the other. Now find the true length of arc ED; 
that is, measure the angle EAD, Perform this operation three or four 
times, using different great circles in each case. 

3 . Through the ends A and B of the diameter of a primitive circle 
draw a projected circle making a 60° angle with the primitive circle. 
Lay off arc AC equal to 60° on the primitive circle and draw through 
the ends C and D of a diameter the projection of a great circle making a 
45° angle with the primitive. Now measure all arcs and angles formed 
inside the primitive circle. 

6. To measure the parts of a spherical triangle by stereographic 
projection. A spherical triangle can be solved graphically by 
drawing its projection and measuring its sides and angles. An 
example will illustrate the method. 
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Example. Use stereographic projection to solve the triangle 
in which side h = 120°, side c = 75°, and the included angle 
A = 60°. 

Solution. The solution will be explained by referring to 
Fig. 11. Draw the primitive circle ACF. Then draw any 
diameter AE and the perpendicular diameter DF. Lay off 
arc ADC = 6 = 120°. Draw AOi so that angle OAOi — 60°. 
With Oi as center, draw circular arc ABE. Then angle DAB = 


A 



60°. Find the pole Xi of arc ABE, lay off arc ASi = 75°, draw 
B\Xi to meet arc ABE in B. Then arc AB has a true length of 
75°. Now draw diameter CG and construct the circular arc 
CBG with center O 2 . Then triangle ABC is a stereographic 
projection of the required triangle. To measure the unknown 
parts, draw diameter LM perpendicular to CG, and locate the 
pole X 2 of arc CBG. Draw X^B to meet the primitive circle in 
B 2 . Then the true length of CB is equal to arc (7^2, which is 
found by means of a protractor to be 74°. Next draw O 2 C. 
Then angle BCD is equal to angle GCO 2 = 68°30'. Also, angle 
CBA is 180° — angle O 1 BO 2 or 131°30'. 
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EXERCISES 


1 . Draw the stereographic projection of a spherical triangle in 
which a = 60°, h = 90°, C = 60°, and measure B and c. 

2 . Draw a stereographic projection of each of the spherical triangles 
that have the given parts indicated, and measure the unknown parts: 


(а) a = 60°, 
h = 60°, 
C = 90°. 

(б) A = 60°, 
B = 60°, 
c = 120^^ 


(c) A = 120°, 

b = 75°, 
c = 150°. 

(d) b = 120°, 
c = 120°, 

A = 75°. 
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7. Vectors. A vector AB (see Fig. 12) is a straight line con- 
taining an arrowhead at B to indicate a direction from its initial 




point A to its terminal point B. The length of the line segment 
indicates the magnitude of the vector, and the line with attached 
arrowhead indicates direction. If the line A 5 is 6 units long 
and is directed at N. 45° E., it could be used to represent a velocity 
of 6 knots in the direction N. 45° E. 

Figure 13 indicates the method of adding vec- 
tors. To add the vectors AB^ B'C'j and C'D' 
through the tip B of A B draw BC parallel and 
equal in length to B'C'y through C draw CD par- 
allel and equal to C'D\ The vector AD is the 
required sum. A similar method may be used 
to add a number of vectors. 

If a ship starting from point A (see Fig. 14) 

sails 20 miles on course 45° to B and then 10 miles „ , . 

Fia. 14. 

on course 315° to C, the vector AC represents 
the distance and bearing of point C from A . By direct measure- 
ment or by computation C is found to bear 18°26' from A and to 
be 22.4 miles distant from it. 



EXERCISES 

1 . A ship sails due east 25 miles and then due south 25 miles. Find 
its distance and bearing from its starting point. 

2. If a ship starting from a point A steams 40 miles on course 1 35° to 
point B and then steams 30 miles on course 45°, find its bearing and 
distance from A. 
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3. An airplane when leaving its base flies 80 miles on course 70° 12' and 
then changes course to 180°. After traveling 27 miles on this course 
find the bearing and distance to its base. 

4. A ship 68.2 miles due south of a lighthouse steams on course 46°58' 
a distance 31.6 miles. Find the bearing of the lighthouse and its 
distance from the ship. 

6. A man walks on course 34° 14' for a distance of 6.75 miles. He 
then changes his direction to course 190°45' for a distance of 5.68 miles. 
Find the bearing and distance of his initial position reckoned from his 
final position. 

6. A ship sailing north at 10 knots is drifting, owing to a 2-knot 
current toward the east. Find the distance the ship moves in 2 hr. 

7. A ship is carried by the wind at 2.5 knots in direction 300°, by the 
current at 3 knots in direction 180°, and is steaming 12 knots on course 
120°. Find the course and distance covered in 2 hr. 

8 . A ship is carried by the wind 4 knots on a course 30°, by the current 
at 1.75 knots on a course 180°, and it is steaming at the rate of 12 knots 
on a course 270°. Find the actual speed and course. 


8. Relative movement or maneuvering and mooring board 
problems.* The platform AC of Fig. 15(a) moves rightward 1 

sec. at 8 ft. per sec. while a 
weight on the platform moves 5 
^ ft. per sec. relative to it along its 
diagonal. During a second the 
weight moves from A to C'. 
Hence AC' represents its ve- 
C' locity in magnitude and direc- 
tion. Figure 15(5) illustrates 
the velocity Vs of the weight 
composed of two velocities, the 
velocity of the platform Vg and 
the velocity of the weight rela- 
This relation is expressed by the vector 



tive to the flatform Vs/g- 
equation 


V./, + V,. 


( 1 ) 


This important equation will be applied to solve some problems 
arising in the movements of ships. 

* The graph paper used by the United States Navy is solving relative 
movement problems and many others is known as the Mooring and Maneu- 
vering Board. 
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When a group of ships are sailing in formation all of them may 
have the same velocity as a certain one called the guide. Some 
particular ship may be ordered to take a new position relative to 
the guide while the rest of the group moves along. Let the vector 
Vg in Fig. 16(a) represent the velocity of the guide, and suppose 
that a ship S is ordered to move from AtoB relative to the guide. 
Equation (1) applies to the motion provided Vg represents the 
velocity of the guide, Vs/g the velocity of the ship S relative to 
the guide, and Vs the velocity of the ship. Observing that 


D 



vector Vs/g along the line CD must be parallel to the relative 
motion line AB^ the relation between the vectors Fg, Vs/gy and 
Vs is readily seen in Fig. 15(5). Vector Vs may be chosen rather 
arbitrarily, unless some condition such as direction or speed is 
specified. From Fig. 16(5) the magnitude and bearing of Vs can 
be read. The time required for the movement is obtained by 
dividing relative distance AB by the magnitude of Vs/g. The 
figure should be drawn to scale and all quantities found by 
measurement. The scale for distance need not be the same as 
that for velocity. Assume that 1 knot = 2000 yd. per hr. 

The beginner may find the following suggestions helpful : 

(a) On a piece of polar coordinate paper plot the initial posi- 
tion A and the final position B of ship S and draw line AB. 

(5) Beginning at the center G of the paper lay off the vector Vg. 

(c) Through the tip of Vg draw a line parallel to the line found 
in step (a). 

(d) Draw Vs from center G of the paper in accordance with any 
specified conditions. 

(e) Measure Vs, magnitude and direction, and measure 

(/) The time required for the movement is given by AB - 
(magnitude). 
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and hidden within the young seeds (ovules) are the parasitic female 
plants. The germ cells, that is, the eggs and sperms, are not 
produced directly by the flowers. Instead, flowers develop these 
small sexual plants which in turn bear the eggs and sperms. 

Within each anther 
there are developed a 
number of spores, a 
peculiar type of cell 
which, unlike eggs and 
sperms, is capable of 
growing into a plant 
without entering into 
the mysterious process 
of fertilization. Each 
of the spores in the 
anther grows into a 
minute male plant, a 
pollen grain. When 
the anther dries up 
and splits open, pow- 
dery masses of yellow 
male plants are carried 
by insects or wind to 
the pistils, inside of 
which the female plants 
are waiting. 


Exercise 86. The pollen 
grain. With the compound 
microscope examine the 
pollen grains of some flow- 
Fig. 76.— An apricot flower bud just before ^ring plant. In specially 
opening. The ovary, covered with hair, is stained pollen grains will 

seen in the center, and above are the anthers. seen the protective coat 
(Photograph furnished by Division of Pomol- enclosing two cells. The 
ogy, California College of Agriculture.) nuclei of these cells are 

visible. Thus, it is seen 
that the pollen grain is not a single cell, but in reality a small sexual plant 
consisting of but two cells. 

Exercise 87. Germination of pollen grains. The pollen grains of many 
plants will germinate in a 10 per cent solution of cane sugar. Prepare hanging 
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EXERCISES 

1 . The fleet guide is steaming at 9 knots on course 110°. A destroyer 
bearing 180° from the guide, distant 3600 yd. is ordered to proceed at 
15 knots on course 20° until she bears 315° from the guide. Find the 
time required. 

2 . The guide of a fleet is steaming on course 240° at 12 knots. A 
destroyer distant 4000 yd. from the fleet guide bears 150° from it. 

(а) What course should the destroyer steer to take position bearing 
190°, distant 2000 yd. from the guide if she is to steam to the new posi- 
tion at 24-knot speed? 

(б) How long does she take to reach the position at 24 knots? 

(c) If the destroyer is required to reach position in exactly 10 min. 
what should be her course and speed? 

3 . The fleet guide G moves on course 0° at 20 knots. A destroyer, dis- 
tant 1000 yd. and bearing 180° from (7, is ordered to take a position 
1000 yd. bearing 90° from G and to complete the maneuver in 3 min. 
Find the course and speed of the destroyer while changing position. 

4 . A ship on course 315°, speed 30 knots, sends up a plane with 
orders to scout to a distance of 200 nautical miles from the ship on 
course 300°. Find the plane’s speed if it maintains a constant bearing 
of 296° from the ship. 

6. A fleet guide is steaming on course 20° at 12 knots. A destroyer 
due west of the guide and distant 4 miles is ordered to take a position 
3 miles astern of the guide by steaming at 18 knots. Find the course 
the destroyer should steer. 

6. A flagship is steaming at 12 knots on course 295°. A cruiser 
distant 6000 yd. from the flagship and bearing 160° from it is ordered 
to take a position distant 8 miles and bearing 7°. If the cruiser proceeds 
at 20 knots find its course and the time required. 

7 . A cruiser sights an enemy ship 7 miles distant, bearing 85°, and 
steaming at 12 knots on course 10°. If the cruiser steams at 20 knots 
find the course she should steer to overhaul the ship. 

8. A destroyer fires a torpedo at ship A, distant 6000 yd. and bearing 
70° from the destroyer. Ship A is steaming at 15 knots on course 150°. 
If the torpedo has a speed of 24 knots on what course should the torpedo 
be set? 
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Addition formulas, 29 
Aerial navigation, 126 
Agcton’s method, 120 
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Ambiguous case, 47 
Amplitude, 106 
Antilogarithm, 11 
Arc length, 31 
Astronomical triangle, 102 
Axis of earth, 94 
Azimuth, 103 

C 

Celestial equator, 100 
Celestial meridian, 101 
Celestial pole, 100 
Celestial sphere, 100 
Central angle of a circle, 31 
Characteristic, 6 

rules for determining, 7, 8 
Circle, great, 35 
vertical, 102 

Circles of equal altitudes, 122 
Circular arc, length of, 31 
Co-function, 29 
Cologarithm, 14 

Computation, suggestion for, 16 
Conversion formulas, 30 
Cosecant, defined, 28 
Cosine, defined, 28 
Cosines, law of, for plane triangles, 
31 
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72 

sides of, 70 

Cotangent, defined, 28 
Course, 95 
Culmination, 114 


Dead reckoning, 123 
Declination, 102 
Departure, 60 
Difference in latitude, 60 
Distance, 60, 95 
Double-angle formulas, 30 
Double solution, splierical triangle, 
83, 115 

Dreisonstok’s method, 120 
E 

Ecliptic, 109 
Equator, 94 
E(piinoctial, 100 
Equinox, autumnal, 110 
vernal, 110 
Exponents, laws of, 1 

F 

Fix, 122 

Forms, directions for making, 15 
Formulas, addition, 29 
conversion, 30 
double angles, 30 
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of spherical triangles, 74 
Functions, of n 90° ± 0, 30 
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Grade, 33 

Graphs of logic a;, 22 
Greenwich, meridian of, 95 
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Half-angle formulas, 30 
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Haversine, defined, 90 
Haversiiie solution, 89 
Horizon, 101 
points of, 101 
Hour angle, 102 
Hour circle, 101 

I 

Identity, fundamental, 29 
Interpolation, 10 

K 

Knot, 56 

L 

Latitude, 94 

difference in, 60 
to find, 115 
parallels of, 59 
Length of circular arc, 31 
Line of position, 121 
Logarithms, antilogarithms, 11 
change of base in, 20 
characteristic of, 6, 7, 8 
common, 6 

in computation, 12, 15, 16 
defined, 2 
laws of, 3 
mantissa of, 6, 9 
Longitude, 95 
Loxodromic curves, 60 

M 

Magnitude, order of, 69, 84 
Maneuvering and mooring board, 
144 

Mantissa, 6, 9 
Mercator chart, 62 
Meridian, 94 
prime, 95 

Meridian altitude, 113 
Middle latitude sailing, 61 
Mil, 32, 129 
Mooring board, 144 


N 

Nadir, 101 

Napier's analogies, 79 
Napier's rules, 40 
Nautical mile, 31, 56 

O 

Oblique spherical triangles, 35 
Order of magnitude, 69, 84 

P 

Parallels of latitude, 59 
Parts, circular, 40 
Plane sailing, 60 
Polar triangles, 48 
Pole, north, 94 
south, 94 

Prime meridian, 95 
Prime vertical, 102 
Primitive circle, 136 
Primitive plane, 136 
Proportional parts, 10 

Q 

Quadrantal triangles, 50 
Quadrants, rule for, 30 

R 

Range finder, 132 
Reciprocal functions, 29 
Reduction to acute angles, 30 
Relative motion line, 145 
Relative movement, 144 
Rhumb line, 60 
Right ascension, 110 
Right spherical triangles, 37 
formulas relating to, 37 
Napier's rules for, 40 
solution of, 44 

S 

Saint Hilaire, method of, 104 
Secant, defined, 28 
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Sidereal time, 110 
Sine, defined, 28 

Sines, law of, for plane triangles, 30 
for spherical triangles, 68 
Solid geometry, propositions from, 
36 

Spherical triangles, 35 
Stereographic projections, 136 . 
Sub-astral point, 122 
Subtraction formulas, 29 
Sumner line, 123 

T 

Tables, of common logarithms, 9 
of computed altitude and azimuth, 
121 

Tangent, defined, 28 
Tangents, law of, 31 
Terrestrial triangle, 95 
Time, local apparent, 110 
mean solar, 110 
sidereal, 110 


Time sight, 112 
Transit, 114 

Triangle, astronomical, 102 
right spherical, 37, 44 
spherical, 35 

cases of, 74, 77, 82, 83, 87, 89, 91 
terrestrial, 95 

Trigonometric functions, defined, 28 
True length, 138 

U 

^‘Useful Tables from American Prac- 
tical Navigator,” 89 

V 

Vectors, 143 

Z 

Zenith, 101 
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§6. Page 8 


1. 0 

6. 2 9. 4 

13. 3 

2. 5 

6. 1 10. 2 

14. 4 

3. 1 

7. 8 - 10 11. 5-10 

16. 9-10 

4. 0 

8. 9 - 10 12. 7-10 

16. 6-10 


§9. Page 11 


1. 1.60733 

6. 9.33333 - 10 

9. 8.43198 - 10 

2. 0.48391 

6. 7.58371 - 10 

10. 9.26133 - 10 

3. 4.00864 

7. 8.93677 - 10 


4. 2.03411 

8. 5.88152 - 10 



§10. Page 12 


1. 0.04592 

6. 0.0093962 

9. 12.594 

2. 7903 

6. 997.15 

10. 0.00035304 

3. 207,320 

7. 7.4962 


4. 0.50119 

8. 2.6448 


11. (a) 0.45347 

(c) 0.00074363 

(6) 0.0038615 

id) 0.68973 


§11. Page 14 


1. 433.90 

3. 3.1414 6. 0.51514 7. 0.24406 

2. 224.09 

4. 1.3205 6. 5.2686 

8. 0.062086 


§12. Page 15 


2. (a) 5.0187 

(c) 0.00041391 

(5) 147.54 

id) 5058.6 


§14. Pages 17 to 19 


1. 8.5398 

12. 3.1414 

23. 1.6478 

2. 0.010894 

13. 18.636 

24. 3463.4 

3. 33,451 

14. 0.72132 

26. 27.278 

4. 1019.4 

16. 0.26868 

26. -22.582 

6. 200,530 

16. 0.39770 

27. 15.353 

6. 0.19835 

17. 0.39510 

28. 0.00021360 

7. 24.682 

18. 1.2390 

29. 18.666 

8. 17.843 

19. 1.1605 

30. -22.302 

9. 0.65684 

20. 0.53670 

31. -1.2552 

10. 0.0067010 

21. 107.42 

32. -5.2060 

11. 437.88 

22. 3630.8 
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33. 

0.0074500 




34. 

1.56026; (-)1.46098; 9.05621 - 10; 2.08309 


35. 

46.693 

38. 266.46 lb. 

41. 

151,370 gal. 

36. 

8.6458 

39. 2283.2 1b. 

42. 

1.01 sec. 

37. 

0.028375 

40. 6.2691 ft. 

43. 

142.5 tons 

44. 

Volume = 13,330, surface =2719 



46. 

1051 X 10^ 

47. 834,200 

49. 

0.608 

46. 

11,660 

48. 1,476,000 





§16. Pages 21, 22 


1. 

2.3666 

10. 

1.7895 


2. 

-90.006 

11. 

339.86 


3. 

-1.7354 

12. 

2.7183 


4. 

-1.9034 

13. 

0.42767 


6 . 

1.5372 

14. 

0.41639 


6. 

4.9168 

16. 

0.11699 


7. 

-0.15421 

16. 

-0..37979 


8. 

-0.76206 

17. 

a: = 3.0484 

, y = 2.0484 

9. 

6.0110 

18. 

17.677 


19. 

0, ±1.3169 

22. 18,360 

26. 

_ - 1 
^ ~ 3 

20. 

3.96 

23. k = 0.126 

26. 

a; = 25 and —4 

21. 

0.00003772 

24. 5.5 minutes 





§18. Pages 23 to 27 


1. 

222.91 

8. 4.4787 16. 

34.801 

22. 0.031072 

2. 

0.037367 

9. 3.0675 16. 

67.535 

23. 4.6249 

3. 

72.888 

10. 0.00079018 17. 

42.620 

24. 3.5064 

4. 

0.0093936 

11. 0.37665 18. 

2362.9 

26. 1.5509 

6 . 

24.491 

12. 0.28926 19. 

-4.2098 

26. 0.036016 

6. 

1.2142 

13. 0.96048 20. 

-0.86048 


7. 

12.377 

14. 1.7867 21. 

-0.21423 


27. 

(a) 0.093180; 

(5) 168.20; (c) 0.44668 



28. 

35.239 

30. 

2.92 % 


29. 

31.594 

31. 

1963-6 ft. per sec. 

33. 

16,874 ft. 




34. 

X = 523 ft., y 

= 5902.6 ft. 



36. 

10.08 lb. per sq. in., 8.3516 lb. per sq. 

in. 


36. 

1205.3 lb. 

37. 

4.79 sec. 


38. 

(o) 823.69 ft. 

39. 

15.82 min. 



(6) 49°38' 

40. 

67.188 min. 


(c) 251.1 ft. 
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§20. Pages 32 to 34 

1. (a) 226.20 ft. (c) 217.92 ft. (e) 0.13264 ft. 

(6) 358.14 ft. (d) 4.2935 ft. (/) 4a ft. 

2. (a) 36°; (h) 1°12'; (c) 7'12"; (d) 1°26'24"; (e) 336°50'24" 

4. 7.5 ft. 6. 94°4' 6. 75 yd. 7. 


8 . 247.16 r.p.m., 25.882 radians per second 


9. 0.00098175, 1018.1 

11. 72 yd. 

12. 0.015708 

13. 69.088 miles, 932.71 miles 

14. 2160 miles 

16. 2.2270 ft. 

16. 62.857 radians per second 

17. 1760 radians per minute 
26. (a) 10 miles: (b) 9 miles; (c) 


18. 17.045 miles per hour 

19. 7.3304 ft. per sec. 

20. 846.40 ft. 

21. 222.67 ft., 4583.8 ft. 

22. 589.33 ft. 

23. 20.944 ft., 200 ft. 

24. 294.51 ft. 

26. 2.9630 mils 

6.25 miles 


§22. Pages 36, 37 

3. Each side = Bir in. 

6. 3000 miles, 3638 miles, 2750^ miles 
8 . (a) c = 30°, a = 90°, h = 90° 


§24. Pages 41 to 43 



(6) B = sc(5~'^ = "v/ 3 

(c) c = tan“i 2 

(d) A — sec“^ 4 

(e) b = tan"^ 

(/) Impossible 

8 . (a) cos c = cot A cot B 



3. (a) A = tan~^ 2 

(6) Impossible 

(c) a = tan“^ f 

(d) c = TT — sec~^ \/s 

{e) A = cos“^ -I 
(/) B — sec~^ \/ 3 


§26. Pages 46, 47 

1. 6 = 2°14'5", c = 10°45'55", A = 78°9'22" 

2 . a = 44°43'49", b = 14°59'33", A = 75°21'53" 

3 . 6 = 10°49'17", c = 118°20'20", A = 95°55'2" 

4. A = 52°16'26", B = 57°26'33", h = 47°7'32" 
6. tt = 58°21'28", A = 65°ir30", B = 53°6'40" 

6 . 5 = 27°37'26", B = 68°42'11", A = 155°48'0" 

7. a = 127°4'30", b = 50°0'0", A = 120°3'50" 
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8 . a = 22°15'43", h = 24°24'19", B = 50°8'21" 

9. a = 119°59'46", h = 120°10'3", c - 75°26'58" 

10. a = 50°0'0", h = 56°50'49", B = 63°25'4" 

11. h == 5r53', A = 27°28'38", B = 73°27'11" 

12. c = 54°20', A = 46°59'43", B = 57°59'19" 

13. b = 155°27'54", c = 142°9'13", A = 54°1'16" 

14. c = 133°32'26", A = 126°40'24", B = 47°13'43" 

16. c = 54°20', B = 46°49'43", A = 57°59'19" 

16. a = 50°0'4", 6 - 143°5'12", c = 120°55'34" 

17. a = 67°33'27", h = 100°45', c = 94°5' 

18. a = 51°53', B = 27°28'38", A = 73°27'11" 

19. b = 96°21'59", c = 86°58'0", A = 118°21'15" 

20. a = 49‘=’59'58", c = 91°47'40", B = 92°8'23" 

22. D = 690.98 miles, L2 = 39°31'18", C = 80°19'23" 
24. B = 53°48'27" 


§27. Page 48 

1. ai = 69°50'24", ci = 73°45'15", Ai = 77°54' 

02 = 110'=“9'36", C2 = 106n4'45", A 2 = 102°6' 

2. ai == 18°54'38", Ci = 127°2'27", Ai = 23°57'19" 

02 = 161°5'22", C2 = 52°57'33", A2 = 156^2'41" 

3. 01 = 25°59'28", ci = 33°20'13", Ai = 52°53'0" 

02 = 154°0'32", C2 = 146°39'47", A2 = 127"7'0" 

4. 61 = 28n4'31", Cl = 78°53'20", Bi = 28°49'57" 

62 = 15r45'29", C2 = 101°6'40", B^ = 15ri0'3" 

6 . bi = 39"4'51", Cl = 136°50'23", Bi = 67°9'43" 

62 = 140°55'9", C2 = 43"9'37", B 2 = 112°50'17" 

6. Oi = 60°36'10", Cl = 68°42'59", Ai = 69°13'47" 

02 == 119°23'50", C2 = 111°17'1", A2 = 110°46'13" 

§28. Pages 49, 60 

1. (o) o' = 44°0.9', b' = 79°49.9', c' = 8ri6.7', C" = 90°, A' = 44°40' 
B' = 8r28.5' 

2. (o) sin A' = sin C' sin o' 

3. (6) o' = 133°9.7', B' = 108°18.3', c' = 73°35.3' 

§29. Page 61 

1. o = 68°36'13", b = 59°19'4", C = 103°26'36" 

2. o = 67°46'12", b == 78°21'32", B = 77°24'34" 

3. 6 = 117°45'28", A - 96°27'1", C = 93°0'51" 

4. o = 94°22'46", b = 69°48'42", C = 88°23'11" 

6. o = 106°56'53", B = 8°49'46", C = 28°3'4" 

6. A = 105°21'16", B = 160°13'48", C = 104°25'45" 

§30. Page 63 

1. c = 120°10'52", A = 65°13'4", B = 49°27'53" 

2. o = 69°34'44", B = 135°5'14", C = 50°29'54" 
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3. c = 104'12'52", B = 51°46'38", A = 63°48'24" 

4. b = 100°47'46", A = 96“2'12", C = 125°43'46" 

6. c = 108''39'11", B = 40''23'17", A = 64°48'55" 

6. a = 65°28'34", B = 148°14'43", C = 44°9'3" 

7. a = 145‘’24'53", b = 139°45'58", C = 49°46'16" 

8. a = 23°57'9", c = 118°2'15", B = 102°5'52" 

9. B, = 42°37'30", Ci = 160°1'43", ci = 153°39'4" 

Bi = 137°22'30", Cj = 50°19'3", c, = 90°5'18" 

10. B = 131°25'11", C = 108°18'55", c = 78°21'6" 

11. B, = 120°47'28", Cl = 97°42'38", Ci = 55°41'57" 

Bj = 59°12'18", C, = 29°9'0", cj = 23°57'27" 

12. Cl = 59°24'20", Bi = 115°40'1", b, = 97'='33'11" 

Ci = 120°35'40", Bi = 26°59'51", bi = 29'’57'19" 

13. (a) b = 76°47'13", a = 96°46'12", A = 99°24'13" 

(b) bi = 109°49'57", ci = 98°21'33", Ci = 109°55'11" 
bi = 70°10'3", Ci = 168‘’48'53", Ci = 169°22'45" 


§32. Pages 68, 69 

1. (a) c = 66°32'6", A = 41°55'4.5", B = 70°19'15" 

(b) a = 104°53'1", b = 133'’39'48", C = 104°41'37" 

(c) a = 54°41'35", b = 104°21'28", c = 98°14'24" 

(d) Oi = 20°11'16", Cl = 129°16'38", Ai = 26°28'31" 

02 = 159°48'44", C2 = 50°43'22", Ai = 153'’31'29" 

(e) b = SS^n'ie", A = 17°35'57", C = 104°31'13" 

(/) Impossible 

2. (a) o = b = 32°45'6", C = 105'’49'32" 

(b) c = 46‘’16'12", o = b = 112°32'20" 

3. 60°20'56" 

6. Cl = 65°22'31", Ci = 114°37'29", bi = 130°24'35", bi = 77°35'39", 
Bi = 135°20'37", Bi = 64‘’21'40" 

7. 247.95 miles 

8. B = 39‘’55'24" N., X = 60'’53'17" W., C = 98'’29'7" 

9. B = 24°8'22" N., D = 3067.7 miles 

10. B = 52°45'4" N., X = 176°14'16" W. 

11. 1971.3 nautical miles 12. B = 55°22'33" N., X = 180° 


§34a. Pages 61, 62 


1. 127.2, 141.2 

2. 65.714 miles 

3. 23.34, 166.1 

4. 2°35' 

6. 101.3 miles 
6. B = 37°26.8' N. 
X = 56°22.4' W. 


7. C = 231.2° 

D = 201.1 miles 

8. C = 316° 

D = 239.0 miles 
10. 8°66'31", 8°57'18" 



158 


SPHERICAL TRIGONOMETRY 


§36. Pages 66, 67 

1. 179,5 miles. 221 miles, 72.2 miles 8. Z. = 32°15'. X = 36°40' 


2. E:L =- 47°, X = 39°10' 

F:L = 50°, X - 37°19' 

H:L = 48°20', X = 32°45' 
0:L = 1°20', X = 34°10' 

3. (a) 167.5 miles 
(6) 134 miles 

(c) 80.5 miles 
{d) 277 miles 

4. 1°32', 3°37' 

6 . 2°10', 39' 

6 . 26°48', 243 miles 

7. 12°20', 224 miles 

§36. 

3. (a) A = 71°23'00" 

(6) B = 53°37'47" 


9. 139.5 miles 

10. L = 30°35', X = 38°31' 

11. 203 miles 

12. L = 47°46', X = 38°35' 

13. (a) 241°50' 

(6) 259°16' 

(e) 38°50' 

{d) 224°20' 

14. (a) 1800 mi. 

(5) 2990 mi. 

(c) 1620 mi. 


Pages 69, 70 

4. (fi) b = 44°13'45" 
(b) B = 131°18' 


§38. Pages 73, 74 

1. (a) a = 42°20'12" 2. (a) 137°40' 3. ^ = 33°11'19" 

(6) a = 64°10'34" (6) 79°49' 

(c) a = 100°10'58" 


7. (a) B = 114°35'50", C - 31°39'55" 

(6) B = 42°52'8", C = 28°45'18" 

(c) B = 21°3'6", C = 26°6'0" 

8. (a) A' = 137°39'48", h' = 65°24'10", c' = 148°20'5" 
(6) A' = 115°49'26", b' = 137°7'52", c' = 151°14'42" 
(c) A' == 79°49'2", b' = 158°56'54", c' = 153°54' 


§41. Pages 78, 79 

2. (a) A = 33°11'20", B = 50°43'44", C = 108°31'52" 

(6) A = 34°46'44", B - 81°6'4", C = 81°6'4" 

(c) A = 145°13'20", B = 98°54'0", C = 81°6'4" 

(d) a = 76°9'49", b = 127°33'10", c = 76°9'49" 

(e) a = 81°6'0", b = 34°46'42", c = 98°53'56" 

(/) a = 146°48'40", b = 71°28'8", c = 129°16'16" 

3. (a) A = 118°44'10", ^ = 29°38'9", C = 68°7'32" 

(6) A = 123°53'4S", B = 57°46'56", C = 46°51'50" 

(c) A = 81°52'32", i? = 97°31'5", C = 111°3'42" 

(d) A = 34°59'19", B = 150°13'15", (7 = 33°11'39" 

(e) a = 56°51'48", 5 = 126°57'52", c - 139°21'22" 

if) a = 51°17'31", h = 64°2'47", c = 51°17'31" 

ig) a = 97°44'19", h = 53°49'25", c = 104°25'9" 

Qi) a - 115°10', h = 84°18'28", c = 31°9'14" 

4 . (a) a' = 146°48'40", 6' = 129°16'16", c' = 71°28'8" 
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§43. Page 83 * 

1. (a) h = 42'’20'12", A = 3r39'54", C = 114°36'50" 

(6) a = 85°26'28", B = 149°53'42", C = 37°54'6" 

(c) A = 39'’13'54", B = 63°26'6", c = 156°42'58" 

(d) a = 165°29'53", b = 154'’17'43", C = 93°19'34" 

(/) a = 50°11'37", B = 77°29'48", c = 153°40'13" 

2. (a) 49°28' (6) 69°35' (c) 15°20' (d) 104'’19' 

3. (a) rt = 57°56'56", 6 = 137°20'32", C = 94°48'13" 

(6) 6 = 100°47'46", A = 96°2'12", C = 125°43'44" 

(c) c = 104‘’12'55", A = 63°48'26", B = 51°46'38" 

(d) c = 108°39'11", A = 64°48'54", B = 40°23'16" 

(e) c = 156n8'49", A = 29°42'0", B = 41°2'38" 

(/) o = 23'’57'11", b = n8°2'13", C = 102‘'5'46" 

4. (a) c = 9°5'14", A = 56°30'0", B = llS-SysC" 

(6) c = 73‘’41'2", A = 130“25'0", B = 128'’26'27" 

§44. Pages 86, 86 

1. c, = 104°19'10", A, = 52°19'33", C, = 124°42'2" 

C2 = 18°10'14", A-i = 127°40'27", = 15'’20'32" 

2. 6 = 15°18'34'', c = 38°59'34", C = 98“40'5f)" 

3. 6i = 55°25’2", c, = 81°27'26", C, = 119°22'28" 

62 = 124°34'58", C2 = 162°34'27", C2 = 164°41'55" 

4. 61 = 8ri5'15", Cl = 110'='10'50", Ci = 119°43'48" 

62 = 98°44'45", C2 = 138°45'26", C\ = 142°24'59" 

6. Impossible 

6. c = 88°57'44". A = 51°44'11", B = 139°29'35" 

§46. Pages 86, 87 

1. A = 126°18'42", B = 119°42'8", C = lll'’51'42" 

2. c = 89'’37'43", A = 29°42'0", B = 138°57'22" 

3. a = 123°34'46", b = 75°56'32", c = 105°0'18" 

4. 6 = 88°12'19", C = 78“16'46", a = 152'’43'49" 

6. a = 114°26'.50", c = 82‘'33'3l", C = 79°10'30" 

6. c = 153°38'40", A = 29°42'34", B = 42“37'18" 

7. ai = 42°37'18", c, = 129°41'5", C, = 89°54'19" 

02 = 137°22'42", C2 = 19°58'36", C2 = 26°21'18" 

8 . A = 59°29'42", B = 62°49'42", C = 65°50'48" 

9. o = 110°30'23", b = 36°47'37", C = 135°12'15" 

10. a = 51'’17'31", b = 64'’2'47", c = 51°17'31" 

§46. Page 89 

1. c = 120°10'52", A = 65°13'4", B = 49°27'53" 

2. a = 69°34'44", B = 135°5'14", C = 50''29'54" 

3. c = 104°12'62", B = 51°46'38", A = 63°48'24'' 

4. 6 = 100°47'46", A = 96°2'12", C = 125°43'46" 
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6. c = 108°39'11", B = 40°23'17", A = 64°48'55" 

6. o = 65°28'34", B = 148°14'43", C = 44‘'9'3" 

7. o = 145°24'53", 6 = 139°45'58", C = 49°56'16" 

8. a = 23‘’57'9", c = 118°2'15", B = 102°5'52" 

10. c = 135°49'19", b = 146°37'15", A = 105°8'17" 

11. a = 40°1'5", b = 38“31'5", C = 130°3'48" 

§47. Page 91 

1. a = 112°10'4" 3. c = 88°57'41" 

2. c = 73°41'0" 4. c = 37'’3'52" 

6. ^ = 5r44'7", B = 139'’29'36" 

§48. Page 92 

1. ^ = 68°33'42", B = 130''48'18", C = 94°0'48" 

3. Impossible 

4. a - 165°2'6", b = 163°49'24", c = 11°25'6" 

6. ^ = 65°49'48", B = 66°32'48", C = 116°56'48" 

6. No solution. Examine the polar triangle. 

§49. Pages 92, 93 

1. A = 63°48'35", B = 5r46'12", c = 104°13'27" 

2. B = 95°38'4", C = 97°26'29", a = 64°23'15" 

3. a = 40'’1'5", b = 38“31'3", C = 130'’3'50" 

4. Bi = 42°37'17'', Ci = 160°1'24", c, = 153°38'42" 

Bi = 137°22'42", Ci = 50°18'55", C2 = 90°5'41" 

6. B = 65°33'10", C = 97°26'29", c = 100°49'30" 

6. 6 = 4r52'35", c = 41°35'4", C = 60°42'46" 

7. A = 21°1'2", B = 8''38'46", C = 155°31'36" 

8. a = 87°20'28", b = 76'’44'2", c = 93'’55'31" 

9. 44°23'16" N. 

10. L = 22''57'36" S., X = 166°48'4" E. 

11. L = 43°24'17" N., X = 100°24'17" E. 

12. L = 41°3'50" N., X = 168°19'20" W. 

13. C = 224°8'45", D = 5832 miles 

14. A = .110°51'5", B = 48°56'16", C = 38'’26'56" 

§62. Pages 98 to 100 

6. Cn = 311°3'38", D = 6386.7 miles 

6. C„ = 211‘'53'27" 

7. Z) = 6779.9 miles 

8. Cn = 230‘’26'57" 

9. Cn = 86°18'15", D = 6213.7 miles 

L, = 34°32'27" N., X„ = 168°1'41" W. 

10. Cn = 224°8'48", D = 5832 miles 

11. L - 44“55'14" 
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12. (a) 43°9' W. (d) 20°31'28" N. 

(6) 35°53' N. (e) C„ = 31‘’56'17" or 211''56'17", 6988.9 miles 

(c) 32'’34'36" W. (f) 2870.4 miles 


13. 

Cl 

= 

298°16'48", 

, C 2 = 225°58'34", D = 6052.4 miles 






§66. Pages 104, 106 





3. 

Zn 

= 

208°12'00' 

7. Zn = 312°14'54" 

11. 

h 

= 

22°42'25" 


h 

= 

59°10'22" 

h = 3ri3'24" 

12. 

h 

= 

64°13'52" 

4. 

Zn 

= 

203°46'46" 

8. Z„ = 145°3'31" 

13. 

h 

= 

31°13'25" 


h 

= 

2r42'43" 

h = 35°33'10" 

14. 

h 


55°36'22" 

6. 

Zn 

= 

44049/41// 

9. Zn = 125°18'40" 

16. 

h 

=: 

51°39'30" 


h 

= 

5r46'36" 

h = 45°53'20" 

16. 

h 

= 

59°10'15" 

6. 

Zn 

= 

73°11'42" 

10. Zn = 85°59'36" 

18. 

h 

=: 

2°11'50" 


h 

= 

64°13'50" 

h = 36°40'18" 









§66. Page 107 





1. 

A ■ 

= ; 

E. 29°28'6" 

S. 2. 4** 37“ 

48“ 

A.M. 



3. Summer: sunrise at 4** 37“ 48‘ a.m., sunset at 7'“ 22“ 12* p.m. 

Winter: sunrise at 7*’ 22“ 12* a.m., sunset at 4'" 37“ 48’ p.m. 

4. (a) March 21: sunrise at 0“ 0’ a.m., sunset at G*" 0“ 0“ p.m. 

December 21 : sunrise at 10'‘ 19“ 7* a.m., sunset at I** 40“ 63’ p.m. 
June 21: sunrise at 1*“ 40“ 53* a.m., sunset at 10*' 19“ 7’ p.m. 

(6) March 21: A = 0°0'0" at sunrise; A = 0°0'0" at sunset 

December 21: A = E. 66‘'59'30" S. at sunrise; A = W. 66°59'30" S. 
at sunset 

.Tune 21: A = E. 66°59'30" N. at sunrise; A = W. 66'’59'30" N. at 
.sunset 

(c) Length of longest day: 20** 38“ 14“ 

Length of shortest day: S'" 21“ 46* 

6. (o) 10°N. (d) 10°S. 

(6) 10°S. (e) 30.25 ft. 

(c) h = 13“27', h = 33°27' 


§67. Page 109 

2. (a) t = 7‘‘ 8“ 2* A.M., Zn = 79°26'13" 

(6) i = 7'‘ 10“ 41’ A.M., Z„ = 84°58'52" 

(c) t = 6” 50“ 25’ A.M., Z„ = 81°31'5" 

3. < = 8” 23“ 50’ A.M., Zn = 100°44'48" 

4. i = 9*' 10“ 46* A.M., Z„ = 125°46'0" 

6. f = 4’’ 37“ 46’ P.M., Z„ = 272°43'40" 

6. t =3'‘ 5“ 18’ P.M., Z„ = 26r6'0" 

§68. Pages 111, 112 

1. 60° E. 6. Xj = STi - STi + X, 

2. IG** 42” 30’ 6. 18*‘ 19“ 40’ 

3. (a) 16'' 22“ ; (6) 3'‘ 38“ 7. 23’' 45“ 22* 

4. o'" 48“ 40’ 
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§69. Page 118 


1. 

X * 176°23'15" W. 



4, X 

= 60°29'0" W. 

2. 

X = 12°9'15" E. 



6. X 

= 111°7'30" W. 

3. 

X = 124°23'45" W. 



6, X 

= 116°0'15" W. 





§60. Page 116 


1. 

L = 0° 

7. 

L 

= 33°50' N. 

12. L = 37°33' 

2. 

L = 30° N. 

8. 

L 

= 12°24' S. 

13. 7/ = 74°22' 

3. 

L == 50° N. 

9. 

L 

= 8°41' S. 

14. L = 37°24' 

4. 

L = 4°6' N. 

10. 

L 

= 0° 

16. L = 45°32' 

5. 

L = 72°40' S. 

11. 

L 

== 7°11' N. 

16. Impossible 

6. 

L = 46°58' N. 









§61. Page 116 


1. 

(a) Li = 13°26'28" 

S. 


Q>) U 

= 58°21'19" S. 


Z.2 = 61‘"21'31" 

N. 


7/2 

- 42°22'21" N. 

2. 

(a) Zvi - 25°41'32" 

N. 


(c) L, 

= 10°15'58" N. 


Zi = 255°0'0" 



7/2 

= 24"58'58" N. 


7,2 = 8°41'32" N. 


Zl 

= 77°29'28" 


Z 2 = 285°0'0" 




= 102°30'32" 


(6) Li = 13°07'20" 

S. 


(tf) L 

= 44°22'51" N. 


L 2 = 72°55'50" 

N. 


Z 

= 170°4'0" 


Zi = 321°33'20' 

/ 





Z 2 - 218°26'40' 

/ 





§62. Pages 116 to 120 

2. Z„ = 237°53'17" 

3. /i = 13°48'1", = 125°26'9" 

4 . Li = 26‘’53'48" N., Lt = 71°19'0" N., == N. 45'’0'0" W., 

Zi = N. 135'='0'0" W. 

6 . Li = 25°42'1" S., Li = 8°41'1" S., = S 105°0'0" E., 

Zi = S 75°0'0" E. 

6 . (o) Li = 3°14'46" S., Li = 43°23'16" S., = S 25°15'29" E., 

Zi = 8 154°44'31" E. 

(6) Li = 11°29'32" S., Li = 62‘’39'40" N., Zi = N 41°1'54" E., 
■ Zj = N. 138'’58'5" E. 

7. (a) t = 4*' 27” 46“ p.m., Z„ = 272''43'40" 

(6) t = lO" 7" 44" A.M., Z„ = 34“56'36" 

8. Comes within 7.6 nautical miles of the Chicago position 

9 . D = 3355.2 miles, C„ = 86°48'48" 

10. D = 6748.6 miles, C„ = 82‘’4'28", L, = 28°29'44" S., 

X, = 136°13'45" E. 

11. D = 4461.7 miles, C„ = 302°13'45" 

12. D = 6430.6 miles, C„ = 300°40'2" 

13. L = 43°25'37" N., 1329.5 miles north of Honolulu 

14. 169‘’7'4" W. 
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16. L = 66°2'58" N., X = 167°46'15" K. 

16. (a) L = 57°21'21" N., X = 17°33'33" W. 

(6) L = 44°37'18" N., X = 68°20'35" W. 

17. 152‘’23' 19. d = 32'’40'36" S. 

18. 99°57'30" 20. 3'’ 26" 0" E. 


21. 55°45' N. 

22. (a) 4'* 50" 69’ a.m., 7*' 9" 1" p.m. 

(6) s'" 47™ 56’ A.M., 6'' 12™ 4" p.m. 

(c) s'" 50™ A.M., 6*“ 10™ P.M. 

(d) 6“ 12" A.M., 5'“ 48" P.M. 

23. (a) 18“ 28" 24"; (6) 5“ 31" 36’ 

24. t = 4“ 29" 19’ E., A = E. 33°35'3" N. 

26. (a) 2“ 4" 28*, 5“ 6" 40", 14“ 44" 25", 2“ 4" 28* 

(b) l“ 41" 5", ll“ 22™ 15", 9“ 15" 35", l“ 41" 6’ 

(c) l“ 33" 42’, 8“ 52" 37", 12“ 0™ O’, l“ 33" 42’ 

26. (a) 46°58' N. (c) 19°40' S. (e) 4’’6' N. 

(6) 41°42' N. id) 72°40' S. (/) 9°30' S. 

27. For visible lower culmination, L, d, and bearing must all be of the same 
name, with L + d > 90° and at a lower culmination h < d. 


28. (a) 38°30' N. 

(5) 75°53'S. 

29. (a) 7“ 43" 15’ 

(6) 6.91 

30. 3“ 59" 23’ P.M. 

31. 2“ 58" 44' P.M. 

33. The shadow stretches from 

34. Zn = 75°11' 

36. 13.8 ft. 

36. 120° 


(c) 74°22' N. 

(d) 37°24' S. 

(c) S. 57°14'39" E. 

32. (a) 93°19'45" E. 

(6) 9°2'27" E. 

of pole S 71°22' W. 

37. 6“ 58" A.M., 5“ 2" p.m. 

38. 89.7 miles, 341.36 miles 

39. 17°14'40" 


§67. Pages 126, 126 


1 . 


4. 


6 . 


(a) 7 miles away on bearing 

75°30' 

2. (a) 

L = 36°59' N. 

(b) 5 


ff 

35° 


X = 75°43' W. 

(c) 3 

}} J) ff 

ff 

82°30' 

(6) 

L = 37°07' N. 

(d) 4 

toward on 

f f 

50°50' 


X = 75°36' W. 

(e) 9 

If )) ff 

ff 

65°40' 

(c) 

L = 37°9' N. 

if) 6 

f> f> f) 

ff 

147°30' 


X = 75°30' W. 

(g) 5 

jj >) 

ff 

285 °20' 

id) 

L = 36°52' N. 

(h) 6 

” away ” 

ff 

205°30' 


X = 75°29' W. 

(f) 6 

>f ff 

ff 

345°10' 

3. 

L = 37°2' N. 

U) 5 

toward 

ff 

210° 


X - 75°22' W. 


he = 36°40T8", Zn = 85°59'36" 
L - 37°19' N., X = 75°22' W. 
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PREFACE 


A tabic of logarithms should be accurate, it should be easy to under- 
stand, and it should be as easy to use as possible. The authors, in thv. 
tables offered here, have attempted to make improvements along theses 
three lines. 

The tables used in trigonometry and its applications have been 
cheeked many times and have been carefully read against other tables. 
If, in spite of this thoroughness in compilation, errors arc discovered, 
the authors would appreciate having them pointed out. 

Frequently students fail to understand the process of linear interpola- 
tion. It is explained in this book by means of a simple diagram which 
gives the idea almost at a glance. 

The table of logarithms of trigonometric functions (Table II), the 
most important one for trigonometry, has a number of new features. 
The proportional parts arc tabulated for each second from 0" to 60", and 
bold-faced numb(us have Ixmui so us(‘d as to avoid ambiguity. Whenever 
th(‘i’e is a choice of two numbers one of which is written in bold face, 
the bold-faced numb(U‘ is always chosen. The simplicity of operation 
introduced by this plan gives a gain both in speed and in accuracy. 
In the table proper all six functions are tabulated, and bold-faced num- 
bers are us(k 1 in such a way as to enable the user to locate approximate 
position by using them only. It is believed that the gains due to these 
innovations are decidedly worth while. 

Lyman M. Kells. 

Willis F. Kern. 

James R, Bland. 

Annapolis, Md., 

Juhj , 1935. 
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FIVE-PLACE L()(iARl rilMIC AND 
TRIGONOMETRIC l ARLES 


'rABI.IO I 

COMMON LOGARITHMS OF NUMBERS 

1. Introduction.* The poiver L to which a given number b mud be 
raised to produce a, number N is called the logarithm of N to the base b. 
This relation exprcisscd in symbols is 

= iV. 


It appears at onc(' that b must not be unity and it must not bc^ nega- 
tive. In the following set of tables, 10 is used as base. T his system is 
called tlie common system or the Briggs system. Another important 
system, called the natural system, has e as base, where e = 2.71828 
acanirate to six figures. 

2. Characteristic and mantissa. The common logarithm of any real, 
positive number may l)e written as an inb'ger, positive', or negative, plus 
a positive decimal fraction. The integral part is called the characteristic 
and the decimal part the mantissa. The characteristic may be written 
by using the following rules: 

Rule 1. The characteristic of the common logarithm of a number greater 
than 1 is obtained by subtracting 1 from the number of digits to the left of 
the decimal point. 

Rule 2. The characteristic of the common logarithm of a positive number 
less than 1 is negative and its magnitude is obtained by adding 1 to the 
number of zeros immediately following the decimal point. 

If the characteristic of a number is — n {n i)ositive), it should be? 
written in the form (10 — n) — 10. To obtain directly the logarithm of 
a number less than 1, subtract from 9 the number of zeros immediately 
following the decimal point, and write the result before the mantissa and 
— 10 after it. 

The method of finding the mantissa of the logarithm of a numbew will 
be explained in the succeeding articles. 

* Since the theory of loj^arithins is treated completely in al!.i;('l:rM and in trigo- 
nometry, only the actual manipidation of the tables is mcidaincd heie. 
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EXERCISES 


Verify the characteristic of the logarithm of each of the numbers N written below. 


N 

1. 6.830 

2. 68.30 

3 . 6830 

4 . 683,000 
6. 0.7860 

6. 0.007860 

7 . 0.0007860 


logN 

0.83442. 

] .83442. 

3.83442. 

5.83442. 

9.89542 - 10. 

7.89542 - 10. 

6.89542 - 10. 


N 

8. 58.73 

9. 0.6740 

10 . 0.007500 

11 . 6.870 X 108 

12 . 5.860 X 10-" 

13 . 3.990 X 10-« 

14 . 7.330 X 102 


log N 
1.76886. 
9.82866 - 10. 
7.87506 - 10. 
5.83696. 
6.76790 - 10. 
4.60097 - 10. 
2.86510. 


3. To find the mantissa. Special case. The mantissa, or deeimal 
part of the logarithm of a number, depends only on the scHpumec' of the 
digits and not on the position of the decimal point. Table I lists tln^ 
mantissas, accurate to five decimal plac(\s, of the logarithms of all integerft 
from 1 to 10,000. 

The change in the mantissas of the logarithms is so slow that tht3 
first two figures do not change for several lines of the table. Conse- 
quently the appropriate first two figun^s are printed in the first column 
before the first full row to which tlu'y apply. Also the appropriate first 
two figures appear at the left of the first liiu^ of mantissas on each page 
An asterisk in any row indicates that the first two figures ar(3 to be found 
at the left of the next row. 

To find the mantissa of the logarithm of a number bxaitt' the first 
three digits of this number in the hd’t-hand column headt^d N and th(3 
fourth digit in the row at tin* top of the page. Then the mantissa of th(3 
given number containing four significant figunvs is in tli(3 row whose 
first thr(»e figures are the first three significant figures of th(‘ given num- 
ber, and in the column headed by the fourth. Thus to find the logarithm 
of 76.64 find 766 in the column headed N, follow the corresponding row 
to the entry in the column headed by 4. This (3ntry 88446 rc'presents 
the mantissa required. H(*nce wv hav(' 

log 76.64 = 1.88446. Ann. 


EXERCISES 

Verify the logarithms in the exercise of §2. 


4. Interpolation. When a number contains a fifth significant figure, 
we find the logarithm corresponding to the first four figures as in §8 and 
then add an increment obtained by a process called interpolation. This 
process is based on the assumption that for relatively small changes in 
the number N the changes in log N are proportional to the changes in N . 
The following example will serve to illustrate the process of interpolation. 

The expression tabular differerwe will be used fnapiently in what 
follows. Tin; tabular difference, when us(»d in connection with a table. 
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means the result of subtracting the lesser of two successive entries from 
the greater. 

Example. Find log 235.47. 

Solution. We first find the logarithms in the following form and 
then compute the difference indicated : 

log 235.40\ 1 = 2.3718l\d 

log 235.47/ /lO = ? / /18 (tabular difference*) 

log 235.50 \ = 2.37199 ) 

By the principle of proportional parts, we have 

/q = or rf = 1(18) = 12.6 = 18 (tirarly). 

Adding 0.00013 to 2.37181, we obtain 

log 235.47 = 2.37194. Aa.s*. 

The incnummt 12.6 was rounded off to 13 Ix'cause wo art' not justified 
in writing more than five decimal platx's in the mantissa. 

The essence of this proct'dure is embodied in the following statement. 
To find the logarithm of a number compostxl of five signifit^ant figurt's, 
first find the logarithm corres})ouding to the first four figures and to it 
add one-tenth of the tabular diffcnanx" multiplied by the fifth digit. 

To shorten th(^ process of interpolation, 10'* times (^a(;h tabular diff(*r- 
ence occurring in the table has been multiplied by 0.1, 0.2, . . . 0.9, 
and the results have been tabulated on the right-hand sides of the pages 
on which these diffcreiuxis occur. The abbn'viation Prop. Parts written 
at the top of the page over these small tables abbreviates the' words 
proportional parts. To interpolate in the e^xample just solved, locate the 
Prop. Parts table headed 18 and find opposite 7 in its left-hand column 
the entry 12.6 ( = 13 nearly). In gene'ral, this difference should not be^ 
coin])uted but shoulel be e)btaineel from the numbe'r o])pe)site^ the' fifth 
eligit in the appre)priatei table' e)f pre)pe)rtional ])arts. 


EXERCISES 


Verify the following? legarithin.s: 

1 . log 7012.6 = 3.84588. 

2. log 54.725 = 1.73819. 

3 . log 0.87364 = 9.94133 - 10. 

4 . log 3.7245 = 0.57107. 

6. log 0.00065931 = 6.81909. 

6. log 25.819 = 1.41194. 

7. log 2.3454 = 0.37022. 


8. log 0.056321 - 8.75067 - 10. 

9. log 4,574,000 = 6.66030. 

10 . log 568.91 = 2.75504. 

11 . log 4.3965 X 106 = 5.64311. 

12 . log 10.905 = 1.03763. 

13 . log 0.0025725 = 7.41036. 

14 . log 0.000032026 = 5.50550 - 10. 


5. To find the number corresponding to a given logarithm. If log 

N — Lj the number N is called the antilogarithm of L. The sequence of 
* For convenience the decimal point has heeni »>?nitte(l. 
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digits of a number N corresponding to a given logarithm L is found irom 
its mantissa, and the decimal point is then placed in accordance with 
the rules of §2. 

Example. Given log N — 1.60334, find N. 

Solution. The mantissa .60334 lies between the entries .60325 and 
.60336 of Table I. Using the table and computing the differences 
indicated, we write; the following form: 

1.60325\ ) = log 40.110\ ) 

1.60334V>11 = log N rpO 
1.60336 ) = log 40.120 ) 

Assuming that changes in the logarithm are i)roportional to the corre- 
sponding changes in the number, we write 

Hence 

N = 40.118. A ns. 

The essence of the process of interpolation is indicatiMl in the fore- 
going procedure. However, in practice, the student should always 
interpolate by using the table of proportional parts. The fifth figure 8 
should have been obtained from the table of proportional parts. In the; 
small Prop. Parts table corresponding to the tabular difference 11, we 
read the fifth figure 8 in the left-hand column opposite^ tln^ entry 8.8, 
the (uitry nearest to 9. 


EXERCISES 


Verify the following untilogarithms; 

1 . 3.57351 = log 3745.5. 

2 . 2.82315 = log 665.50. 

3 . 0.12112 = log 1.3217. 

4 . 1.92594 = log 84.321. 

6. 9.47954 - 10 = log 0.30167. 

6. 8.65636 - 10 = log 0.045327. 

7 . 0.37976 = log 2.3975. 


8. 4.76224 - log 57842. 

9 . 6.51738 - 10 = log 0.00032914. 

10 . 1.49715 = log 31.416. 

11 . 4.21691 - 10 = log 16478. 

12 . 5.09873 = log 125520. 

13 . 9.27951 - 10 - log 0.19033. 

14 . 7.88000 - 10 = log 0.0075858. 
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LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 

6. Table of logarithms of trigonometric functions. Table II gives 
the logarithms of the sines, cosines, tangents, cotangents, secants, and 
cosecants of anghis at intervals of 1' from 0*^ to 90°. The names of the 
functions written at the top of any page apply to angles having th(^ 
number of degrees written at the top of the page, and the function names 
written at the bottom apply to angh's having the number of d(‘grees 
written at the bottom. The left-hand or the right-hand minut(i column 
applicis according as the /lumber of degrees in the angle is written on the 
lidt side or on the right side of the block of numbers under considiu’ation. 

For exami)le, to find log sin 32° 46', we find the page at the top of 
which 32° appears, find the row containing 46 in the left-hand minute 
column, and read 73337 in this row and in the column headed I sin. 
Hence log sin 32° 46' = 9.73337 — 10. The numlx^r 9 was found at the 
head of the I sin column and the number — 10 is to be applied to every 
logarithm in the table. Again, to find log tan 142° 36', find the page 
at the ir)p of which 142° appears, find the row containing 36 in tlici right- 
hand minute column, and rc'ad 88341 in this row and in the (M)lumn 
headed I tan. Hence log tan 142° 36' = (-) 9.88341 - 10. The minus 
sign in parentheses before the log indicates that a negative number is 
under (consideration. The characteristic was obtained as in the first 
examph'. 


EXERCISES 

Verify the following; 

1 . log sin 37° 27' = 9.78395 - 10. 

2. log tan 30° 41' = 9.87211 - 10. 

3 . log cot 28° 16' = 0.26946. 

4 . log cos 62° 20' - 9.66682 - 10. 

6. log CSC 69° 54' = 0.02729. 

6. log sill 131° 10' = 9.87068 - 10. 

7 . log tan 142° 27' = (-) 9.88577 - 10. 

8. log sec 134° 47' = (-) 0.15216. 

9 . log cos 45° 47' = 9.84347 - 10. 

10 . log CSC 135° 13' = (-) 0.15216. 

11 . log cot 132° 0' = (-) 9.95444 - 10. 

/ 

7. Given the angle, to find the logarithm of a trigonometric function. 

The principles involved here are the same as those involved in finding 

5 
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logarithms and aiitilogarithms of numbers. Interpolation for seconds 
is accomplished by direct interpolation or by using the columns headed 
d r and the columns headed proportional parts. The following example' 
will illustrate the proce'dure. 

Example. Find log tan 65° 42' 17". 

Solution. Using the table to find logarithms and computing differ- 
ences, we write the following form : 

log tan 65° 42' ,,i = 0.34533\ I 

log tail 65° 42' 17"/ ' >60" ? /^>33 

log tan 65° 43' 00" ) = 0.34566 ) 


Hence assuming that, for small change's, change of logarithm is propor- 
tional to change of angle, wo have 


.T ^ 17 
33 “ 60’ 


Therefore 


or 



= 9.35 = 9 (nearly). 


log tan 65° 42' 17" = 0.34533 + 0.00009 = 0.34542. A ns. 


The essence of the process of inter|)olati()n is indicated in th(‘ fore- 
going procedure. However, in i)ractice, the student should always 
interpolate by using the columns headed d 1' and the proportional parts 
column. 

Each entry in the column headed d 1' gives the diffen'iice of tin' loga- 
rithms between which it is spaced in each of the adjacent columns. In 
each column headed by proportional parts appc'ars /o, (i% • . . of 
the number heading the column. Ihnicc th(^ difierence 9 to he applii'd 
in the case of the foregoing example is found in th(' proportional parts 
column headed by 33 (the tabular difference for 1' written l)etweeii 0.34533 
and 0.34566) and in the row with the 17 of the seconds column. Again, 
to find log cot 10° 28' 36", we find the entry 73345 for log cot 10° 28', not(‘ 
the appropriate number 71 in the adjacent column head(‘d d 1', (uiter 
the proportional parts column headed by 71, read in this column 43 
opposite the 36 of the seconds column; subtract 43 from 73345, and write 
log cot 10° 28' 36" = 0.73302. 

It is worthy of note that the changes of logarithms due to the seconds 
of an angle must be added or sidjtracted according as the value of the 
function for angles near the one under consideration is increasing or 
decreasing with increasing angle. 


EXERCISES 

Verify the following: 

1. log sin 35° 17' 8" = 9.76166 - 10. 

2. log cos 48° 24' 21" = 9.82207 - 10. 

3 . log sec 142° 37' 15" = (-) 0.09984. 



EXPLANATION OF TABLE II 


7 


4. log CSC 56° 21' 57" = 0.07956. 

6. log cot 23° 16' 50" = 0.36626. 

6. log CSC 128° 47' 52" = 0.10826. 

7. log tan - 69° 38' 54" = (-) 0.43070. 

8. log sin 197° 36' 57" = 9.48092 - 10. 

9. log sin 137° 45' 22" = 9.82756 - 10. 

10. log COS 137° 45' 22" = (-) 9.86940 - 10. 

11. log sin 209° 32' 50" = 9.69297 - 10. 

12. log cos 330° 27' 10" = 9.93949 - 10. 

8. Given the logarithm of a trigonometric function, to find the angle. 

The following example will indicate the procedure necessary to find the 
angle when the logarithm of a trigonometric function of the angle is 
given : 

Example. Find 6 if log cos 0 is 9.85391 — 10. 

Solution. Using the table to find logarithms and computing differ- 
ences, we write the following form: 

log cos 44° 24' 00") ) = 9.85399 ( ] 

log cos 44° 24' ?"P>60" = 9.85391/ ^>13 
log cos 44° 25' 00" ) = 9.85386 ) 

Hence 

6^ ^ ^ (nearly), 

and 

6 = 44° 24' 37". A ns. 

The essence of the process of interpolation is indicated in the fore- 
going procedure. In practice, however, the columns headed d 1' and 
the proportional parts columns should be used in interpolation. Thus, 
to find 0 in the example just considered, we first find 44° 24' and difference 
8 as above, then read 13 in the column headed d V adjacent to and slightly 
below the entry 85399, enter the corresponding proportional parts 
column, opposite the bold-faced one of the five 8's tabulated read 37" 
in the seconds column, and then write 0 = 44° 24' 37". 

When finding the number of seconds in an angle corresponding to a 
given logarithm of a trigonometric function, the student may find several 
identical entries in the proportional parts column involved. In this 
case, and in any case where there is a choice between two or more entries one 
of which is printed m bold face, always give preference to the bold-faced 
entry. 


EXERCISES 

Find the value of 6 less than 360° in the following : 

1. log sin 9 = 9.96162 — 10. Ans. 66° 16' 0" and 113° 44' 0". 

2. log cos 9 = 9.99537 - 10. Ana. 8° 21' 0" and 351° 39' 0". 

3. log cot 9 = 0.52368. Ana. 16° 40' 13" and 196° 40' 13". 
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4 . loj5 tan B = 9.50368 — 10. 

6. log cos 0 - 9.96301 — 10. 

6. log sill e = 9.84963 - 10. 

7 . log cot e = 9.50064 - 10. 

8. log tan 0 - 0.96236. 

9 . log sec 6 — 0.12358. 

10 . log CSC 6 = 0.71238. 


.4ns. 17° 41' 18" and 197° 41' 18". 
Ans. 23° 18' 48" and 336° 41' 12". 
Tins. 45° 1' 9" and 134° 5a' 51". 
.4ns. 72° 25' 38" and 2.52° 25' 38". 
.4ns. 83° 46' 34" and 263° 46' 34". 
^ns. 41° 12' 22" and 318° 47' 38". 
^ns. 11° 10' 53" and 168° 49' 7". 


9. Angles near 0° and 90^. When angles are near 0° or near 90°, 
interpolation bastnl on the assumption of proportional change in angle 
and logarithm may give results considerably in error. For this reason 
it is convenient to introduce the functions S and T defined by the equa- 
tions S = a/sin a and T = a/tan a. The relative change of the func- 
tions S and T with respect to a is very small when a is less than 3° and, 
as a consequence, the required accuracy of the rc^sults is obtained by 
using them. On the first three pages of Table II the columns headed 
log S* and log T give the common logarithms of and T, respectively. 


The following formulas apply when the angle involved is h^ss than 3°: 



1. For angles less in magnitude than 3°. 



(a) 

log sin a 

= log a"t - 

- log S. 

(e) log a" 

= log sin a 

+ log S. 

(b) 

log tan a 

= log a" - 

log T. 

if) logo" 

= log tan a 

+ log T. 

(c) 

log cot a 

= colog a" 

+ log T, 

(g) log a" 

= (;olog cot 

a -f log T. 



= colog tan 

a. 

(h) log a" 

= colog CSC 

a -f- log aS. 

(d) 

log CSC a 

= colog a" 

+ log S. 





2. For angles a such that 90° - 

- aj is less in 

magnitude} 

than 3°. 

(i) 

log cos a 

= log (90° 

- a)" - 

log S. 



(i) 

log cot a 

= log (90° ■ 

- a)" - 

log T. 



(/c) 

log tan a 

= colog (90 

° - a)" 

+ log T, 




= colog cot a. 

(l) log sec a = colog (90° — a)" -f log S. 

(m) log (90° — a)" = log cos a + log S, 

(n) log (90° — a)" = log cot a -)- log T, 

(o) log (90° — a)" = colog tan a -|- log T, 

(p) log (90° — a)" = colog sec a + log S. 


To find d when log sin d = 8.46932 — 10, we first find in the column 
headed I sin the entry nearest to 8.46932, namely, 8.46799. On one 
side of 8.46799 we read log S = 5.31449, and on the other 1° 41' = 6060". 
Hence, using formula (e), we write log a = 8.46932 — 10 5.31449 = 


* The function log S is often written cpl S, and the function log T, is written 
cpl T. 

t The symbol log a" means in this connection the logarithm of the number of 
seconds in the angle. 


X Since cos a = sin (90° 


a), in this case S 


(90° - ay' 
sin (90° — a) 
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3.78381. Therefore a = 6078.7". Since 1° 41' = 6060", 6078.7" = 
r 41' 19". 

EXERCISES 

Verify the following: 

1 . log sin 44' 13" = 8.10930 - 10. 6. log cot 89° 3' 11" = 8.21824 - 10. 

2 . log cos 89° 21' 31" = 8.04^99 - 10. 7 . log cos 88° 41' 20" = 8.35948 - 10. 

3 . log tan 0° 32' 23" = 7.97406 - 10. 8 . log sin 0° 59' 8" = 8.23554 - 10. 

4. log cot 0° 25' 50" = 2.12241. 9. log tan 1° 29' 10" = 8.41403 - 10. 

6. log tan 1° 10' 9" = 8.30981 - 10. 10. log sec 88° 16' 10" = 1.52000. 

Verify the following: 

11 . log cos e = 8.32967 - 10; 0 = 88° 46' 33" and 271° 13' 27". 

12 . log tan e = 8.11584 - 10; 0 = 0° 44' 53" and 180° 44' 53". 

13 . log sin 9 = 8.23468 - 10; 61= 0° 59' 1" and 179° 0' 59". 
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NATURAL TRIGONOMETRIC FUNCTIONS 

10. Table of natural values of trigonometric functions. Table III 
contains the numerical values of the sines, cosines, tangents, and 
cotangents of angles from 0® to 90® at intervals of 1'. In the case 
of an angle in the range from 0° to 45°, the number of degrees in 
the angle and the names of the functions are found at the top of the 
page and the left-hand minute column applies; in the case of angles in 
the range from 45® to 90®, the number of degrees in the angle and the 
names of the functions are found at the bottom of the page and the 
right-hand minute column applies. Interpolation must be carried out 
without the aid of difference columns or tables of proportional parts. 

The following examples illustrate the method of using the tables. 

Example 1. Find sin 68® 28'. 

Solution, We first find the page at the bottom of which 68° appears 
and then find the row of the 68® block containing 28' in the right-hand 
minute column. In this row and in the column having sin at its foot 
we find 020 to which we must prefix 0.93 to obtain sin 68® 28' = 0.93020. 

Example 2. Find sin 38® 38' 27". 

Solution. Using the tables and computing differences, we find the 
values exhibited in the following form: 

sin 38° 38' 00") ,,1 - 0.62433| j 

sin 38° 38' 27"/ ' >60" = ? C 23 
sin 38° 39' 00" ) = 0.62456 / 

Hence 

a: 27 

' 23 60' 

Therefore 

sin 38® 38' 27" = 0.62433 -f 0.00010 = 0.62443. Ans, 

Example 3. If cot d = 0.37806, find 6. 

Solution. Using the tables and computing differences, we find the 
values exhibited in the following form: 

cot 69® 17' 00") ) = 0.37820) ) 

cot ? r>60 = 0.37806r'^>33 

cot 69® 18' 00" \ - 0.37787 ) 

10 




23 = 10 (nearly). 
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Hence 

6^ ~ ^ ' and B = 69® 17^ 25". A^is. 

Since cot 6 is positive in the third quadrant, we may also write an 
answer 180° + 69° 17' 25" = 249° 17' 25". Ans. 


EXERCISES 


Verify the following: 

1. sin 53° 42' 0" = 0.80593. 

2 . cos 31° 53' 9" = 0.84911. 

3 . tan 156° 42' 13" = -0.43059. 

4 . cot 27° 51' 17" = 1.8923. 

Find the values of d less than 360° 
9 . sin 0 = 0.89742. 

10 . cos 6 = 0.43750. 

11 . tan 0 = -0.92834. 

12 . cot 0 - 1.8923. 

13 . cos 0 = 0.95140. 

14 . sin 0 = 0.13552. 


6. cos 83° 17' 38" = 0.11678. 

6. sin 87° 37' 25" = 0.99914. 

7. cot 13° 14' 52" = 4.2475. 

8. tan 83° 40' 30" = 9.0218. 

following: 

Ans. 63° 49' 12" and 116° 10' 48". 
.4ris. 64° 3' 20" and 295° 56' 40". 
4ns. 137° 7' 41" and 317° 7' 41". 
Ans. 27° 51' 17" and 207° 51' 17" 
Ans. 17° 56' 14" and 342° 3' 46". 
Ans. 7° 47' 19" and 172° 12' 41". 
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REPRODUCTION OF PLANTS 


sent out from the parent plant produces both roots and new 
shoots after which the runner may die, thus severing the daughter 
plant from the parent. The young plants which form at the 
rooting nodes of the runner may be cut off and set out. Stolons 
form roots naturally, but rooting may be hastened by covering 
them with soil. It will be readily observed that the layer is in 
reality an artificial stolon. (See Fig. 110.) 

Exercise 104. Suckering and propagation by runners. Observe in the 
field the suckers of such plants as mentioned in the foregoing paragraph. Cut 



Fig. 115.— Cleft grafting. At right, Fig. 116.— Steps in tongue or whip 
two views of the scion, and at left, the grafting, 

scions in position in the cleft of the 
stock. 


off a portion of a root which bears a sucker, and transplant. Also observe in 
a strawberry bed how the plants naturally propagate themselves by runners. 

Propagation by grafting. This is a very old horticultural 
practice, and is in common use in propagating fruit trees. The 
fruit grower, in order that he may be certain as to the variety 
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TABLE 1 

FIVE-PLACE TABLE OF COMMON LOGARITHMS OF NUMBERS 


From 1 to 10,000 


N. 

Log. 

N. 

Log. 

N. 

Log, 

N. 

Log, 

N. 

Log. 

0 

— 

20 

1.30 103 

40 

1 60 206 

m 

1.77 815 

80 

1.90 309 

1 

0.00 000 

21 

1.32 222 

41 

1.61 278 

61 

1 78 533 

81 

1.90 849 

2 

0 30 103 

22 ' 

1.34 242 

42 

1 62 325 

62 

1.79 239 

82 

1.91 381 

3 

0.47 712 

23 

1.36 173 

43 

1 63 347 

63 

1.79 934 

83 

1.91 908 

4 

0.60 206 

24 

1.38 021 

44 

1.64 345 

64 

1.80 618 

84 

1.92 428 

5 

0.69 897 

25 

1.39 794 

45 

1.65 321 

65 

1.81 291 

85 

1,92 942 

6 

0.77 815 

26 

1 .41 497 

46 

1.66 276 

66 

1.81 954 

86 

1,93 450 

7 

0.84 510 

27 

1.43 136 

47 

1.67 210 

67 

1 .82 607 

87 

1.93 952 

8 

0.90 309 

28 

1.44 716 

48 

1.68 124 

68 

1.83 251 

88 

1.94 448 

9 

0.95 424 

29 

1.46 240 

49 

1 69 020 

69 

1.83 885 

89 

1.94 939 

10 

1.00 000 

30 

1.47 712 

50 

1.69 897 


1.84 510 

90 

1.95 424 

11 

1.04 139 

31 

1.49 136 

51 

1.70 757 

71 

1.85 126 

91 

1.95904 

12 

1.07 918 

32 

1.50 515 

52 

1.71 600 

72 

1.85 733 

92 

1.96 379 

13 

Ml 394 

33 

1.51 851 

53 

1.72 428 

73 

1.86 332 

93 

1.96 848 

14 

1.14 613 

34 

1.53 148 

54 

1.73 239 

74 

1.86 923 

94 

1.97 313 

15 

1.17 609 

35 

1.54 407 

55 

1.74 036 

75 

1.87 506 

95 

1.97 772 

16 

1.20 412 

36 

1.55 630 

56 

1.74 819 

76 

1 88 081 

96 

1.98 227 

17 

1.23 045 

37 

1.56 820 

57 

1.75 587 

77 

1 88 649 

97 

1.98 677 

18 

1.25 527 

38 

1.57 978 

58 

1 .76 343 

78 

1 89 209 

98 

1.99 123 

19 

1.27 87S 

39 

1.59 106 

59 


79 

1 89 763 

99 

1 99 564 

n 

1.30 103 

40 

1.60 206 

IQ 

1.77 815 

El 

1 90 309 

100 

2.00 000 


15 
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TABLE 1 150-200 



10 











TABLE 1 


200-250 


IQ 

iiao 

1 I 1 a 

3 

1 4 1 S 

6 

00 

9 


200 

201 

202 

203 

204 

205 

206 

207 

208 

209 

210 
2)1 
212 

213 

214 

215 

216 

217 

218 

219 

220 
221 
222 

223 

224 

225 

226 

227 

228 

229 

230 

231 

232 

233 

234 

235 

236 

237 

238 

239 

240 

241 

242 

243 

244 

245 

246 

247 

248 

249 

250 

30 103 
32 C 
535 
750 
963 

31 175 
387 
597 
806 

32 015 
222 
428 

634 
838 

33 041 
244 
445 
646 
846 

34 044 
242 
439 

635 
830 

35 025 
218 
411 
603 

793 
984 

36 173 
361 
549 
736 
922 

37 107 
291 
475 
658 
840 

38 021 
202 
382 
561 
739 
917 

39 094 
270 
445 
620 

794 

125 

341 

557 

771 

98 ^ 

197 

408 

618 

827 

035 

243 

449 

654 
858 
062 
264 
465 
666 
866 
064 
262 
459 

655 
850 
044 
238 
430 
622 
813 

*003 

192 

380 

568 

754 

940 

125 

310 

493 

676 

858 

039 

220 

399 

578 

757 

934 

111 

287 

463 

637 

811 

146 

363 

578 

792 

*006 

218 

429 

639 

848 

056 
263 
469 
675 
879 
082 
284 
486 
686 
885 
084 
282 

479 
674 
869 
064 
257 
449 
641 
832 

*021 
211 
399 
586 
' 773 
959 
144 
328 
511 
694 
876 

057 
238 
417 
596 
775 
952 
129 
305 

480 
655 
829 

'“"3 

384 
600 
814 
*027 
239 
450 
660 
869 
077 
284 
490 
695 
899 
102 
' 304 
506 
706 
905 
104 
301 
498 
694 
889 
083 
276 
468 
660 
851 
*040 
229 
418 
605 

791 
977 
162 
346 
530 
712 
894 
075 
256 
435 
614 

792 
970 
146 
322 
498 
672 
846 

190 

406 

621 

835 

*048 

260 

471 

681 

890 

098 

305 

510 

715 

919 

122 

325 

526 

726 

925 

124 

321 

518 

713 

908 

102 

295 

488 

679 

870 

*059 

248 

436 

624 

810 

996 

181 

365 

548 

731 

912 

093 

274 

453 

632 

810 

987 

164 

340 

515 

690 

863 

211 

428 

643 

856 

*069 

281 

492 

702 

911 

118 

325 

531 

736 

940 

143 

345 

546 

746 

945 

143 

341 

537 

733 

928 

122 

315 

507 

698 

889 

*078 

267 

455 

642 

829 

*014 

199 

383 

566 

749 

931 

112 

292 

471 

650 

828 

*005 

182 

358 

533 

707 

881 

233 

449 

664 

878 

*091 

302 

513 

723 
931 
139 
346 
552 
756 
960 
163 
365 
566 

766 
965 
163 
361 
557 
753 
947 
141 
334 
526 
717 
908 

*097 

286 

474 

661 

847 

*033 

218 

401 

585 

767 
949 
130 
310 
489 
668 
846 

*023 

199 

375 

550 

724 
898 

255 

471 

685 
899 

*112 

323 

534 

744 

952 

160 

366 

572 

777 

980 

183 

385 

586 

786 

985 

183 

380 

577 

772 

967 

160 

353 

545 

736 

927 

*116 

305 

493 

680 

866 

*051 

236 

420 

603 

785 

967 

148 

328 

507 

686 
863 

*041 

217 

393 

568 

742 

915 

276 

492 

707 

920 

*133 

345 
555 
765 
973 
181 
387 
593 
797 

*001 

203 

405 

606 

806 

*005 

203 

400 

596 

792 

986 

180 

372 

564 

755 

946 

*135 

324 

511 

698 

884 

*070 

254 

438 

621 

803 

985 

166 

346 
525 
703 
881 

*058 

235 

410 

585 

759 

933 

298 

514 

728 

942 

♦154 

366 

576 

785 

994 

201 

408 

613 

818 

*021 

224 

425 

626 

826 

*025 

223 

420 

616 

811 

*005 

199 

392 

583 

774 

965 

*154 

342 

530 

717 

903 

*088 

273 

457 

639 

822 

*003 

184 

364 

543 

721 

899 

*076 

252 

428 

602 

777 

950 

22 21 

1 2.2 2.1 

2 4.4 4.2 

3 6.6 6.3 

4 8.8 8.4 

5 11.0 10.5 

6 13.2 12.6 

7 15.4 14.7 

8 17.6 16.8 

9 19.8 18.9 

20 

1 2.0 

2 4.0 

3 6.0 

4 8.0 

5 10.0 

6 12.0 

7 14.0 

8 16.0 

9 18.0 

19 

1 1.9 

2 3.8 

3 5.7 

4 7.6 

5 9.5 

6 11.4 

7 13.3 

8 15.2 

9 17.1 

18 

1 1.8 

2 3.6 

3 5.4 

4 7.2 

5 9.0 

6 10 8 

7 12.6 

8 14.4 

9 16.2 

17 

1 1.7 

2 3.4 

3 5.1 

4 6.8 

5 8.5 

6 10.2 

7 11.9 

8 13.6 

9 15.3 

1 1 1 

I 

3 | 3 l 4 | s | 6 | 7 | 8 | 9 \ Prop. Parts | 
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TABLE I 


250-300 


Prop. Puts 


260 

39794 811 

8291 

8461 

853 

881 898 915 933 950 


18 

251 

967 985 


mii 

Unn 

*054 *071 *088 *106 *123 

1 

1.8 

252 

40 140 157 

175 

192 

mm 

226 243 261 278 295 

2 

3.6 

253 

312 329 

346 

364 

381 

398 415 432 449 466 

3 

5.4 

254 


518 

535 

552 

569 586 603 620 637 

4 

7.2 

256 

654 671 

688 


722 

739 756 773 790 807 

5 

9.0 

256 

824 841 

858 

875 

892 

909 926 943 960 976 

6 

10.8 

257 


ESmi 


um 

*078 *095 *111 *128 *145 

7 

12.6 

258 

41 162 179 

196 

212 

229 

246 263 280 296 313 

8 

14.4 

259 

330 347 

363 


397 

414 430 447 464 481 

9 

16.2 

260 

497 514 

531 

547 

564 

581 597 614 631 647 


17 

261 

664 681 

697 

714 

731 

747 764 780 797 814 

1 

1.7 

262 

830 847 

863 

HI 


913 929 946 963 979 

2 

3.4 

263 


mmli 

mil 

BiKyJ 

*078 *095 *111 *127 *144 

3 

5.1 

264 

42 160 177 

193 


226 

243 259 275 292 308 

4 

6.8 

266 

325 341 

357 

374 

mm 

406 423 439 455 472 

5 

8.5 

266 


521 

537 

553 

570 586 602 619 635 

6 

10.2 

267 

651 667 

684 

Wml 

716 

732 749 765 781 797 

7 

11.9 

268 


846 

862 

878 

894 911 927 943 959 

8 

13.6 

269 

975 991 

mi 



*056 *072 *088 *104 *120 

9 

15.3 

270 

43 136 152 

169 

185 

201 

217 233 249 265 281 

log e 

= 0.43429 

271 

297 313 

329 

345 

361 

377 393 409 425 441 

16 

272 

457 473 

489 

^1 

521 

537 553 569 584 600 

1 

1.6 

273 

616 632 

648 

664 

mm 

696 712 727 743 759 

2 

3.2 

274 

775 791 

HBI 

823 

838 

854 870 886 902 917 

3 

4.8 

275 

933 949 

965 

981 

996 

*012 *028 *044 *059 *075 

4 

6.4 

276 

gfliMIfiy] 

122 

138 

154 

170 185 201 217 232 

5 

8.0 

277 

248 264 

279 

295 

311 

326 342 358 373 389 

6 

9.6 

278 

404 420 

436 

451 

467 

483 498 514 529 543 

7 

11.2 

279 

560 576 

592 

1^1 

623 

638 654 669 685 700 

8 

12.8 

280 

716 731 

747 

762 

778 

793 809 824 840 855 

9 

14.4 

281 

871 886 

mm 

917 

932 

948 963 979 994 *010 


15 

282 


056 

EmII 

BKQ 

102 117 133 148 163 

1 

1.5 

283 

179 194 

209 

225 

240 

255 271 286 301 317 

2 

3.0 

284 

332 347 

362 

378 

393 


3 

4.5 

286 


515 

530 

545 

561 576 591 606 621 

4 

6.0 

286 

637 652 

667 

682 

697 

712 728 743 758 773 

5 

7.5 

287 


818 

834 

849 

864 879 894 909 924 

6 

9.0 

288 

939 954 

969 

984 

♦000 

1 

7 

10.5 

289 



135 

150 

165 180 195 210 223 

8 

12.0 

290 

240 255 


285 

300 

315 330 345 359 374 

9 

13.5 

291 


419 

434 

449 

464 479 494 509 523 


14 

292 

538 553 

568 

583 

598 

613 627 642 657 672 

1 

1.4 

293 


716 

731 

746 

761 776 790 805 820 

2 

2.8 

294 


864 

879 

894 

909 923 938 953 967 

3 

4.2 

296 


*012 


*041 


4 

5.6 

296 

47 129 144 

159 

173 

188 

202 217 232 246 261 

5 

7.0 

297 



319 

33^ 

349 363 378 392 407 

6 

8.4 

298 

422 436 

451 

465 

48 C 

494 509 524 538 553 

7 

9.8 

299 

567 582 

596 

611 

625 


8 

11.2 

300 

712 in 

741 

756 

77 C 

)| 7841 7991 8131 8281 842 

9 

12.6 




Prop. Parts 







TABLE 1 


300-350 


Prop. Parts 


300 

301 

302 

303 

304 
306 

306 

307 

308 

309 

310 

311 

312 

313 

314 
316 

316 

317 

318 

319 

320 

321 

322 

323 

324 
326 

326 

327 

328 

329 

330 

331 

332 

333 

334 
336 

336 

337 

338 

339 

340 

341 

342 

343 

344 
346 

346 

347 

348 

349 
360 

47 712 
857 

48 001 
144 
287 
430 
572 
714 
855 
996 

49 136 
276 
415 
554 
693 
831 
969 

50 106 

243 
379 
515 
651 
786 
920 

51 055 
188 
322 
455 
587 
720 
851 
983 

52 114 

244 
375 
504 
634 
763 
892 

53 020 
148 
275 
403 
529 
656 
782 
908 

54 033 
158 
283 
407 

727 
871 
015 
159 
302 
444 
586 

728 
869 

*010 

150 

290 

429 

568 

707 

845 

982 

120 

256 
393 
529 
664 
799 
934 
068 
202 
335 
468 
601 
733 
865 
996 
127 

257 
388 
517 
647 
776 
905 
033 
161 
288 
415 
542 
668 
794 
920 
045 

i 170 

1 295 
419 

741 
885 
029 
173 
316 
458 
601 

742 
883 

♦024 
164 
304 
443 
582 
721 
859 
996 
133 
270 
4 C 6 
542 
678 
813 
947 
081 
215 
348 
481 
614 
746 
878 
♦009 
140 
270 
401 
530 
660 
789 
917 
046 
173 
301 
428 
555 
681 
807 
933 
058 
i 183 
307 
432 

756 

900 

044 

187 

330 

473 

615 

756 

897 

♦038 

178 

318 

457 

596 

734 

872 

♦010 

147 

284 

420 

556 

691 

826 

961 

095 

228 

362 

495 

627 

759 

891 

*022 

153 

284 

414 

543 

673 

802 

930 

058 

186 

314 

441 

567 

694 

820 

945 

070 

195 

320 

444 

770 

914 

058 

202 

344 

487 

629 

770 

911 

♦052 

192 

332 

471 

610 

748 

886 

♦024 

161 

297 

433 

569 

705 
840 
974 
108 
242 
375 
508 
640 
772 
904 

♦035 

166 

297 

427 

556 

686 

815 

943 

071 

199 

326 

453 

580 

706 
832 
958 
083 
208 
332 
456 

784 
929 
073 
216 
359 
501 
643 

785 
926 

♦066 

206 

346 

485 

624 

762 

900 

*037 

174 

311 

447 

583 

718 
853 
987 
121 
255 
388 
521 
654 

786 
917 

♦048 

179 

310 

440 

569 

699 

827 

956 

084 

212 

339 

466 

593 

719 
845 
970 
095 
220 
345 
469 

799 

943 

087 

230 

373 

515 

657 

799 

940 

♦080 

220 

360 

499 

638 

776 

914 

♦051 

188 

325 

461 

596 

732 

866 

*001 

135 

268 

402 

534 

667 

799 

930 

♦061 

192 

323 

453 

582 

711 

840 

969 

097 

224 

352 

479 

605 

732 

857 

983 

108 

233 

357 

481 

813 

958 

101 

244 
387 
530 
671 
813 
954 

♦094 

234 

374 

513 

651 

790 

927 

*065 

202 

338 

474 

610 

745 

880 

*014 

148 

282 

415 

548 

680 

812 

943 

♦075 

205 

336 

466 

595 

724 

853 

982 

110 

237 

364 

491 

618 

744 

870 

995 

120 

245 
370 
494 

828 

972 

116 

259 

401 

544 

686 

827 

968 

♦108 

248 

388 

527 

665 

803 

941 

*079 

215 

352 

488 

623 

759 

893 

*028 

162 

295 

428 

561 

693 

825 

957 

♦088 

218 

349 

479 

608 

737 

866 

994 

122 

250 

377 

504 

631 

757 

882 

♦008 

133 

258 

382 

506 

842 

986 

130 

273 

416 

558 

700 

841 

982 

♦122 

262 

402 

541 

679 

817 

955 

*092 

229 

365 

501 

637 

772 

907 

*041 

175 

308 

441 

574 

706 

838 

970 

♦101 

231 

362 

492 

621 

750 

879 

*007 

135 

263 

390 

517 
643 
769 
895 

*020 

145 

270 

394 

518 

16 

1 1.5 

2 3.0 

3 4.5 

4 6.0 

5 7.5 

6 9.0 

7 10.5 

8 12.0 

9 13.5 

login = 0.49715 

14 

1 1.4 

2 2.8 

3 4.2 

4 5.6 

5 7.0 

6 8.4 

7 9.8 

8 11.2 

9 12.6 

13 

1 1.3 

2 2.6 

3 3.9 

4 5.2 

5 6.5 

6 7.8 

7 9.1 

8 10.4 

9 11.7 

12 

1 1.2 

2 2.4 

3 3.6 

4 4.8 

5 6.0 

' .6 7.2 

7 8.4 

8 9.6 

9 10.8 

m. 

L. 0 

1 ^ ~ 

2 

3 

□I 

5 

1 6 

rr 

QI 

1 9 

Prop. Parts 
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TABLE I 350-400 
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TABLE I 


400-450 


■a 

DDi 

mmMi 

■■ 

5 

6 

7 

8 

9 

Prop. Parts 

400 

401 

402 

403 

404 
406 

406 

407 

408 

409 

410 

411 

412 

413 

414 

415 

416 

417 

418 

419 

420 

421 

422 

423 

424 
426 

426 

427 

428 

429 

430 

431 

432 

433 

434 
436 

436 

437 

438 

439 

440 

441 

442 

443 

444 

445 

446 

447 

448 

449 

450 

60 206 
314 
423 
531 
638 
746 
853 
959 

61 066 
172 
278 
384 
490 
595 
700 
805 
909 

62 014 
118 
221 
325 
428 
531 
634 

737 
839 
941 

63 043 
144 
246 
347 
448 
548 
649 
749 
849 
949 

64 048 
147 
246 
345 
444 
542 
640 

738 
836 
933 

65 031 
128 
225 
321 

217 

325 

433 

541 

649 
756 
863 
970 
077 
183 
289 
395 
500 
606 
711 
815 
920 
024 
128 
232 
335 
439 

542 
644 

747 
849 
951 
053 
155 
256 
357 
458 
558 
659 
759 
859 
959 
058 
157 
256 
355 
454 
552 

650 

748 1 
846 ? 
943 
040 
137 
234 
331 

228 

336 

444 

552 

660 

767 

874 

981 

087 

194 

300 

405 

511 

616 

721 

826 

930 

034 

138 

242 

346 

449 

552 

655 

757 
859 
961 
063 
165 
266 
367 
468 
568 
669 
769 
869 
969 
068 
167 
266 
365 
464 
562 
660 

758 
856 
953 
050 
147 
244 
341 

239 

347 

455 

563 

670 

778 
885 
991 
098 
204 
310 
416 
521 
627 
731 
836 
941 
045 
149 
252 
356 
459 
562 
665 

767 
870 
972 
073 
175 
276 
377 
478 
579 
679 

779 
879 
979 
078 
177 
276 
375 
473 
572 
670 

768 
865 
963 
060 
157 
254 
350 

249 

358 

466 

574 

681 

788 
895 

*002 

109 

215 

321 

426 

532 

637 

742 

847 

951 

055 

159 

263 

366 

469 

572 

675 

778 

880 

982 

083 

185 

286 

387 

488 

589 

689 

789 
889 
988 
088 
187 
286 
385 
483 
582 
680 
777 
875 
972 
070 
167 
263 
360 

260 

369 

477 

584 

692 

799 

906 

*013 

119 

225 

331 

437 

542 

648 

752 

857 

962 

066 

170 

273 

377 

480 

583 

685 

788 

890 

992 

094 

195 

296 

397 

498 

599 

699 

799 

899 

998 

098 

197 

296 

395 

493 

591 

689 

787 

885 

982 

079 

176 

273 

369 

271 

379 

487 

595 

703 

810 

917 

*023 

130 

236 

342 

448 

553 

658 

763 

868 

972 

076 

180 

284 

387 

490 

593 

696 

798 

900 

*002 

104 

205 

306 

407 

508 

609 

709 

809 

909 

*008 

108 

207 

306 

404 

503 

601 

699 

797 

895 

992 

089 

186 

283 

379 

282 

390 

498 

606 

713 

821 

927 

*034 

140 

247 

352 

458 

563 

669 

773 

878 

982 

086 

190 

294 

397 

500 

603 

706 

808 

910 

*012 

114 

215 

317 

417 

518 

619 

719 

819 

919 

*018 

118 

217 

316 

414 

513 

611 

709 

807 

904 

*002 

099 

196 

292 

389 

293 

401 

509 

617 

724 

831 

938 

*045 

151 

257 

363 

469 

574 

679 

784 

888 

993 

097 

201 

304 

408 

511 

613 

716 

818 

921 

*022 

124 

225 

327 

428 

528 

629 

729 

829 

929 

♦028 

128 

227 

326 

424 

523 

621 

719 

816 

914 

*011 

108 

205 

302 

398 

304 

412 

520 
627 
735 
842 
949 

*055 

162 

268 

374 

479 

584 

690 

794 

899 

*003 

107 

211 

315 

418 

521 
624 
726 
829 
931 

*033 

134 

236 
337 
438 
538 
639 
739 
839 
939 

*038 

137 

237 
335 
434 
532 
631 
729 
826 
924 

♦021 

118 

215 

312 

408 

11 

1 1.1 

2 2.2 

3 3.3 

4 4.4 

5 5.5 

6 6.6 

7 7.7 

8 8 8 

9 9.9 

10 

1 1.0 

2 2.0 

3 3.0 

4 4.0 

5 5.0 

6 6.0 

7 7.0 

8 8.0 

9 9.0 

9 

1 0.9 

2 1.8 

3 2.7 

4 3.6 

5 4.5 

6 5.4 

7 6.3 

8 7.2 

9 8.1 

N. ' 

1 L. 0 1 I 1 2 1 3 1 4 

Isle 7 1 8 1 9 1 Prop. Parts | 
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TABLE I 


450-500 


8 


9 


Prop. Parts 


450 

451 

452 

453 

454 

455 

456 

457 

458 

459 

460 

461 

462 

463 

464 

465 

466 

467 
’468 

469 

470 

471 

472 

473 

474 
476 

476 

477 

478 

479 

480 

481 

482 

483 

484 
486 

486 

487 

488 

489 

490 

491 

492 

493 

494 

495 

496 

497 

498 

499 
600 

65 321 
418 
514 
610 
706 
801 

896 
992 

66 087 
181 
276 
370 
464 
558 
652 
745 
839 
932 

67 023 
117 
210 
302 

394 
486 
578 
669 
761 
852 
943 

68 034 
124 
215 
305 

395 
483 
574 
664 
753 
842 
931 

69 020 
108 
197 
285 
373 
461 
548 
636 
723 
810 

897 

331 

427 

523 

619 

715 

811 

906 

♦001 

096 

191 

285 

380 
474 
567 
661 
755 
848 
941 
034 
127 
219 
311 

403 
495 
587 
679 
770 
861 
952 
043 
133 
224 
314 

404 
! 494 

583 

673 

762 

851 

940 

028 

117 

205 

294 

381 
469 
557 
644 
732 
819 
906 

341 

437 

533 

629 

725 

820 

916 

♦Oil 

106 

200 

293 

389 
483 
577 
671 
764 
857 
950 
043 
136 
228 
321 
413 
504 
596 
688- 
779 
870 
961 
052 
142 
233 
323 
413 
502 
592 
681 
771 
860 
949 
037 
126 
214 
302 

390 
478 
566 
653 
740 
827 
914 

350 

447 

543 

639 

734 

830 

925 

*020 

115 

210 

304 

398 
492 
586 
680 
773 
867 
960 
052 
145 
237 
330 
422 
514 
605 
697 
788 
879 
970 
061 
151 
242 
332 
422 
511 
601 
690 
780 
869 
958 
046 
135 
223 
311 

399 
487 
574 
662 
749 
836 
923 

360 

456 

552 

648 

744 

839 

935 

♦030 

124 

219 

314 

408 

502 

596 

689 

783 

876 

969 

062 

154 

247 

339 

431 

523 

614 

706 

797 

888 

979 

070 

160 

251 

341 

431 

520 

610 

699 

789 

878 

966 

055 

144 

232 

320 

408 

496 

583 

671 

758 

845 

932 

369 

466 

562 

658 

753 

849 

944 

*039 

134 

229 

323 

417 

511 

605 

699 

792 

885 
978 
071 
164 
256 
348 
440 
532 
624 
715 
806 
897 
988 
079 
169 
260 
350 
440 
529 
619 
708 
797 

886 
975 
064 
152 
241 
329 
417 
504 
592 
679 
767 
854 
940 

379 

475 

571 

667 

763 

858 

954 

*049 

143 

238 

332 

427 

521 

614 

708 

801 

894 
987 
080 
173 
265 
357 
449 
541 
633 
724 
815 
906 
997 
088 
178 
269 
359 
449 
538 
628 
717 
806 

895 
984 
073 
161 
249 
338 
425 
513 
601 
688 
775 
862 
949 

389 

485 

581 

677 

772 

868 

963 

♦058 

153 

247 

342 

436 

530 

624 

717 

811 

904 

997 

089 

182 

274 

367 
459 
550 
642 
733 
825 
916 

♦006 

097 

187 

278 

368 
458 
547 
637 
726 
815 
904 
993 
082 
170 
258 
346 
434 
522 
609 
697 
784 
871 
958 

398 

495 

591 

686 

782 

877 

973 

*068 

162 

257 

351 

445 

539 

633 

727 

820 

913 

*006 

099 

191 

284 

376 
468 
560 
651 
742 
834 
925 

♦015 

106 

196 

287 

377 
467 
556 
646 
735 
824 
913 

♦002 

090 

179 

267 

355 

443 

531 

618 

705 

793 

880 

966 

408 

504 

600 

696 

792 

887 
982 

♦077 

172 

266 

361 

455 

549 

642 

736 

829 

922 

♦015 

108 

201 

293 

385 
477 
569 
660 
752 
843 
934 

♦024 

115 

205 

296 

386 
476 
565 
655 
744 
833 
922 

♦Oil 

099 

188 

276 

364 

452 

539 

627 

714 

801 

888 
975 

10 

1 1.0 

2 2.0 

3 3.0 

• 4 4.0 

5 5.0 

6 6.0 

7 7.0 

8 8.0 

9 9.0 

9 

1 0.9 

2 1.8 

3 2.7 

4 3.6 

5 4.5 

6 5.4 

7 6.3 

8 7.2 

9 8.1 

8 

1 0.8 

2 1.6 

3 2.4 

4 3.2 

5 4.0 

6 4.8 

7 5.6 

8 6.4 

9 7.2 

N. 

L. o 

I 

2 

3 

4 

5 

6 

7 

1 8 1 9 1 Prop. Parts 
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TABLE I 


1 


500-550 


9 


Prop, Parts 



69 897 

906 

914 

923 

932 

940 

949 

958 

966 

975 

E7I 

984 

992 

♦001 

*010 

*018 

♦027 

*036 

*044 

*053 

♦062 


70 070 

079 

088 

096 

105 

114 

122 

131 

140 

148 

503 

157 

165 

174 

183 

191 

200 

209 

217 

226 

234 

504 

243 

252 

260 

269 

278 

286 

295 

303 

312 

321 

505 

329 

338 

346 

355 

364 

372 

381 

389 

398 

406 

506 

415 

424 

432 

441 

449 

458 

467 

475 

484 

492 

507 

501 

509 

518 

526 

535 

544 

552 

561 

569 

578 

508 

586 

595 

603 

612 

621 

629 

638 

646 

655 

663 

509 

672 

680 

689 

697 

706 

714 

723 

731 

740 

749 

510 

757 

766 

774 

783 

791 

800 

808 

817 

825 

834 

511 

842 

851 

859 

868 

876 

885 

893 

902 

910 

919 

512 

927 

935 

944 

952 

961 

969 

978 

986 

995 

♦003 

513 

71 012 

020 

029 

037 

046 

054 

063 

071 

079 

088 

514 

096 

105 

113 

122 

130 

139 

147 

155 

164 

172 

515 

181 

189 

198 

206 

214 

223 

231 

240 

248 

257 

516 

265 

273 

282 

290 

299 

307 

315 

324 

332 

341 

517 

349 

357 

366 

374 

383 

391 

399 

408 

416 

425 

518 

433 

441 

450 

458 

466 

475 

483 

492 

500 

508 

519 

517 

525 

533 

542 

550 

559 

567 

575 

584 

592 

520 

600 

609 

617 

625 

634 

642 

650 

659 

667 

675 

521 

684 

692 

700 

709 

717 

725 

734 

742 

750 

759 

522 

767 

775 

784 

792 

800 

809 

817 

825 

834 

842 

523 

850 

858 

867 

875 

883 

892 

900 

908 

917 

925 

524 

933 

941 

950 

958 

966 

975 

983 

991 

999 

*008 

525 

72 016 

024 

032 

041 

049 

057 

066 

074 

082 

090 

526 

099 

107 

115 

123 

132 

140 

148 

156 

165 

173 

527 

181 1 

189 

198 

206 

214 

222 

230 

239 

247 

255 

528 

263 

272 

280 

288 

296 

304 

313 

321 

329 

337 

529 

346 

354 

362 

370 

378 

387 

395 

403 

411 

419 

530 

428 

436 

444 

452 

460 

469 

477 

485 1 

493 

501 

531 

509 

518 

526 

534 

542 

550 

558 

567 

575 

583 

532 

591 

599 

607 

616 

624 

632 I 

640 

648 

656 

665 

533 

673 

681 

689 

697 

705 

713 

722 

730 

738 

746 

534 

754 

762 

770 

779 

787 

795 j 

803 

811 

819 

827 

635 

835 

843 

852 

860 

868 

876 

884 

892 

900 

908 

536 

916 

925 

933 

941 

949 

957 

965 

973 

981 

989 

537 

997 

*006 

*014 

*022 

*030 

*038 

*046 

*054 

*062 

*070 

538 

73 078 

086 

094 

102 

111 

119 

127 

135 

143 

151 

539 

159 

167 

175 

183 

191 

199 

207 

215 

223 , 

231 

540 

239 

247 

255 ! 

263 

272 

280 

288 

296 

304 

312 

541 

320 

328 

336 

344 

352 

360 

368 

376 

384 ‘ 

392 

542 

400 

408 

416 

424 

432 

440 

448 

456 

464 

472 

543 

480 

488 

496 

504 

512 

520 

528 

536 

544 

552 

544 

560 

568 

576 

584 

592 

600 

608 

616 

624 

632 

645 

640 

648 

656 ! 

664 

672 

679 

687 

695 

703 

711 

546 

719 

727 

735 

743 

751 

759 

767 

775 

783 

791 

547 

799 

807 

815 

823 

830 

838 

846 

854 

862 

870 

548 

878 

886 

894 

902 

910 

918 

926 

933 

941 

949 

549 

957 

965 

973 

981 

989 

997 

*005 

♦013 

♦020 

*028 

560 

74 036 

044 

052 

060 

068 

076 

084 

092 ! 

0^ 

107 

N. 

L. 0 

Li- 

1 a 

3 

4 

s 

Li. 

7 

8 

9 



9 

1 

0.9 

2 

1.8 

3 

2.7 

4 

3.6 

5 

4.5 

6 

5.4 

7 

6.3 

8 

7.2 

9 

8.1 


8 

1 

0.8 

2 

1.6 

3 

2.4 

4 

3.2 

5 

4.0 

6 

4.8 

7 

5.6 

8 

6.4 

9 

7.2 


7. 

1 

0.7 

2 

1.4 

3 

2.1 

4 

2.8 

5 

3.5 

6 

4.2 

7 

4.9 

8 

5.6 

9 

6.3 

1 Prop. Parts 
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TABLE I 


550-600 


Prop. Parts 


650 

74 036 

044 

052 

060 

068 

076 

084 

092 

099 

107 



551 

115 

123 

131 

139 

147 

155 

162 

170 

178 

186 



552 

194 

202 

210 

218 

225 

233 

241 

249 

257 

265 



553 

273 

280 

288 

296 

304 

312 

320 

327 

335 

343 



554 

351 

359 

367 

374 

382 

390 

398 

406 

414 

421 



666 

429 

437 

445 

453 

461 

468 

476 

484 

492 

500 



556 

507 

515 

523 

531 

539 

547 

554 

562 

570 

578 



557 

586 

593 

601 

609 

617 

624 

632 

640 

648 

656 



558 

663 

671 

679 

687 

695 

702 

710 

718 

726 

733 



559 

741 

749 

757 

764 

772 

780 

788 

796 

803 

811 



660 

819 

827 

834 

842 

850 

858 

865 

873 

881 

889 


g 

561 

896 

904 

912 

920 

927 

935 

943 

950 

958 

966 

1 

0 8 

562 

974 

981 

989 

997 

*005 

*012 

*020 

♦028 

*035 

*043 

2 

1 6 

563 

75 051 

059 

066 

074 

082 

089 

097 

105 

113 

120 

3 

2 4 

564 

128 

136 

143 

151 

159 

166 

174 

182 

189 

197 

4 

3.2 

666 

205 

213 

220 

228 

236 

243 

251 

259 

266 

274 

5 

4.0 

566 

282 

289 

297 

305 

312 

320 

328 

335 

343 

351 

6 

4.8 

567 

358 

366 

374 

381 

389 

397 

404 

412 

420 

427 

7 

5.6 

568 

435 

442 

450 

458 

465 

473 

481 

488 

496 

504 

8 

6.4 

569 

511 

519 

526 

534 

542 

549 

557 

565 

572 

580 

9 

7.2 

670 

587 

595 

603 

610 

618 

626 

633 

641 

648 

656 



571 

664 

671 

679 

686 

694 

702 

709 

717 

724 

732 



572 

740 

747 

755 

762 

770 

778 

785 

793 

800 

808 



573 

815 

823 

831 

838 

846 

853 

861 

868 

876 

884 



574 

891 

899 

906 

914 

921 

929 

937 

944 

952 

959 



676 

967 

974 

982 

989 

997 

•005 

♦012 

*020 

*027 

•035 



576 

76 042 

050 

057 

065 

072 

080 

087 

095 

103 

110 



577 

118 

125 

133 

140 

148 

155 

163 

170 

178 

185 



578 

193 

200 

208 

215 

223 

230 

238 

245 

253 

260 



579 

268 

1 275 

283 

290 

298 

305 

313 

320 

328 

335 



680 

343 

1 350 

358 

365 

373 

380 

388 

395 

403 

410 


7 

581 

418 

425 ' 

433 

440 

448 

455 

462 

470 

477 

485 

1 

0.7 

582 

492 

500 

507 

515 

522 

530 

537 

545 

552 

559 

2 

1 4 

583 

567 

574 

582 

589 

597 

604 

612 

619 

626 

634 

3 

2 1 

584 

641 

649 

656 

664 

671 

678 

686 

693 

701 

708 

4 

2.8 

686 

716 

723 

730 

738 

745 

753 

760 

768 

775 

782 

5 

3 5 

586 

790 

797 

805 

812 

819 

827 

834 

842 

849 

856 

6 

4.2 

587 

864 

871 

879 

886 

893 

901 

908 

916 

923 

930 

7 

4.9 

588 

938 

945 

953 

960 

967 

975 

982 

989 

997 

*004 

8 

5.6 

589 

77 012 

019 

026 

034 

041 

048 

056 

063 

070 

078 

9 

6.3 

690 

085 

093 

100 

107 

115 

122 

129 

137 

144 

151 



591 ! 

159 

166 

173 

181 

188 

195 

203 

210 

217 

225 



592 

232 

240 

247 

254 

262 

269 

276 

283 

291 

298 



593 

305 

313 

320 

327 

335 

342 

349 

357 

364 

371 



594 

379 

386 

393 

401 

408 

415 

422 

430 

437 

444 



696 

452 

459 

466 

474 

481 

488 

495 

503 

510 

517 



596 

525 

532 

539 

546 

554 

561 

568 

576 

583 

590 



597 

597 

605 

612 

619 

627 

634 

641 

648 

656 

663 



598 

670 

677 

685 

692 

699 

706 

714 

721 

728 

735 



599 

743 

750 

757 

764 

772 

779 

786 

793 

801 

808 



600 

815 

822 

830 

837 

844 

851 

859 

866 

873 

880 



N. 

L. 0 

i 

a 

Ll. 

L±. 

5 

Li. 

1 y 

1 8 

-Li- 

1 Prop. Parts 
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TABLE I 


600-650 


N. 

L. 0 


a 

3 

4 

S 

6 

7 

t 

m 

Prop. Parts 

600 

601 

602 

603 

604 
606 
606 

607 

608 

609 

610 
611 
612 

613 

614 
616 
616 

617 

618 

619 

620 
621 
622 

623 

624 
626 
626 

627 

628 

629 

630 

631 

632 

633 

634 
636 

636 

637 

638 

639 

640 

641 

642 

643 

644 
646 

646 

647 

648 

649 

650 

77 815 

887 
960 

78 032 
104 
176 
247 
319 
390 
462 
533 
604 
675 
746 
817 

888 
958 

79 029 
099 
169 
239 
309 
379 
449 
518 
588 
657 
727 
796 
865 
934 

80 003 
072 
140 
209 
277 
346 
414 
482 
550 
618 
686 
754 
821 
889 
956 

81 023 
090 
158 
224 
291 

822 

895 

967 

039 

111 

183 

254 

326 

398 

469 

540 

611 

682 

753 

824 

895 

965 

036 

106 

176 

246 

316 

386 

456 

525 

595 

664 

734 

803 

872 

941 

010 

079 

147 

216 

284 

353 

421 

489 

557 

625 

693 

760 

828 

895 

963 

030 

097 

164 

231 

298 

830 
902 
974 
046 
118 
190 
262 
333 
405 
476 
547 
618 
689 
760 

831 
902 
972 
043 
113 
183 
253 
323 
393 
463 
532 
602 
671 
741 
810 
879 
948 
017 
085 
154 
223 
291 
359 
428 
496 
564 
632 
699 
767 
835 
902 
969 
037 
104 
171 
238 
305 

837 
909 
981 
053 
125 
197 
269 
340 
412 
483 
554 
625 
696 
767 

838 
909 
979 
050 
120 
190 
260 
330 
400 
470 
539 
609 
678 
748 
817 
886 
955 
024 
092 
161 
229 
298 
366 
434 
502 
570 
638 1 
706 
774 
841 
909 
976 
043 
111 
178 
245 
311 

844 
916 
988 
061 
132 
204 
276 
347 
419 
490 
561 
633 
704 
774 

845 
916 
986 
057 
127 
197 
267 
337 
407 
477 
546 
616 
685 
754 
824 
893 
962 
030 
099 
168 
236 
305 
373 
441 
509 
577 
645 
713 
781 
848 
916 
983 
050 
117 
184 
251 
318 

851 
924 
996 
068 
140 
211 
283 
353 
426 
497 
569 
640 
711 
781 

852 
923 
993 
064 
134 
204 
274 
344 
414 
484 
553 
623 
692 
761 
831 
900 
969 
037 
106 
175 
243 
312 
380 
448 
516 
584 
652 
720 
787 

853 
922 
990 
057 
124 
191 
258 
323 

859 
931 
♦003 
073 
147 
219 
290 
362 
433 
504 
576 
647 
718 
789 
859 
930 
♦000 
071 
141 
211 
281 
351 
421 
491 
560 
630 
699 
768 
837 
906 
975 
044 
113 
182 
250 
318 
387 
453 
523 
591 
659 
726 
794 
862 
929 
996 
( 064 
131 
198 
263 
331 

866 

938 

♦010 

082 

154 

226 

297 

369 

440 

512 

583 

654 

723 

796 

866 

937 

*007 

078 

148 

218 

288 

358 

428 

498 

567 

637 

706 

775 

844 

913 

982 

051 

120 

188 

257 

325 

393 

462 

530 

598 

665 

733 

801 

868 

936 

♦003 

070 

137 

204 

271 

338 

873 

945 

*017 

089 

161 

233 

303 

376 

447 

519 

590 

661 

732 

803 

873 

944 

*014 

083 

155 

225 

295 

365 

43 ;> 

503 

574 

644 

713 

782 

851 

920 

989 

058 

127 

1 195 
264 
332 
400 
468 
536 
604 
672 
740 
808 
875 
943 
♦010 
077 
144 
211 
278 
345 

880 

952 

♦025 

097 

168 

240 

312 

383 

455 

526 

597 

668 

739 

810 

880 

951 

*021 

092 

162 

232 

302 

372 

442 

511 

581 

650 

720 

789 

858 

927 

996 

065 

134 

202 

271 

339 

407 

475 

543 

611 

679 

747 

814 

882 

949 

*017 

084 

151 

218 

285 

351 

8 

1 0.8 

2 1.6 

3 2.4 

4 3.2 

5 4.0 

6 4.8 

7 5.6 

8 6.4 

9 7.2 

7 

1 0.7 

2 1.4 

3 2.1 

4 2.8 

5 3.5 

6 4.2 

7 4.9 

8 5.6 

9 6.3 

6 

1 0.6 

2 1.2 

3 1.8 

4 2.4 

5 3.0 

6 3.6 

7 4.2 

8 4.8 

9 5.4 

N. 

l. O 1 1 

a 1 3 

4 
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TABLE I 


660-700 


[TjL—r] 

1 

a 1 3 

4 

5 

6 

7 

* 

g 1 Prop. Ports 1 

660 

651 

652 

653 

654 

655 

656 

657 

658 

659 

660 
661 
662 

663 

664 

665 

666 

667 

668 

669 

670 

671 

672 

673 

674 

675 

676 

677 

678 

679 

680 
681 
682 

683 

684 

685 

686 

687 

688 

689 

690 

691 

692 

693 

694 

695 

696 

697 

698 

699 

700 

81 291 
358 
425 
491 
558 
624 
690 
757 
823 
889 
954 

82 020 
086 
151 
217 
282 
347 
413 
478 
543 
607 
672 
737 
802 
866 
930 
995 

83 059 
123 
187 
251 
315 
378 
442 
506 
569 
632 
696 
759 
822 
885 
948 

84 on 

073 

136 

198 

261 

323 

386 

448 

510 

298 

365 

431 

498 

564 

631 

697 

763 

829 

895 

961 

027 

092 

158 

223 

289 

354 

419 

484 

549 

614 

679 

743 

808 

872 

937 

*001 

065 

129 

193 

257 

321 

385 

448 

512 

575 

639 

702 

765 

828 

891 

954 

017 

080 

142 

205 

267 

330 

392 

454 

516 

305 

371 

438 

505 

571 

637 

704 

770 
836 
902 
968 
033 
099 
164 
230 
295 
360 
426 
491 
556 
620 
685 
750 
814 
879 
943 

♦008 

072 

136 

200 

264 

327 

391 

455 

518 

582 

645 

708 

771 
835 
897 
960 
023 
086 
148 
211 
273 
336 
398 
460 
522 

311 
378 
445 
511 
578 
644 
710 
776 
842 
908 
974 
040 
105 
171 
236 
302 
367 
432 
497 
562 
627 
692 
756 
821 
885 
950 
*014 
078 
142 
206 
270 
334 
398 
461 
525 
• 588 
651 
715 
778 
841 
904 
967 
029 
092 
155 
217 
280 
342 
404 
466 
528 

318 

385 

451 

518 

584 

651 

717 

783 
849 
915 
981 
046 
112 
178 
243 
308 
373 
439 
504 
569 
633 
698 
763 
827 
892 
956 

*020 

085 

149 

213 

276 

340 

404 

467 

531 

594 

658 

721 

784 
847 
910 
973 
036 
098 
161 
223 
286 
348 
410 
473 
535 

325 

391 

458 

525 

591 

657 

723 

790 

856 

921 

987 

053 

119 

184 

249 

315 

380 

445 

510 

575 

640 

705 

769 

834 

898 

963 

*027 

091 

155 

219 

283 

347 

410 

474 

,537 

I 601 

664 

727 

790 

853 

916 

979 

042 

105 

167 

230 

292 

354 

417 

479 

541 

331 

398 

465 

531 

598 

664 

730 

796 
862 
928 
994 
060 
125 
191 
256 
321 
387 
452 
517 
582 
646 
711 
776 
840 
905 
969 

*033 

097 

161 

225 

289 

353 

417 

480 

544 

607 

670 

734 

797 
860 
923 
985 
048 
111 
173 
236 
298 
361 
423 
485 
547 

338 

405 

471 

538 

604 

671 

737 

803 

869 

935 

*000 

066 

132 

197 

263 

328 

393 

458 

523 

588 

653 

718 

782 

847 

911 

975 

*040 

104 

168 

232 

296 

359 

423 

487 

550 

613 

677 

740 

803 

866 

929 

992 

055 

117 

180 

242 

305 

367 

429 

491 

553 

345 

411 

478 

544 

611 

677 

743 

809 

875 

941 

*007 

073 

138 

204 

269 

334 

400 

465 

530 

595 

659 

724 

789 

853 

918 

982 

*046 

110 

174 

238 

302 

366 

429 

493 

556 

620 

683 

746 

809 

872 

935 

998 

061 

123 

186 

248 

311 

373 

435 

497 

559 

351 

418 

485 

551 

617 

684 

750 

816 

882 

948 

*014 

079 

145 

210 

276 

341 

406 

471 

536 

601 

666 

730 

795 

860 

924 

988 

*052 

117 

181 

245 

308 

372 

436 

499 

563 

626 

689 

753 

816 

879 

942 

*004 

067 

130 

192 

255 

317 

379 

442 

504 

566 

7 

1 0.7 

2 1.4 

•3 2.1 

4 2.8 

5 3.5 

6 4.2 

7 4.9 

8 5.6 

9 6.3 

6 

1 0.6 

2 1.2 

3 1.8 

4 2.4 

5 3.0 

6 3.6 

7 4.2 

8 4.8 

9 5.4 

N. 

L. 0 

X 

a 

3 

4 
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TABLE 1 


700-750 


N, 

L. 0 

I 


3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

700 

701 

702 

703 

704 
706 

706 

707 

708 

709 

710 

711 

712 

713 

714 
716 

716 

717 

718 

719 

720 

721 

722 

723 

724 
726 

726 

727 

728 

729 

730 

731 

732 

733 

734 
736 

736 

737 

738 

739 

740 

741 

742 

743 

744 

745 

746 

747 

748 

749 
760 

84 510 
572 
634 
696 
757 
819 
880 

. 942 

85 003 
065 
126 
187 
248 
309 
370 
431 
491 
552 
612 
673 
733 
794 
854 
914 
974 

86 034 
094 
153 
213 

273 
332 
392 
451 
510 
570 
629 
688 
747 
806 
864 
923 
982 

87 040 
099 
157 
216 

274 
332 
390 
448 
506 

516 

578 

640 

702 

763 

825 

887 

948 

009 

071 

132 

193 

254 

315 

376 

437 

497 

558 

618 

679 

739 

800 

860 

920 

980 

040 

100 

159 

219 

279 
338 
398 
457 
516 
576 
635 
694 
753 
812 
870 
929 
988 
046 
105 
163 
221 

280 
338 
396 
454 
512 

522 

584 

646 

708 

770 

831 

893 

954 

016 

077 

138 

199 

260 

321 

382 

443 

503 

564 

625 

685 

745 

806 

866 

926 

986 

046 

106 

165 

225 

285 
344 
404 
463 
522 
581 
641 
700 
759 
817 
876 
935 
994 
052 
111 
169 
227 

286 
344 
402 
460 
518 

528 

590 

652 

714 

776 

837 

899 

960 

022 

083 

144 

205 

266 

327 

388 

449 

509 

570 

631 

691 

751 

812 

872 

932 

992 

052 

112 

171 

231 

291 

350 

410 

469 

528 

587 

646 

705 

764 

823 

882 

941 

999 

058 

116 

175 

233 

291 

349 

408 

466 

523 

535 

597 

658 

720 

782 

844 

905 

967 

028 

089 

150 

211 

272 

333 

394 

455 

516 

576 

637 

697 

757 

818 

878 

938 

998 

058 

118 

177 

237 

297 

356 

415 

475 

534 

593 

652 

711 

770 

829 

888 

947 

*005 

064 

122 

181 

239 

297 

355 

413 

471 

529 

541 
603 
665 
726 
788 
850 
911 
973 
034 
095 
156 
217 
278 
339 
400 
461 
522 
582 
643 
703 
763 
824 
884 
944 
♦004 
064 
124 
183 
243 
303 
362 ' 
421 1 
481 
540 
599 
658 
717 
776 
835 i 
894 
953 
*011 
070 
128 
186 
245 
303 
361 
419 
477 
535 

547 

609 

671 

733 

794 

856 

917 

979 

040 

101 

163 

224 

285 

345 

406 

467 

528 

588 

649 

709 

769 

830 

890 

950 

*010 

070 

130 

189 

249 

308 
368 
427 
487 
546 
605 
664 
723 
782 
841 
900 
958 

*017 

075 

134 

192 

251 

309 
367 
425 
483 
541 

553 

615 

677 

739 

800 

862 

924 

985 

046 

107 

169 

230 

291 

352 

412 

473 

534 

594 

655 

715 

775 

836 

896 

956 

*016 

076 

136 

195 

255 

314 
374 
433 
493 
552 
611 
670 
729 
788 
847 
906 
964 

*023 

081 

140 

198 

256 

315 
373 
431 
489 
547 

559 

621 

683 

745 

807 

868 

930 

991 

052 

114 

175 

236 

297 

358 

418 

479 

540 

600 

661 

721 

781 

842 

902 

962 

*022 

082 

141 

201 

261 

320 

380 

439 

499 

558 

617 

676 

735 

794 

853 

911 

970 

*029 

087 

146 

204 

262 

320 

379 

437 

495 

552 

566 

628 

689 

751 

813 

874 

936 

997 

058 

120 

181 

242 

303 

364 

425 

485 

546 

606 

667 

727 

788 

848 

908 

968 

*028 

088 

147 

207 

267 
326 
386 
445 
504 
564 
623 
682 
741 
800 
859 
917 
976 

*035 

093 

151 

210 

268 
326 
384 
442 
500 
558 

7 

1 0.7 

2 1.4 

3 2.1 

4 2.8 

5 3.5 

6 4.2 

7 4.9 

8 5.6 

9 6.3 

6 

1 0.6 

2 1.2 

3 1.8 

4 2.4 

5 3.0 

6 3.6 

7 4.2 

8 4.8 

9 5.4 

6 

1 0.5 

2 1.0 

3 1.5 

4 2.0 

5 2.5 

6 3.0 

7 3.5 

8 4.0 

9 4 5 

1 vr. |l. 0 

X 

1 H 1 =* 1 M H 1 » 
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TABLE I 750-800 


mm 

L. 0 

MM 

■in 

4 

mmwm 


Prop. Parts 

760 

751 

752 

753 

754 
766 

756 

757 

758 

759 

760 

761 

762 

763 

764 
766 

766 

767 

768 

769 

770 

771 

772 

773 

774 
776 

776 

777 

778 

779 

780 

781 

782 

783 

784 
786 

786 

787 

788 

789 

790 

791 

792 

793 

794 
796 

796 

797 

798 

799 

800 

87 506 
564 
622 
679 
737 
795 
852 
910 
967 

88 024 
081 
138 
195 
252 
309 
366 
423 
480 
536 
593 
649 
705 

762 
818 
874 
930 
986 

89 042 
098 
154 
209 
265 
321 
376 
432 
487 
542 
597 
653 
708 

763 
818 ' 
873 , 
927 
982 

90 037 
091 
146 
200 
255 
309 

512 

570 

628 

685 

743 

800 

858 

915 

973 

030 

087 

144 

201 

258 

315 

372 

429 

485 

542 

598 

655 

711 

767 
824 
880 
936 
992 
048 
104 
159 
215 
271 
326 
382 
437 
492 
548 
603 
658 
713 

768 
823 
878 
933 
988 
042 
097 
151 
206 
260 
314 

518 

576 

633 

691 

749 

806 

864 

921 

978 

036 

093 

150 

207 

264 

321 

377 

434 

491 

547 

604 

660 

717 

773 
829 
885 
941 
997 
053 
109 
165 
221 
276 
332 
387 
443 
498 
553 
609 
664 
719 

774 
829 
883 
938 
993 
048 
102 
157 
211 
266 
320 

523 

581 

639 

697 

754 

812 

869 

927 

904 

041 

098 

156 

213 

270 
326 
383 
440 
497 
553 
610 
666 
722 
779 
835 
891 
947 

♦003 

059 

115 

170 

226 

282 

337 

393 

448 

504 

559 

614 

669 

724 

779 

834 

889 

944 

998 

053 

108 

162 

217 

271 
325 

529 

587 

645 

703 
760 
818 
875 
933 
990 
047 
104 
161 
218 

275 
332 
389 
446 
502 
559 
615 
672 
728 

704 
840 
897 
953 

♦009 

064 

120 

176 

232 

207 

343 

398 

454 

509 

564 

620 

675 

730 

785 

840 

894 

949 

♦004 

059 

113 

168 

222 

276 
331 

535 

593 

651 

708 

766 

823 

881 

938 

996 

053 

no 

167 

224 

281 

338 

395 

451 

508 

564 

621 

677 

734 
790 
846 
902 
958 

♦014 

070 

126 

182 

237 

293 

348 

404 

459 

515 

570 

625 

680 

735 
790 
845 
900 
955 

♦009 

064 

119 

173 

227 

282 

336 

541 

599 

656 

714 

772 

829 

887 

944 

♦001 

058 

116 

173 

230 

287 

343 

400 

457 

513 

570 

627 

683 

739 

795 
852 
908 
964 

*020 

076 

131 

187 

243 

298 

354 

409 

465 

520 

575 

631 

686 

741 

796 
851 
905 
960 

♦015 

069 

124 

179 

233 

287 

342 

547 

604 

662 

720 

777 

835 

892 

950 

♦007 

064 

121 

178 

235 

292 
349 
406 
463 
519 
576 
632 
689 

745 
801 
857 
913 
969 

♦025 

081 

137 

193 

248 

304 

360 

415 

470 

526 

581 

636 

691 

746 
801 
856 
911 
966 

♦020 

075 

129 

184 

238 

293 
347 

552 

610 

668 

726 

783 

841 

898 

955 

♦013 

070 

127 

184 

241 

298 

355 

412 

468 

525 

581 

638 

694 

750 

807 

863 

919 

975 

♦031 

007 

143 

198 

254 

310 

365 

421 

476 

531 

586 

642 

697 

752 

807 

862 

916 

971 

♦026 

080 

135 

189 

244 

298 

352 

558 

616 

674 

731 

789 

846 

904 

961 

*018 

076 

133 

190 

247 

304 

360 

417 

474 

530 

587 

643 

700 

756 
812 
868 
925 
981 

♦037 
092 
148 
204 
260 
315 
371 
426 
481 
537 
592 
647 
702 ! 

757 
812 
867 
922 
977 

♦031 

086 

140 

195 

249 

304 

358 

6 

1 0.6 

2 1.2 

3 1.8 

4 2.4 

5 3.0 

6 3.6 

7 4.2 

8 4.8 

9 5.4 

5 

1 0.5 

2 1.0 

3 1.5 

4 2.0 

5 2.5 

6 3.0 

7 3.5 

8 4.0 

9 4.5 

lESnEKI 


8 

9 
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TABLE I 


800-850 


N. 

L. 0 

z 

3 

3 

rri 

5 

6 

7 

m 

9 

Prop. Parts 

800 

801 

802 

803 

804 

805 

806 

807 

808 

809 

810 
811 
812 

813 

814 
816 
816 

817 

818 

819 

820 
821 
822 

823 

824 

825 

826 

827 

828 

829 

830 

831 

832 

833 

834 

835 

836 

837 

838 

839 

840 

841 

842 

843 

844 

845 

846 

847 

848 

849 

850 

90 309 
363 
417 
472 
526 
580 
634 
687 
741 
795 
849 
902 
956 

91 009 
062 
116 
169 
222 
275 
328 
381 
434 
487 
540 
593 
645 
698 
751 
803 
855 
908 
960 

92 012 
065 
117 
169 
221 
273 
324 
376 
428 
480 
531 
583 
634 
686 
737 
788 
840 

i 891 
942 

314 

369 

423 

477 

531 

585 

639 

693 

747 

800 

854 

907 

961 

014 

068 

121 

174 

228 

281 

334 

387 

440 

492 

545 

598 

651 

703 

756 

808 

861 

913 

965 

018 

070 

122 

174 

226 

278 

330 

381 

433 

485 

536 

588 

639 

691 

742 

793 

845 

896 

947 

320 

374 

428 

482 

536 

590 

644 
698 
752 
806 
859 
913 
966 
020 
073 
126 
180 
233 
286 
339 
392 
445 
498 
551 
603 
656 
709 
761 
814 
866 
918 
971 
023 
075 
127 
179 
231 
283 
335 
387 
438 
490 
542 
593 

645 
696 
747 
799 
850 
901 
952 

325 

380 

434 

488 

542 

596 

650 

703 

757 

811 

865 

918 

972 

025 

078 

132 

185 

238 

291 

344 

397 

450 

503 

556 

609 

661 

714 

766 

819 

871 

924 

976 

028 

000 

132 

184 

236 

288 

340 

392 

443 

495 

547 

598 

650 

701 

752 

804 

855 

906 

957 

331 

385 

439 

493 

547 

601 

655 

709 

763 

816 

870 

924 

977 

030 

084 
137 
190 
243 
297 
350 
403 
455 
508 
561 
614 
666 
719 
772 
824 
876 
929 
981 
033 

085 
137 
189 
241 
293 
345 
397 
449 
500 
552 
603 
655 
706 
758 
809 
860 
911 
962 

336 

390 

445 

499 

553 

607 

660 

714 

768 

822 

875 

929 

902 

036 

089 

142 
196 
249 
302 
355 
408 
461 
514 
566 
619 
672 
724 
777 
829 
882 
934 
986 
038 
091 

143 
195 
247 
298 
350 
402 
454 
505 
557 
609 
660 
711 
763 
814 
865 
916 
967 

342 

396 

450 

504 

558 

612 

666 

720 

773 

827 

881 

934 

988 

041 

094 

148 

201 

254 

307 

360 

413 

466 

519 

572 

624 

677 

730 

782 

834 

887 

939 

991 

044 

096 

148 

200 

252 

304 

355 

407 

459 

511 

562 

614 

665 

716 

768 

819 

870 

921 

973 

347 

401 

455 

509 

563 

617 

671 

725 

779 

832 

886 

940 

993 

046 

100 

153 

206 

259 

312 

365 

418 

471 

524 

577 

630 

682 

735 

787 

840 

892 

944 

997 

049 

101 

153 

205 

257 

309 

361 

412 

464 

516 

567 

619 

670 

722 

773 

824 

875 

927 

978 

352 

407 

461 

515 

569 

623 
677 
730 
784 
838 
891 
945 
998 
052 

105 
158 
212 
265 
318 
371 
424 
477 
529 
582 
635 
687 
740 
793 
845 
897 
950 

*002 

054 

106 
158 
210 
262 
314 
366 
418 
469 
521 
572 

624 
675 
727 
778 
829 
881 
932 
983 

358 

412 

466 

520 

574 

628 

682 

736 

789 

843 

897 

950 

*004 

057 

110 

164 

217 

270 

323 

376 

429 

482 

535 

587 

640 

693 

745 

798 

850 

903 

955 

*007 

059 

111 

163 

215 

267 

319 

371 

423 

474 

526 

578 

629 

681 

732 

783 

834 

886 

937 

988 

6 

1 0.6 

2 1.2 

3 1.8 

4 2 4 

5 3.0 

6 3.6 

7 4.2 

8 4.8 

9 5.4 

5 

1 0.5 

2 1.0 

3 1.5 

4 2.0 

5 2.5 

6 3.0 

7 3.5 

8 4.0 

9 4.5 

N. 

L. 0 

I 


3 

Li. 

S 

6 1 

7 1 

Hj 

9 

Prop. Parts 
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TABLE I 850-900 
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TABLE I 


900-950 


N. 

L. 0 

X 

“n 

m 

4 

S 

6 

7 

8 

r" 9 '^ 

Prop. Parts 

900 

901 

902 

903 

904 
005 

906 

907 

908 

909 

910 

911 

912 

913 

914 
916 

916 

917 

918 

919 

920 

921 

922 

923 

924 
926 

926 

927 

928 

929 

930 

931 

932 

933 

934 
936 

936 

937 

938 

939 

940 

941 

942 

943 

944 
946 

946 

947 

948 

949 
960 

95 424 

472 
521 
569 
617 
665 
713 
761 
809 
856 
904 
952 
999 

96 047 
095 
142 
190 
237 
284 
332 
379 
426 

473 
520 
567 
614 
661 
708 
755 
802 
848 
895 
942 
988 

97 035 
081 
128 
174 
220 
267 
313 
359 
405 
451 
497 
543 
589 
635 
681 
727 
772 

429 

477 
525 
574 
622 
670 
718 
766 
813 
861 
909 
957 

*004 

052 

099 

147 

194 

242 

289 

336 

384 

431 

478 
525 
572 
619 
666 
713 
759 
806 
853 
900 
946 
993 
039 
086 
132 
179 
225 
271 
317 
364 
410 
456 
502 
548 
594 
640 
685 
731 
777 

434 

482 
530 
578 
626 
674 
722 
770 
818 
866 
914 
961 

*009 

057 

104 

152 

199 

246 

294 

341 

388 

435 

483 
530 
577 
624 
670 
717 
764 
811 
858 
904 
951 
997 
044 
090 
137 
183 
230 
276 
322 
368 
414 
460 
506 
552 
598 
644 
690 
.736 
782 

439 
487 
535 
583 
631 
679 
727 
775 
823 
871 
918 
966 

♦014 

061 

109 

156 

204 

251 

298 

346 

393 

440 
487 
534 
581 
628 
675 
722 
769 
816 
862 
909 
956 

*002 

049 

095 

142 

188 

234 

280 

327 

373 

419 

463 

511 

557 

603 

649 

695 

740 

786 

444 
492 
540 
588 
636 
684 
732 
780 
828 
875 
923 
971 

*019 

066 

114 

161 

209 

256 

303 

350 

398 

445 
492 
539 
586 
633 
680 
727 
774 
820 
867 
914 
960 

*007 

053 

100 

146 

192 

239 

285 

331 

377 

424 

470 

516 

562 

607 

653 

699 

745 

791 

448 

497 

545 

593 

641 

689 

737 

785 

832 

880 

928 

976 

*023 

071 

118 

166 

213 

261 

308 

355 

402 

450 

497 

544 

591 

638 

685 

731 

778 

825 

872 

918 

965 

*011 

058 

104 

151 

197 

243 

290 

336 

382 

428 

474 

520 

566 

612 

658 

704 

749 

795 

453 
501 
550 
598 
646 
694 
742 
789 
837 
885 
933 
980 

*028 

076 

123 

171 

218 

265 

313 

360 

407 

454 
501 
548 
595 
642 
689 
736 
783 
830 
876 
923 
970 

*016 

063 

109 

155 

202 

248 

294 

340 

387 

433 

479 

525 

571 

617 

663 

1 708 
754 
800 

458 
506 
554 
602 
650 
698 
746 
794 
842 
890 
938 
985 

*033 

080 

128 

175 

223 

270 

317 

365 

412 

459 
506 
553 
600 
647 
694 
741 
788 
834 

1 881 
928 
974 

*021 

067 

114 

160 

206 

253 

299 

' 345 
391 
437 
483 
529 
575 
621 
667 
713 
759 
804 

463 
511 
559 
607 
655 
703 
751 
799 
847 
895 
942 
990 

*038 

085 

133 

180 

227 

275 

322 

369 

417 

464 
511 
558 
605 
652 
699 
745 
792 
839 
886 
932 
979 

*025 

072 

118 

165 

211 

257 

304 

350 

396 

442 

488 

534 

580 

626 

672 

717 

763 

809 

468 

516 

564 

612 

660 

708 

756 

804 

852 

899 

947 

995 

*042 

090 

137 

185 

232 

280 

327 

374 

421 

468 

515 

562 

609 

656 

703 

750 

797 

844 

I 890 
937 
984 
*030 
, 077 
' 123 
169 
216 
262 
308 
354 
400 
447 
493 
539 
585 
630 

1 676 
722 
768 
813 

5 

1 0.5 

2 1.0 

3 1.5 

4 2.0 

5 2.5 

6 3.0 

7 3.5 

8 4.0* 

9 4.5 

4 

1 0.4 

2 0.8 

3 1.2 

4 1.6 

5 2.0 

6 2.4 

7 2.8 

8 3.2 

9 3.6 

N. 

L. 0 

X 

1 a 

LjJ 

4 

s 

LL- 

Ll. 

ll. 

1 9 

1 Prop. Parts 
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TABLE I 


950-1000 


8 


9 


Prop. Parts 


N. 

L. 0 

z 

a 

rri 

4 

5 

6 

7 1 8 1 9 1 Prop. Parts 

950 

97 772 

777 

782 

786 

791 

795 

800 

804 

809 

813 



951 

818 

823 

827 

832 

836 

841 

845 

850 

855 

859 



952 

864 

868 

873 

877 

882 

886 

891 

896 

900 

905 



953 

909 

914 

918 

923 

928 

932 

937 

941 

946 

950 



954 

955 

959 

964 

968 

973 

978 

982 

987 

991 

996 



956 

98 000 

005 

009 

014 

019 

023 

028 

032 

037 

041 



956 

046 

050 

055 

059 

064 

068 

073 

078 

082 

087 



957 

091 

096 

100 

105 

109 

114 

118 

123 

127 

132 



958 

137 

141 

146 

150 

155 

159 

164 

168 

173 

177 



959 

182 

186 

191 

195 

200 

204 

209 

214 

218 

223 



960 

227 

232 

236 

241 

245 

250 

254 

259 

263 

268 


5 

961 

272 

277 

281 

286 

290 

295 

299 

304 

308 

313 

1 

0 5 

962 

318 

322 

327 

331 

336 

340 

345 

349 

354 

358 

2 

10 

963 

363 

367 

372 

376 

381 

385 

390 

394 

399 

403 

3 

1 5 

964 

408 

412 

417 

421 

426 

430 

435 

439 

444 

448 

4 

2.0 

965 

453 

457 

462 

466 

471 

475 

480 

484 

489 

493 

5 

2.5 

966 

498 

502 

507 

511 

516 

520 

525 

529 

534 

538 

6 

3.0 

967 

543 

547 

552 

556 

561 

565 

570 

574 

579 

583 

7 

3.5 

968 

588 

592 

597 

601 

605 

610 

614 

619 

623 

628 

8 

4.0 

969 

632 

637 

641 

646 

650 

655 

659 

664 

668 

673 

9 

4.5 

970 

677 

682 

686 

691 

695 

700 

704 

709 

713 

717 



971 

722 

726 

731 

735 

740 

744 

749 

753 

758 

762 



972 

767 

771 

776 

780 

784 

789 

793 

798 

802 

807 



973 

811 

816 

820 

825 

829 

834 

838 

843 

847 

851 



974 

856 

860 

865 

869 

874 

878 

883 

887 

892 

896 



975 

900 

905 

909 

914 

918 

923 

927 

932 

936 

941 



976 

945 

949 

954 

958 

963 

967 

972 

976 

981 

985 



977 

989 

994 

998 

*003 

*007 

*012 

*016 

*021 

*025 

*029 



978 

99 034 

038 

043 

047 

052 

056 

061 

065- 

069 

074 



979 

078 

083 

087 

092 

096 

100 

105 

109 

114 

118 



980 

123 

127 

131 

136 

140 

145 

149 

154 

158 

162 


4 

981 

167 

171 

176 

180 

185 

189 

193 

198 

202 

207 

1 

0.4 

982 

211 

216 

220 

224 

229 

233 

238 

242 

247 

251 

2 

0.8 

983 

255 

260 

264 

269 

273 

277 

282 

286 

291 

295 

3 

12 

984 

300 

304 

308 

313 

317 

322 

326 

330 

335 

339 

4 

1.6 

985 

344 

348 

352 

357 

361 

366 

370 

374 

379 

383 

5 

2.0 

986 

388 

392 

396 

401 

405 

410 

414 

419 

423 

427 

6 

2.4 

987 

432 

436 

441 

445 

449 

454 

458 

463 

467 

471 

7 

2.8 

988 

476 

480 

484 

489 

493 

498 

502 

506 

511 

515 

8 

3.2 

989 

520 

524 

528 

533 

537 

542 

546 

550 

555 

559 

9 

3.6 

990 

564 

568 

572 

577 

581 

585 

590 

594 

599 

603 



991 

607 

612 

616 

621 

625 

629 

634 

638 

642 

647 



992 

651 

656 

660 

664 

669 

673 

677 

682 

686 

691 



993 

695 

699 

704 

708 

712 

717 

721 

726 

730 

734 



994 

739 

743 

747 

752 

756 

760 

765 

769 

774 

778 



995 

782 

787 

791 

795 

800 

804 

808 

813 

817 

822 



996 

826 

830 

835 

839 

843 

848 

852 

856 

861 

865 



997 

870 

874 

878 

883 

887 

891 

896 

900 

904 

909 



998 

913 

917 

922 

926 

930 

935 

939 

944 

948 

952 



999 

957 

961 

965 

970 

974 

978 

983 

987 

991 

996 



1000 

00 000 

004 

009 

013 

017 

022 

026 

030 

035 

039 



If. 

L. 0 

1 I 

a 

3 

4 

s 

6 

7 

8 

9 

1 Prop. Parts 
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TABLE II 

LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 




0 " 


TABLE IT 


1790 



600 10 
660 11 
720 12 
780 13 

840 14 


900 15 

960 16 

1020 17 

1080 18 
1140 19 

1200 ‘20 
1260 21 
1320 22 

1380 23 

1440 24 

1500 26 

1560 26 

1620 27 

1680 28 
1740 29 


1800 30 

1860 31 

1920 32 

1980 33 

34 


35 

2160 36 

2220 37 

2280 38 

2 340 39_ 

2400 40 

2460 41 

2520 42 

2580 43 

2640 44 

~ 2700 45 

2760 46 

2820 47 
2880 48 

2940 49 


3000 60 

3060 51 

3120 52 

3180 53 

3240 54 


3300 65 
3360 56 
3420 57 
3480 58 
3540 59 


5391 5.3 
6268 5.3 
7128 5.3 
7971 5.3 
8798 5.3 
9610 5.3: 
8.20407 5.3 
21189 5.3 
21958 5.3 
22713 5.3 
23456 5.3 
24186 5.3 


nf. ncg. — Infinite, 

6.46373 5.3144313.53627 

76476 5.31443 23524 

94085 5.31443 05915 

7 06579 5 3144212.93421 

7.16270 5.3144212.83730 
24188 5.31442 75812 

30882 5.31442 69118 

36682 5.31442 63318 

41797 5.31442 58203 

7.46373 5 3144212.53627 

50512 5.31442 49488 

54291 5.31 442 45709 

57767 5.31442 42233 

60986 5.31442 39014 


7.63982 

66785 

69418 

71900 

74248 

7.76476 

78595 

80615 

82546 

__84394 

7.86167 

87871 

89510 

91089 

_J)2613 

7.94086 

95510 

96889 

98225 

99522 

8.00781 

02004 

03194 

04353 

05481 


5.31442 12. 
5.31442 
5.31442 
5.31442 
5.31442 
5.31 442 12. 
5.31442 
5.31 442 
5.31 442 

5 314^ 

'5.3144212 
5.31442 
5.31442 
5 31 442 

5.31441 I 

5.31 441 12. i 

5.31441 

5.31441 

5.31441 

5 31 441 

5.31441 11. 

5 31441 

5.31441 

5.31441 

5.31441 



2352410, 
21405 
19385 
17454 
15606 
13833 
121 ! 
104„w, 
08911 
0738^ 


000011 9.999991 40 
39 
38 
37 
36 


8.11696 
12651 
13585 
505 14500 

609 15395 

732 8.16273 
872 17133 

17976 
18804 
19616 
8.20413 
21195 
21964 
22720 
23462 
24192 


5 31441 11. 
5.31440 
5.31440 
5.31 440 
5.31 440 
5 3144011. 
5.31440 
5.31440 
5.31 440 

5 3 1 440 

5.3143911. 

5.31439 

5.31439 

5.31439 

5. 31439 

5.3143911. 
5.31439 
5.31439 
5.31438 
5.31438 
5.31438 



90 ° 


39 


89 ° 




































V 


TABLE II 


178 ° 






































T 


TABLE II 


1770 
































42 











TABLE II 



43 

















4 ° 


TABLE II 


175 ° 










TABLE II 



45 












5 


TABLE II 


174 










TABLE II 


I Proportional Parts 

1381 1371 1361 1351 1341 1331 1331 1311 1301 1391 1381 1371 1361 135 ] 1341 1331 1331 


0 0 0 0 0 

2 2 2 2 2 

5 5 5 4 4 

7 7 7 7 7 

9 9 9 9 9 


0 0 0 0 0 0 0 0 0 0 


9 9 9 9 


12 11 11 11 11 11 11 11 11 11 11 11 10 10 10 10 10 

14 14 14 14 13 13 13 13 13 13 13 13 13 12 12 12 12 

16 16 16 16 16 16 15 16 15 15 15 15 15 15 14 14 14 

18 18 18 18 18 18 18 17 17 17 17 17 17 17 17 16 16 

21 21 20 20 20 20 20 20 20 19 19 19 19 19 19 18 18 


23 23 23 22 22 22 

25 25 25 25 25 24 

28 27 27 27 27 27 

30 30 29 29 29 29 

32 32 ^ ^ Jll 31 

34 34 34 34 33 ' 

37 37 36 36 36 35 

39 39 39 38 38 38 

41 41 41 40 40 40 

44 ^3 43 43 42 42 

"46 46 “45 45 ~44 " 

48 48 48 47 47 47 

51 50 50 50 49 49 

53 53 52 52 51 51 

55 55 _54 54 54 53 

58 57 57 56 56 55 

60 59 59 58 58 58 

62 ()2 f)l 61 60 60 

64 64 63 63 63 62 

67 66 66 65 65 _64 

69 68 68 ()8 67 6() 

71 71 70 70 69 69 

74 73 73 72 71 71 

76 75 75 74 74 73 

78 _ 7Hjn 76 76 75 

80 80 79 " 79 ’ 78 ' 

83 82 82 81 80 

85 84 84 83 83 

87 87 8() 86 85 

90 88 _87 

92 91 91 90 89 ^ 

94 94 93 92 92 

97 96 95 94 94 

99 98 97 97 96 

101 J(W 100 _99 _98 

104 103 I02 101 100 

106 105 104 104 103 

108 107 107 106 105 

110 110 109 108 107 

113 112 111 no 109 

115 114 li3 112 112 ~ 

117 116 116 115 114 

120 119 118 117 116 

122 121 120 119 118 

124 123 122 122 121 


21 21 21 
23 23 23 

25 25 25 
27 27 27 

_29_^ 29 

32 31 31 

34 33 33 

36 35 35 

38 38 37 

42 42 ' 41 

44 44 43 

46 46 45 

48 48 48 

50 

52 ” 52 52 

55 54 54 

57 56 56 

59 58 58 

jn 60 60 
63 62 62 

65 65 64 

()7 67 66 
69 69 68 

71 71 70 


0 0 0 
2 2 0 
4 4 0 

6 6 0 
8 8 0 
’ 10 10 0 
12 12 0 
14 14 0 

16 16 0 
18 18 0 
”26 20 0 
22 22 0 
24 24 0 

26 26 f) 

28 28 0 
30 30 0 

32 32 1 

34 34 1 

36 36 1 

38 J18 1 
40 ^ 

42 42 1 
44 44 1 

46 46 1 

48 48 1 

‘50 50 1 

52 52 1 

54 54 1 

56 56 1 

5^ 58 1 

60 60 i“ 

63 62 1 

65 64 1 

67 66 1 

69 68 1 


77 76 76 
79 79 78 
81 81 80 
84 83 82 

86 _85 _84 
88 87 87 
90 90 89 
92 92 91 

95 94 93 
97 _90 __95 
99 98 98 ' 

101 100 100 
103 103 102 
106 105 104 
108 107 106 
no 109 108 
112 111 no 

114 114 113 
117 116 115 
119 118 117 


75 75 74 
77 77 76 
80 79 78 

82 81 80 
_84 ^ 

^6 85 85 
88 87 87 
90 90 89 

02 92 91 

95 _94 93 

97 96 " 95 " 

99 98 97 

101 100 99 

103 102 102 
105 105 104 
108 107 106 ' 
no 109 108 

112 111 no 

114 113 112 
116 115 114 


126 126 125 124 123 122 121 120 119 118 117 116 116 115 

129 128 127 126 125 124 123 122 121 120 119 119 118 117 

131 130 129 128 127 126 125 124 124 123 122 121 120 119 

133 132 131 130 130 129 128 127 126 125 124 123 122 121 

m m 134 m j^2 ^31 J30 m ,m m m m m 

1^7 125 

138 137 136 135 lU 133 133 131 130 139 138 137 136 135 

Proportional Parts 


72 72 71 71 70 

74 74 73 73 72 

76 76 75 75 74 

79 78 77 77 76 

81 80 79 79 7H 

S3 82 ‘81 h 1 80 

85 84 83 83 82 

87 8() 85 85 84 

89 88 87 87 86 

91 90 89 88 

93 92 92 91 90 

95 94 94 93 92 

97 96 96 95 94 

99 98 98 97 96 

101 100 100 99 98 

103 102 102 101 100 

105 105 104 103 102 

I 107 107 106 105 104 

no 109 108 107 106 

112 J41 110 i09 108 

'114 113 '112 111 no' 

116 115 114 113 112 

118 117 116 115 114 

120 119 118 117 116 

122 121 120 n9 J48 

i I 

1 134 133 133 131 130 


47 









6 ° 


TABLE II 


173 ° 







TABLE II 













T 


TABLE II 


172 ° 


r 

1 sin 

T 

"Tesc" 

1 tan 

d 

^cot 

1 sec 

T 

l cos 



D 

Proportional Parts 1 


9. 

1' 


9. 

r 

mm 

1^ 

1' 

9. 



H 

105 

104 

103 

103 




91411 



91086 



99675 

OE 



0 

0 

0 

0 

1 

692 


308 

■itiiiic! 



326 


674 

59 


1 

2 

2 

2 

2 

2 

796 


205 

123 

104 

877 

328 


672 

58 


2 

4 

3 

3 

3 

5 

897 



227 

104 

773 


2 


57 


3 

5 

5 

5 

5 

4 

999 

1 





331 


669 

56 


4 

7 

7 

7 

7 


mmt 

EiS 

434 


566 

333 


667 

m 


5 

9 

9 

9 

9 

e 

202 


798 

537 


463 

334 


666 

54 


6 

10 

10 

10 

10 

7 

30^ 


696 

640 


360 

336 


664 

53 



12 

12 

12 

12 

8 

405 


595 

742 


258 

337 

i 

663 

52 



14 

14 

14 

14 
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TABLE III 

NATURAL TRIGONOMETRIC FUNCTIONS 

Of angles for each minute from 0® to 90®, correct 
to five significant figures 



0 


TABLE III 


1 “ 


/ 

sia 

taa 

cot 

cos 




sin 

tan 

cot 

cos 


0 

.00000 

.00000 

oo 

1.0000 

60 


0 

.01745 

.01746 

57.290 

.99985 

60 

I 

029 

029 

3437.7 

000 

59 


1 

774 

775 

56.351 

984 

59 

2 

058 

058 

1718.9 

000 

58 


2 

803 

804 

55.442 

984 

58 

3 

087 

087 

1145.9 

000 

57 


3 

832 

833 

54.561 

983 

57 

4 

116 

116 

859.44 

000 

56 


4 

862 

862 

53.709 

983 

56 

5 

.00145 

.00145 

587.53 

1.0000 

55 


5 

.01891 

.01891 

52.882 

.99982 

55 

6 

175 

175 

572.96 

900 

54 


6 

920 

920 

52.081 

982 

54 

7 

204 

204 

491.11 

000 

53 


7 

949 

949 

51.303 

981 

53 

8 

233 

233 

429 72 

000 

52 


8 

.01978 

.01978 

50.549 

980 

52 

9 

262 

262 

381.97 

000 

51 


9 

.02007 

.02007 

49.816 

980 

51 

10 

.00291 

.00291 

343.77 

1.0000 

50 


10 

.02036 

.02036 

49.104 

.99979 

60 

11 

320 

320 

312.52 

.99999 

49 


11 

065 

066 

48.412 

979 

49 

12 

349 

349 

286.48 

999 

48 


12 

094 

095 

47.740 

978 

48 

13 

378 

378 

264.44 

999 

47 


13 

123 

124 

47.085 

977 

47 

14 

407 

407 

245.55 

999 

46 


14 

152 

153 

46.449 

977 

46 

15 

.00436 

.00436 

229.18 

.99999 

45 


16 

.02181 

.02182 

45.829 

.99976 

45 

16 

465 

465 

214.86 

999 

44 


16 

211 

211 

45.226 

976 

44 

17 

495 

495 

202.22 

999 

43 


17 

240 

240 

44.639 

975 

43 

18 

524 

524 

190.98 

999 

42 


18 

269 

269 

44.066 

974 

42 

19 

553 

553 

180.93 

998 

41 


19 

298 

298 

43.508 

974 

41 

20 

.00582 

.00582 

171.89 

.99998 

40 


20 

.02327 

.02328 

42.964 

.99973 

40 

21 

611 

611 

163.70 

998 

39 


21 

356 

357 

42.433 

972 

39 

22 

640 

640 

156.26 

998 

38 


22 

385 

386 

41.916 

972 

38 

23 

669 

669 

149.47 

998 

37 


23 

414 

415 

41.411 

971 

37 

24 

698 

698 

143.24 

998 

36 


24 

443 

444 

40.917 

970 

36 

25 

.00727 

.00727 

137.51 

.99997 

36 


25 

.02472 

.02473 

40.436 

.99969 

35 

26 

756 

756 

132.22 

997 

34 


26 

501 

502 

39.965 

969 

34 

27 

785 

785 

127.32 

997 

33 


27 

530 

531 

39.506 

968 

33 

28 

814 

815 

122.77 

997 

32 


28 

560 

560 

39.057 

967 

32 

29 

844 

844 

118.54 

996 

31 


29 

589 

589 

38.618 

966 

31 

30 

.00873 

.00873 

114.59 

.99996 

30 


30 

.02618 

.02619 

38.188 

.99966 

30 

31 

902 

902 

110.89 

996 

29 


31 

647 

648 

37.769 

965 

29 

32 

931 

931 

107.43 

996 

28 


32 

676 

677 

37.358 

964 

28 

33 

960 

960 

104.17 

995 

27 


33 

705 

706 j 

36.956 

963 

27 

34 

.00989 

.00989 

101.11 

995 

26 


34 

734 

735 1 

36.563 

963 

26 

35 

01018 

.01018 

98.218 

.99995 

25 


35 

.02763 

.02764 

36.178 

.99962 

25 

36 

047 

047 

95.489 

995 

24 


36 

792 

793 

35.801 

961 

24 

37 

076 

076 

92.908 

994 

23 


37 

821 

822 

35.431 

960 

23 

38 

105 

105 

90.463 

994 

22 


38 

850 

851 

35.070 

959 

22 

39 

134 

135 

88.144 

994 

21 


39 

879 

881 

34.715 

959 

21 

40 

.01164 

.01164 

85.940 

.99993 

20 


40 

02908 

.02910 

34.368 

.99958 

20 

41 

193 

193 1 

83.844 

993 

19 


41 

938 

939 

34.027 

957 

19 

42 

222 

222 

81.847 

993 

18 


42 

967 

968 

33.694 

956 

18 

43 

251 

251 

79,943 

992 

17 


43 

.02996 

.02997 

33.366 

955 

17 

44 

280 

280 j 

78.126 

992 

16 


44 

.03025 

.03026 

33.045 

954 

16 

45 

.01309. 

.01309 

76.390 

.99991 

16 


45 

.03054 

.03055 

32.730 

.99953 

15 

46 

338 

338 

74.729 

991 

14 


46 

083 

084 

32.421 

952 

14 

47 

367 

367 

73,139 

991 

13 


47 

112 

114 

32.118 

952 

13 

48 

396 

396 

71.615 

990 

12 


48 

141 

143 

31.821 

951 

12 

49 

425 

425 

70.153 

990 

11 


49 

170 

172 

31.528 

950 

11 

60 

.01454 

.01455 

68.750 

.99989 

10 


60 

.03199 

.03201 

31.242 

.99949 

10 

51 

483 

484 

67.402 

989 

9 


51 

228 

230 

30.960 

948 

9 

52 

513 

513 

66.105 

989 

8 


52 

257 

259 

30.683 

947 

8 

53 

542 

542 

64.858 

988 

7 


53 

286 

288 

30.412 

946 

7 

54 

571 

571 

63.657 

988 

6 


54 

316 

317 

30.145 

945 

6 

65 

.01600 

.01600 

62.499 

.99987 

5 


65 

.03345 

.03346 

29.882 

.99944 

6 

56 

629 

629 

61.383 

987 

4 


56 

374 

376 

29.624 

943 

4 

57 

658 

658 

60.306 

986 

3 


57 

403 

405 

29.371 

942 

3 

58 

687 

687 

59.266 

986 

2 


58 

432 

434 

29.122 

941 

2 

59 

716 

716 

58.261 

985 

1 


59 

461 

463 

28,877 

940 

1 

60 

.01745 

.01746 

57.290 

.99985 

0 


60 

.03490 

.03492 

28.636 

.99939 

0 


i cos 

cot 

tan 

sin 




cos 

cot 

tan 1 

sin 

t 
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TABLE ITI 


2 ° 


3 ° 



sin 1 

tan 

cot 

cos 



/ 

sin 

tan 1 

cot 

cos 


0 

.03490 

.03492 

28.636 

.99939 

60 


0 

.05234 

.05241 

19.081 

.99863 

60 

1 

519 

521 

.399 

938 

59 


1 

263 

270 

18.976 

861 

59 

2 

548 

550 

28.166 

937 

58 


2 

292 

299 

.871 

860 

58 

3 

577 

579 

27.937 

936 

57 


3 

321 

328 

.768 

858 

57 

4 

606 

609 

.712 

935 

56 


4 

350 

357 

.666 

857 

56 

6 

.03635 

.03638 

27.490 

.99934 

65 


5 

.05379 

.05387 

18.564 

.99855 

55 

6 

664 

667 

.271 

933 

54 


6 

408 

416 

.464 

854 

54 

7 

693 

696 

27.057 

932 

53 


7 

437 

445 

.366 

852 

53 

8 

723 

725 

26.845 

931 

52 


8 

466 

474 

.268 

851 

52 

9 

752 

754 

.637 

930 

51 


9 

495 

503 

.171 

849 

51 

10 

03781 

.03783 

26.432 

.99929 

60 


10 

.05524 

.05533 

18.075 

.99847 

50 

11 

810 

812 

.230 

927 

49 


11 

553 

562 

17.980 

846 

49 

12 

839 

842 

26.031 

926 

48 


12 

582 

591 

.886 

844 

48 

13 

868 

871 

25.833 

925 

47 


13 

611 

620 

.793 

842 

47 

14 

897 

900 

.642 

924 

46 


14 

640 

649 

.702 

841 

46 

15 

.03926 

03929 

25.452 

.99923 

45 


16 

.05669 

.05678 

17.611 

.99839 

45 

16 

955 

958 

.264 

922 

44 


16 

698 

703 

.521 

838 

44 

17 

.03984 

.03987 

25.080 

921 

43 


17 

727 

737 

.431 

836 

43 

18 

.04013 

.04016 

24.898 

919 

42 


18 

756 

766 

.343 

834 

42 

19 

042 

046 

.719 

918 

41 


19 

785 

795 

.256 

833 

41 

20 

.04071 

04075 

24 542 

.99917 

40 


20 

.05814 

.05824 

17.169 

.99831 

40 

21 

100 

104 

.368 

916 

39 


21 

844 

854 

17.084 

829 

39 

22 

129 

133 

.196 

915 

38 


22 

873 

883 

16.999 

827 

38 

23 

159 

162 

24.026 

913 

37 


23 

902 

912 

.915 

826 

37 

24 

188 

191 

23.859 

912 

36 


24 

931 

941 

.832 

824 

36 

25 

.04217 

04220 

23.693 

.99911 

36 


26 

.05960 

.05970 

16,750 

.99822 

35 

26 

246 

230 

.532 

910 

34 


26 

.05989 

.05999 

.668 

821 

34 

27 

275 

279 

.372 

909 

33 


27 

.06018 

.06029 

.587 

819 

33 

28 

304 

308 

.214 

907 

32 


28 

047 

058 

.507 

817 

32 

29 

333 

337 

23.058 

906 

31 


29 

076 

087 

.428 

815 

31 

30 

.04362 

.04366 

22.904 

.99905 

30 


30 

.06105 

.06116 

16.350 

.99813 

30 

31 

391 

395 

.752 

904 

29 


31 

134 

145 

.272 

812 

29 

32 

420 

1 424 

.602 

902 

28 


32 

163 

175 

.195 

810 

28 

33 

449 

1 454 

.454 

901 

27 


33 

192 

204 

.119 

808 

27 

34 

478 

483 

.308 

900 

26 


34 

221 

233 

16.043 

806 

26 

36 

.04507 

.04512 

22.164 

.99898 

25 


35 

.06250 

.06262 

15.969 

.99804 

25 

36 

536 

541 

22.022 

897 

24 


36 

279 

291 

.895 

803 

24 

37 

565 

570 

21.881 

896 

23 


37 

308 

321 

.821 

801 

23 

38 

594 

599 

.743 

894 

22 


38 

337 

350 

.748 

799 

22 

39 

623 

628 

.606 

893 

21 


39 

366 

379 

.676 

797 

21 

40 

.04653 

04658 

21.470 

.99892 

20 


40 

.06395 

.06408 

15.605 

.99795 

20 

41 

682 

687 

.337 

890 

19 


41 

424 

438 

.534 

793 

19 

42 

711 

716 

.205 

889 

18 


42 

453 

467 

.464 

792 

18 

43 

740 

745 

21.075 

888 

17 


43 

482 

496 

.394 

790 

17 

44 

769 

774 

20.946 

886 

16 


44 

511 

525 

.325 

788 

16 

45 

.04798 

.04803 

20.819 

.99885 

15 


45 

.06540 

.06554 

15.257 

.99786 

15 

46 

827 

833 

.693 

883 

14 


46 

569 

584 

.189 

784 

14 

47 

856 

862 

.569 

882 

13 


47 

598 

613 

.122 

782 

13 

48 

885 

891 

.446 

881 

12 


48 

627 

642 

15.056 

780 

12 

49 

914 

920 

.325 

879 



49 

656 

671 

14.990 

778 

11 

50 

04943 

.04949 

20.206 

.99878 

10 


60 

.06685 

.06700 

14.924 

.99776 

10 

51 

04972 

.04978 

20.087 

876 

9 


51 

714 

730 

.860 

774 

9 

52 

.05001 

.05007 

19.970 

875 

8 


52 

743 

759 

.795 

, 772 

8 

53 

030 

037 

.855 

873 

7 


53 

773 

788 

.732 

770 

7 

54 

059 

066 

.740 

872 

6 


54 

802 

817 

.669 

768 

6 

65 

.05088 

.05095 

19.627 

.99870 

5 


55 

.06831 

.06847 

14.606 

.99766 

6 

56 

117 

124 

.516 

869 

4 


56 

860 

876 

.544 

764 

4 

57 

146 

153 

.405 

867 

3 


57 

889 

905 

.482 

762 

3 

58 

175 

182 

.296 

866 

2 


58 

918 

934 

.421 

760 

2 

59 

205 

212 

.188 

864 

1 


59 

947 

963 

.361 

758 

1 

60 

.05234 

.05241 

19.081 

.99863 

0 


60 

.06976 

.06993 

14.301 

.99756 

0 


cos 

cot 

1 tan 

sin 

~ 


1 l_S2L- 

1 cot 

tan 

1 sin 

l:_ 


87 “ 


93 


86 




4 


TABLE III 


5 


G 

sin 

tan 

cot 

cos 


0 

.08716 

.08749 

11.430 

.99619 

60 

1 

745 

778 

.392 

617 

59 

2 

774 

807 

.354 

614 

58 

3 

803 

837 

.316 

612 

57 

4 

831 

866 

.279 

609 

56 

5 

.08860 

.08895 

11.242 

.99607 

65 

6 

889 

92? 

,20? 

604 

54 

7 

918 

954 

.168 

602 

53 

8 

947 

.08983 

.132 

599 

52 

9 

.08976 

.09013 

.095 

596 

51 

10 

.09005 

.09042 

11.059 

.99594 

60 

11 

034 

071 

11.024 

591 

49 

12 

063 

101 

10.988 

588 

48 

13 

092 

130 

.953 

586 

47 

14 

121 

159 

.918 

583 

46 

16 

.09150 

.09189 

10.883 

.99580 

46 

16 

179 

218 

.848 

578 

44 

17 

208 

247 

.814 

575 

43 

18 

237 

277 

.780 

572 

42 

19 

266 

306 

.746 

570 

41 

20 

.0929? 

.09335 

10.712 

.99567 

40 

21 

324 

365 

.678 

564 

39 

22 

353 

394 

.645 

562 

38 

23 

382 

423 

.612 

559 

37 

24 

411 

453 

.579 

556 

36 

26 

.09440 

.09482 

10.546 

.99553 

35 

56 

469 

511 

.514 

551 

34 

27 

498 

541 

.481 

548 

33 

28 

527 

570 

.449 

545 

32 

29 

556 

600 

.417 

542 

31 

30 

.09585 

.09629 

10.385 

.99540 

30 

31 

614 

658 

.354 

537 

29 

32 

642 

688 

.322 

534 

28 

33 

671 

717 

.291 

531 

27 

34 

700 

746 

.260 

528 

26 

36 

.09729 

.09776 

10.229 

.99526 

25 

36 

758 

805 

.199 

523 

24 

37 

787 

834 

.168 

520 

23 

38 

816 

864 

.138 

517 

22 

39 

845 

893 ! 

.108 

514 

21 

40 

.09874 

.09923 

10.078 

.99511 

20 

41 

903 

952 ! 

.048 

508 

19 

42 

932 

.09981 

10.019 

506 

18 

43 

961 

.10011 

9.9893 

503 

17 

44 

.09990 

040 j 

.9601 

500 

16 

46 

.10019 

.10069 

9.9310 

.99497 

16 

46 

048 

099 

.9021 

494 

14 

47 

077 

128 

.8734 

491 

13 

48 

106 

158 

.8448 

488 

12 

49 

135 

187 ! 

.8164 

485 

11 

60 

.10164 

.10216 

9.7882 

.99482 

10 

51 

192 

246 

.7601 

479 

9 

52 

221 

275 

.7322 

476 

8 

53 

250 

305 

.7044 

473 

7 

54 

279 

334 

.6768 

470 

6 

55 

.10308 

.10363 

9.6493 

.99467 

5 

56 

337 

393 

.6220 

464 

4 

57 

366 

422 

.5949 

461 

% 

58 

395 

452 

.5679 

458 

2 

59 

424 

481 

.5411 

455 

I » 

60 

.10453 

.10510 

9.5144 

.99452 



cos 1 

cot 1 

tan 

sin 

lJ 


84 “ 


ri - 

tan 

cot 

cos 


0 

.06976 

.06993 

14.301 

.99756 

60 

1 

.07005 

.07022 

.241 

754 

59 

2 

034 

051 

.182 

752 

58 

3 

063 

080 

.124 

750 

57 

4 

092 

no 

.065 

748 

56 

5 

.07121 

.07139 

14.008 

.99746 

55 

6 

150 

168 

13.951 

744 

54 

7 

179 

197 

.894 

742 

53 

8 

208 

227 

.838 

740 

52 

9 

237 

256 

.782 

738 

51 

10 

.07266 

.07285 

13.727 

.99736 

50 

11 

29? 

314 

.672 

734 

49 

12 

324 

344 

.617 

731 

48 

13 

353 

373 

.563 

729 

47 

14 

382 

402 

.510 

727 

46 

16 

.07411 

.07431 

13.457 

.99725 

45 

16 

440 

461 

.404 

723 

44 

17 

469 

490 

.352 

721 

43 

18 

498 

519 

.300 

719 

42 

19 

527 

548 

.248 

716 

41 

20 

.07556 

.07578 

13.197 

.99714 

40 

21 

585 

607 

.146 

712 

39 

22 

614 

636 

.096 

710 

38 

23 

643 

665 

13.046 

708 

37 

24 

672 

695 

12.996 

705 

36 

26 

.07701 

.07724 

12 947 

.99703 

35 

26 

730 

753 

.898 

701 

34 

27 

759 

782 

.850 

699 

33 

28 

788 

812 

.801 

696 

32 

29 

817 

841 

.754 

694 

31 

30 

.07846 

.07870 

12.706 

.99692 

30 

31 

875 

899 

.659 

689 

29 

32 

904 

929 

.612 

687 

28 

33 

933 

958 

.566 

685 

27 

34 

962 

.07987 

.520 , 

683 

26 

36 

.07991 

.08017 

12.474 

.99680 

25 

36 

.08020 

046 

.429 

678 

24 

37 

049 

075 

.384 

676 

23 

38 

078 

104 

.339 

673 

22 

39 

107 

134 

.295 

671 

21 

40 

.08136 

.08163 

12.251 

.99668 

20 

41 

165 

192 

.207 

666 

19 

42 

194 

221 

.163 

664 

18 

43 

223 

251 

.120 

661 

17 

44 

252 

j 280 

.077 

659 

16 

45 

.08281 

1.08309 

12.035 

.99657 

15 

46 

310 

339 

11.992 

654 

14 

47 

339 

1 368 

.950 

652 

13 

48 

368 

! 397 

.909 

649 

12 

49 

397 

, 427 

.867 

647 

11 

60 

.08426 

1.08456 

11.826 

.99644 

10 

51 

455 

485 

.785 

642 

9 

52 

484 

514 

.745 

.639 

8 

53 

513 

544 

.705 

637 

7 

54 

542 

, 573 

.664 

635 

6 

56 

.08571 

.08602 

11.625 

.99632 

6 

56 

600 

632 

.585 

630 

4 

57 

629 

661 

.546 

627 

3 

58 

658 

690 

.507 

625 

2 

59 

‘ 687 

720 

.468 

622 

1 

60 

.08716 

.08749 

11.430 

.99619 

0 


cos 1 

cot { 

tan 

1 sin 1 



85 < 


94 




TABLE m 


6 » 


r 


/ 

sin 

tan 

cot 

cos 


0 

.12187 

.12278 

8.1443 

.99255 

60 

1 

216 

308 

.1248 

251 

59 

2 

245 

338 

.1054 

248 

58 

3 

274 

367 

.0860 

244 

57 

4 

302 

397 

.0667 

240 

56 

6 

.12331 

.12426 

8.0476 

.99237 

65 

6 

360 

456 

.0285 

233 

54 

7 

389 

485 

8.0095 

230 

53 

8 

418 

515 

7.9906 

226 

52 

9 

447 

544 

.9718 

222 

51 

10 

.12476 

.12574 

7.9530 

.99219 

60 

n 

504 

603 

.9344 

215 

49 

12 

533 

633 

.9158 

211 

48 

13 

562 

662 

.8973 

208 

47 

14 

591 

692 

.8789 

204 

46 

15 

.12620 

.12722 

7.8606 

.99200 

46 

16 

649 

751 

8424 

197 

44 

17 

678 

781 

.8243 

193 

43 

18 

706 

810 

.8062 

189 

42 

19 

735 

840 

.7882 

186 

41 

20 

.12764 

.12869 

7.7704 

.99182 

40 

21 

793 

899 

.7525 

178 

39 

22 

822 

929 

.7348 

175 

38 

23 

851 

958 

.7171 

171 

37 

24 

880 

.12988 

.6996 

167 

36 

25 

.12908 

.13017 

7.6821 

.99163 

36 

26 

937 

047 

.6647 

160 

34 

27 

966 

076 

.6473 

156 

33 

28 

Aim 

106 

.6301 

152 

32 

29 

.13024 

136 

.6129 

148 

31 

30 

.13053 

.13165 

7.5958 

.99144 

30 

31 

081 

195 

.5787 

141 

29 

32 

no 

224 

.5618 

137 

28 

33 

139 

254 

.5449 

133 

27 

34 

168 

284 

.5281 

129 

26 

36 

.13197 

.13313 

7.5113 

.99125 

26 

36 

226 

343 

.4947 

122 

24 

37 

254 

372 

.4781 

118 

23 

38 

283 

402 

.4615 

114 

22 

39 

312 

432 

.4451 

no 

21 

40 

.13341 

.13461 

7.4287 

.99106 

20 

41 

370 

491 

.4124 

102 

19 

42 

399 

521 

.3962 

098 

18 

43 

427 

550 

.3800 

094 

17 

44 

456 

580 

.3639 

091 

16 

45 

.13485 

.13609 

7.3479 

.99087 

16 

46 

514 

639 

.3319 

083 

14 

47 

543 

669 

.3160 

079 

13 

48 

572 

698 

.3002 

075 

12 

49 

600 

728 

.2844 

071 

11 

50 

.13629 

.13758 

7.2687 

.99067 

10 

51 

658 

787 

.2531 

063 

9 

52 

687 

817 

.2375 

059 

8 

53 

716 

846 

.2220 

055 

7 

54 

744 

876 

.2066 

051 

6 

55 

.13773 

.13906 

7.1912 

.99047 

6 

56 

802 

935 

.1759 

043 

4 

57 

831 

965 

.1607 

039 

3 

58 

860 

.13995 

.1455 

035 

2 

59 

889 

.14024 

.1304 

031 

1 

60 

.13917 

.14054 

7.1154 

.99027 

0 


cos 

cot 

1 tan 

sin 

' 


t 

sin 

tan' 

cot 

cos 


0 

.10453 

.10510 

9.5144 

.99452 

60 

1 

482 

540 

.4878 

449 

59 

2 

511 

569 

.4614 

446 

58 

3 

540 

599 

.4352 

443 

57 

4 

569 

628 

.4090 

440 

56 

6 

.10597 

.10657 

9.3831 

.99437 

65 

6 

626 

687 

.3572 

434 

54 

7 

655 

716 

.3315 

431 

53 

8 

684 

746 

.3060 

428 

52 

9 

713 

775 

,2806 

424 

51 

10 

.10742 

.10805 

9.2553 

.99421 

60 

11 

771 

834 

.2302 

418 

49 

12 

800 

863 

.2052 

415 

48 

13 

829 

893 

.1803 

412 

47 

14 

858 

922 

.1555 

409 

46 

15 

.10887 

.10952 

9.1309 

.99406 

46 

16 

916 

.10981 

.1065 

402 

44 

17 

945 

.non 

.0821 

399 

43 

18 

.10973 

040 

.0579 

396 

42 

19 

.11002 

070 

.0338 

393 

41 

20 

.11031 

.11099 

9.0098 

.99390 

40 

21 

060 

128 

8.9860 

386 

39 

22 

089 

158 

.9623 

383 

38 

23 

118 

187 

.9387 

380 

37 

24 

147 

217 

.9152 

.377 

36 

25 

.11176 

.11246 

8.8919 

.99374 

36 

26 

205 

276 

.8686 

370 

34 

27 

234 

305 

.8455 

367 

33 

28 

263 

335 

.8225 

364 

32 

29 

291 

364 

.7996 

360 

31 

30 

.11320 

.11394 

8.7769 

.99357 

30 

31 

349 

423 

.7542 

354 

29 

32 

378 

452 

.7317 

351 

28 

33 

407 

482 

.7093 

347 

27 

34 

436 

511 

.6870 

344 

26 

35 

.11465 

.11541 

8 6648 

.99341 

25 

36 

494 

570 

.6427 

337 

24 

37 

523 

600 

.6208 

334 

23 

38 

552 

629 

.5989 

331 

22 

39 

580 

659 

.5772 

327 

21 

40 

.11609 

.11688 

8.5555 

.99324 

20 

41 

638 

718 

.5340 

320 

19 

42 

667 

747 

.5126 

317 

18 

43 

696 

777 

.4913 

314 

17 

44 

725 

806 

.4701 

310 

16 

45 

.11754 

.11836 

8.4490 ! 

.99307 

16 

46 

783 

865 

.4280 

303 

14 

47 

812 

895 

.4071 

300 

13 

48 

840 

924 

.3863 

297 

12 

49 

869 

954 

.3656 

293 

11 

60 

.11898 

.11983 

8.3450 

.99290 

10 

51 

927 

.12013 

.3245 

286 

9 

52 

956 

042 

.3041 

283 

8 

53 

.11985 

072 

.2838 

279 

7 

54 

.12014 I 

101 

.2636 

276 

6 

66 

.12043 

.12131 

8.2434 

.99272 

6 

56 

071 

160 

.2234 

269 

4 

57 

100 

190 

.2035 

265 

3 

58 

129 

219 

.1837 

262 

2 

59 

158 

249 

.1640 

258 

1 

60 

.12187 

.12278 

8.1443 

.99255 

0 


cos 

cot 

1 tan 

sin 

/ 


83 ° 95 82 ° 




8 


TABLE III 


9 ° 


/ 

sin 

tan 

cot 

cos 1 1 

0 

.15643 

.15838 

6.3138 

.98769 

60 

1 

672 

868 

.3019 

764 

59 

2 

701 

898 

.2901 

760 

58 

3 

730 

928 

.2783 

755 

57 

4 

758 

958 

.2666 

751 

56 

5 

.15787 

.15988 

6.2549 

.98746 

65 

6 

816 

.16017 

.2432 

741 

54 

7 

845 

047 

.2316 

737 

53 

8 

373 

077 

.2200 

732 

52 

9 

902 

107 

.2085 

728 

51 

10 

.15931 

.16137 

6.1970 

.98723 

50 

li 

959 

167 

.1856 

718 

49 

12 

.15988 

196 

.1742 

714 

48 

13 

.16017 

226 

.1628 

709 

47 

14 

046 

256 

.1515 

704 

46 

15 

.16074 

.16286 

6.1402 

.98700 

45 

16 

103 

316 

.1290 

695 

44 

17 

132 

346 

.1178 

690 

43 

18 

160 

376 

.1066 

686 

42 

19 

189 

405 

.0955 

681 

41 

20 

.16218 

.16435 

6.0844 

.98676 

40 

21 

246 

465 

.0734 

671 

39 

22 

275 

495 

.0624 

667 

38 

23 

304 

525 

.0514 

662 

37 

24 

^33 

555 

.0405 

657 

36 

25 

.16361 

1658? 

6.0296 

. 98652 

35 

26 

390 

615 

.0188 

648 

34 

27 

419 

645 

6.0080 

643 

33 

28 

447 

674 

5.9972 

638 

32 

29 

476 

704 

.9865 

633 

31 

30 

16505 

.16734 

5.9758 

.98629 

30 

31 

533 

764 

.9651 

624 

29 

32 

562 

794 

.9545 

619 

28 

33 

591 

824 

.9439 

614 

27 

34 

620 

854 

.9333 

609 

26 

35 

.16648 

.16884 

5.9228 

.98604 

25 

36 

677 

914 

.9124 

600 

24 

37 

706 

944 

.9019 

595 

23 

38 

734 

.16974 

8915 

590 

22 

39 

763 

.17004 

.8811 

585 

21 

40' 

.16792 

.17033 

5.8708 

.98580 

20 

41 

820 

063 

.8605 

575 

19 

42 

849 

093 

.8502 

570 

.18 

43 

878 

123 

.8400 

565 

17 

44 

906 

153 

.8298 

561 

16 

45 

.16935 

.17183 

5.8197 

98556 

15 

46 

964 

213 

.8095 

551 

14 

47 

16992 

243 

.7994 

546 

13 

48 

.17021 

273 

.7894 

541 

12 

49 

050 

303 

.7794 

536 

11 

60 

.17078 

.17333 

5.7694 

.98531 

10 

51 

107 

363 

.7594 

526 

9 

52 

136 

393 

.7495 

521 

8 

53 

164 

423 

i ,7396 

516 

7 

54 

193 

453 

i .7297 

511 

6 

55 

.17222 

.17483 

5.7199 

.98506 

6 

56 

250 

513 

.7101 

501 

4 

57 

279 

543 

.7004 

496 

3 

58 

308 

573 

.6906 

491 

2 

59 

336 

603 

.6809 

486 

1 

60 

.17365 

.17633 

*5.6713 

.98481 

0 

[ 1 cos 

cot 

tan 1 

sin 




sin 

tan 

cot 

1 cos 1 1 

0 

.13917 

.14354 

7.1154 

.99027 

60 

1 

946 

084 

.1004 

023 

59 

2 

.13975 

113 

.0855 

019 

58 

3 

.14004 

143 

.0706 

015 

57 

4 

033 

173 

.0558 

Oil 

56 

5 

.14061 

.14202 

7.0410 

. 99006 

55 

6 

090 

232 

.0264 

.99002 

54 

7 

119 

262 

7.0117 

.98998 

53 

8 

148 

291 

6.9972 

994 

52 

9 

177 

321 

.9827 

990 

51 

10 

.14205 

.14351 

6.9682 

.98986 

50 

II 

234 

381 

.9538 

982 

49 

12 

263 

410 

.9395 

978 

48 

13 

292 

440 

.9252 

973 

47 

14 

320 

470 

.9110 

969 

46 

16 

.14349 

.14499 

6.8969 

. 98965 

45 

16 

378 

529 

.8828 

961 

44 

17 

407 

559 

.8687 

957 

43 

18 

436 

588 

.8548 

953 

42 

19 

464 

618 

.8408 

948 

41 

20 

.14493 

.14648 

6.8269 

.98944 

40 

21 

522 

678 

.8131 

940 

39 

22 

551 

707 

.7994 

936 

38 

23 

580 

737 

.7856 

931 

37 

24 

608 

767 

.7720 

927 

36 

25 

.14637 

.14796 

6.7584 

.98923 

35 

26 

666 

826 

.7448 

919 

34 

27 

695 

856 

.7313 

914 

33 

28 

723 

886 

.7179 

910 

32 

29 

752 

915 

.7045 

906 

31 

30 

.14781 

.14945 

6.6912 

.98902 

30 

31 

810 

.14975 

.6779 

897 

29 

32 

838 

.15005 

.6646 

893 

28 

33 

867 

034 

.6514 

889 

27 

34 

896 

064 

.6383 

884 

26 

35 

.14925 

.15094 

6.6252 

.98880 

25 

36 

954 

124 

.6122 

876 

24 

37 

.14982 

153 

.5992 

871 

23 

38 

.15011 

183 

.5863 

867 

22 

39 

040 

213 

.5734 

863 

21 

40 

.15069 

.15243 

6.5606 

.98858 

20 

41 

097 

272 

.5478 

854 

19 

42 

126 i 

302 

.5350 

849 

18 

43 

155 

332 

.5223 

845 

17 

44 

184 

362 

.5097 

841 

16 

46 

.15212 

.15391 

6.4971 

.98836 

15 

46 

241 

421 

.4846 

832 

14 

47 

270 

451 

.4721 

827 

13 

48 

299 

481 

.4596 

823 

12 

49 

327 

511 

.4472 

818 

11 

50 

1.15356 

.15540 

6.4348 

.98814 

10 

51 

385 

570 

.4225 

809 

9 

52 

414 

600 

.4103 

805 

8 

53 

442 

630 

.3980 

800 

7 

54 

471 

660 

.3859 

796 

6 

66 

.15500 

.15689 

6.3737 

.98791 

5 

56 

529 

719 

.3617 

787 

4 

57 

557 

749 

.3496 

782 

3 

58 

586 

779 

.3376 

778 

«2 

59 

615 

809 

.3257 

773 

1 

60 

.15643 

.15838 

6.3138 

.98769 

0 


cos 

cot { 

tan 

sin 1 ' 1 


81 “ 


80 
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TABLE III 


11 


' 

sin 

tan 

cot 

cos 1 1 



sin 

tan 

cot 1 

cos 


0 

.17365 

.17633 

5.6713 

.98481 

60 


0 

. 19081 

.19438 

5.1446 

.98163 

60 

1 

393 

663 

.6617 

476 

59 


1 

109 

468 

.1366 

157 

59 

2 

422 

693 

.6521 

471 

58 


2 

138 

498 

.1286 

152 

58 

3 

451 

723 

.6425 

466 

57 


3 

167 

529 

.1207 

146 

57 

4 

479 

753 

.6329 

461 

56 


4 

195 

559 

.1128 

140 

56 

5 

.17508 

.17783 

5.6234 

.98455 

65 


5 

.19224 

.19589 

5.1049 

.98135 

65 

6 

537 

813 

.6140 

450 

54 


6 

252 

619 

.0970 

129 

54 

7 

565 

843 

.6045 

445 

53 


7 

281 

649 

.0892 

124 

53 

8 

594 

873 

.5951 

440 

52 


8 

309 

680 

.0814 

118 

52 

9 

623 

903 

.5857 

435 

51 


9 

338 

710 

.0736 

112 

51 

10 

.17651 

.17933 

5.5764 

.98430 

50 


10 

.19366 

.19740 

5.0658 

.98107 

50 

11 

680 

963 

.5671 

425 

49 


11 

395 

770 

.0581 

101 

49 

12 

708 

.17993 

.5578 

420 

48 


12 

423 

801 

.0504 

096 

48 

13 

737 

.18023 

.5485 

414 

47 


13 

452 

831 

.0427 

090 

47 

14 

766 

053 

.5393 

409 

46 


14 

481 

861 

,0350 

084 

46 

15 

.17794 

.18083 

5.5301 

.98404 

45 


16 

.19509 

.19891 

5.0273 

.98079 

45 

16 

823 

113 

.5209 

399 

44 


16 

538 

921 

.0197 

073 

44 

17 

852 

143 

.5118 

394 

43 


17 

566 

952 

.0121 

067 

43 

18 

880 

173 

.5026 

389 

42 


18 

595 

.19982 

5.0045 

061 

42 

19 

909 

203 

.4936 

383 

41 


19 

623 

.20012 

4.9969 

056 

41 

20 

.17937 

.18233 

5.4845 

.98378 

40 


20 

19652 

.20042 

4.9894 

.98050 

40 

21 

966 

263 

.4755 

373 

39 


21 

680 

073 

.9819 

044 

39 

22 

. 1 7995 

293 

.4665 

368 

38 


22 

709 

103 

.9744 

039 

38 

23 

.18023 

323 

.4575 

362 

37 


23 

737 

133 

.9669 

033 

37 

24 

052 

353 

.4486 

357 

36 


24 

766 

164 

.9594 

027 

36 

25 

.18081 

.18384 

5.4397 

.98352 

35 


25 

.19794 

.20194 

4.9520 

.98021 

35 

26 

109 

414 

.4308 

347 

34 


26 

823 

224 

.9446 

016 

34 

27 

138 

444 

.4219 

341 
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981 

42 


18 

737 

147 

.2106 

476 

42 

19 

093 

274 

.4160 

972 

41 


19 

765 

178 

.2073 

467 

41 

20 

.28123 

.29305 

3.4124 

.95964 

40 


20 

.29793 

.31210 

3.2041 

.95459 

40 

21 

150 

337 

.4087 

956 

39 


21 

821 

242 

.2008 

:50 

39 

22 

178 

368 

.4050 

948 

38 


22 

849 

274 

.1975 

441 

38 

23 

206 

400 

.4014 

940 

37 


23 

876 

306 

.1943 

433 

37 

24 

234 

432 

.3977 

931 

36 


24 

904 

338 

.1910 

424 

36 

25 

.28262 

.29463 

3.3941 

.95923 

35 


25 

.29932 

.31370 

3.1878 

95415 

35 

26 

290 

495 

.3904 

915 

34 


26 

960 

402 

.1845 

407 

34 

27 

318 

526 

.3868 

907 

33 


27 

.29987 

434 

.1813 

398 

33 

28 

346 

558 

.3832 

898 

32 


28 

.30015 

466 

.1780 

389 

32 

29 

374 

590 

.3796 

890 

31 


29 

043 

498 

.1748 

380 

31 

30 

.28402 

.29621 

3.3759 

.95882 

30 


30 

.30071 

.31530 

3.1716 

.95372 

30 

31 

429 

653 

.3723 

874 

29 


31 

098 

562 

.1684 

363 

29 

32 

457 

685 

.3687 

865 

28 


32 

126 

594 

.1652 

354 

28 

33 

485 

716 

.3652 

857 

27 


33 

154 

626 

.1620 

345 

27 

34 

513 

748 

.3616 

849 

26 


34 

182 

658 

.1588 

337 

26 

35 

.28541 

.29780 

3.3580 

.95841 

25 


35 

.30209 

.31690 

3.1556 

.95328 

25 

36 

569 

811 

.3544 

832 

24 


36 

237 

722 

.1524 

319 

24 

37 

597 

843 

.3509 

824 

23 


37 

265 

754 

.1492 

310 

23 

38 

625 

875 

.3473 

816 

22 


38 

292 

786 

.1460 

301 

22 

39 

652 

906 

.3438 

807 

21 


39 

320 

818 

.1429 

293 

21 

40 

.28680 

.29938 

3.3402 

.95799 

20 


40 

.30348 

.31850 

3.1397 

.95284 

20 

41 

708 

.29970 

3367 

791 

19 


41 

376 

882 

.1366 

275 

19 

42 

736 

.30001 

.3332 

782 

18 


42 

403 

914 

.1334 

260 

18 

43 

764 

033 

.3297 

774 

17 


43 

431 

946 

.1303 

257 

17 

44 

792 

065 

.3261 

766 

16 


44 

459 

.31978 

.1271 

248 

16 

45 

.28820 

.30097 

3.3226 

.95757 

16 


45 

.30486 

.32010 

3.1240 

.95240 

15 

46 

847 

128 

.3191 

749 

14 


46 

514 

042 

.1209 

231 

14 

47 

875 

160 

.3156 

740 

13 


47 

542 

074 

.1178 

222 

13 

48 I 

903 

192 

.3122 

732 

12 


48 

570 

106 

.1146 

213 

12 

49 1 

931 

224 

.3087 

724 

11 


49 

597 

139 

.1115 

204 

11 

60 

.28959 

.30255 

3.3052 

.95715 

10 


50 

.30625 

.32171 

3.1084 

.95195 

10 

51 

.28987 

287 

.3017 

707 

9 


51 

653 

203 

.1053 

186 

9 

52 

.29015 

319 

.2983 

698 

8 


52 

680 

235 

.1022 

177 

8 

53 

042 

351 

.2948 

690 

7 


53 

708 

267 

.0991 

168 

7 

54 

070 

382 

.2914 

681 

6 


54 

736 

299 

.0961 

159 

6 

55 

.29098 

.30414 

3.2879 

.95673 

6 


55 

.30763 

.32331 

3.0930 

95150 

5 

56 

126 

446 

.2845 

664 

4 


56 

791 

363 

.0899 

142 

4 

5/ 

154 

478 

.2811 

656 

3 


57 

819 

396 

.0868 

133 

3 

58 

182 

509 

.2777 

647 

2 


58 

846 

428 

.0838 

124 

2 

59 

209 

541 

.2743 

639 

1 


59 

874 

460 

.0807 

115 

1 

60 

.29237 

.30573 

3.2709 

.95630 

0 


60 

.30902 

.32492 

3.0777 

.95106 

0 

1 1 cos 

cot 

tan 

1 sin 1 ' 



1 cos 

1 cot 

1 tan 

1 sin 



73' 


100 





.30902 
929 
957 
.30985 
.31012 
.31040 
068 
095 
123 
151 
.31178 
206 
233 
261 
14 289 

16 .31316 

16 344 

17 372 

18 399 

19 427 

20 .31454 

21 482 

22 510 

23 537 

24 565 

26 .31593 
26 620 

27 648 

28 675 

29 703 

30 .31730 

31 758 

32 786 

33 813 

34 841 

35 .31868 

36 896 

37 923 

38 951 

39 .31979 

40 .32006 

41 034 


46 .32144 

46 171 

47 199 

48 227 

49 254 

60 32282 

51 309 

52 337 

53 364 

54 392 
66 .32419 


60 .32557 


.32492 

3.0777 

524 

.0746 

556 

.0716 

588 

.0686 

621 

.0655 

.32653 

3.0625 

685 

.0595 

717 

.0565 

749 

.0535 

782 

.0505 

.32814 

3.0475 

846 

.0445 

878 

.0415 

911 

.0385 

943 

.0356 

.32975 

3.0326 

.33007 

.0296 

040 

.0267 

072 

,0237 

104 

.0208 

.33136 

3.0178 

169 

.0149 

201 

.0120 

233 

.0090 

266 

.0061 

.33298 

3.0032 

330 

3.0003 

363 

2.9974 

395 

.9945 

427 

.9916 

.33460 

2.9887 

492 

.9858 

524 

.9829 

557 

.9800 

589 

.9772 

.33621 

2 9743 

654 

.9714 

686 

.9686 

718 

.9657 

751 

.9629 

33783 

2 9600 

816 

.9572 

848 

.9544 

881 

.9515 

913 

.9487 

.33945 

2.9459 

.33978 

.9431 

.34010 

.9403 

043 

.9375 

075 

.9347 

.34108 

2.9319 

140 

.9291 

173 

.9263 

205 

.9235 

238 

.9208 

.34270 

2.9180 

303 

.9152 

335 

.9125 

368 

.9097 

400 

.9070 

.34433 

2.9042 


95106 60 

097 59 

088 58 

079 57 1 

070 56 

95061 66 

052 54 

043 53 

033 52 

024 51 

95015 60 
95006 49 

94997 48 

988 47 

979 46 

94970 46 
961 44 

952 43 

943 42 

933 41 

94924 40 
915 39 

906 38 

897 37 

888 36 

94878 35 

869 34 

860 33 

851 32 

842 31 

94832 30 

823 29 

814 28 

805 27 

795 26 

94786 26 

777 24 

768 23 

758 22 

749 21 

.94740 20 
730 19 

721 18 

712 
702 16 

.94693 16 

684 14 

674 
665 
656 
.94646 
637 
627 
618 
609 
.94599 
590 
580 
571 
561 
.94552 




.32557 

1 584 

2 612 

3 639 

4 667 

6 .32694 
6 722 

749 
777 
804 
.32832 
859 
887 
914 
942 
16 .32969 

16 .32997 

17 .33024 

18 051 

19 079 

20 .33106 

21 134 

22 161 

23 189 

24 216 

25 .33244 

26 271 

27 298 

28 326 

29 353 

30 .33381 

31 408 


35 .33518 

36 545 

37 573 

38 600 

39 627 

40 .33655 

41 682 

42 710 

43 737 

44 764 

45 .33792 

46 819 

47 846 

48 874 

49 901 
60 .33929 

51 956 

52 .33983 

53 .34011 

54 038 
65 .34065 

56 093 

57 120 

58 147 

59 175 


.94552 60 

542 59 

533 58 

523 57 

514 56 

. 94504 66 

495 54 

485 53 

476 52 

466 51 

.94457 60 
447 49 

438 48 

428 47 

418 46 

.94409 46 
399 44 
390 43 

380 42 

370 41 

.94361 40 

351 39 

342 38 

332 37 

322 36 

.94313 36 

303 34 

293 33 

284 32 

274 31 

.94264 30 
254 29 

245 28 
235 27 

225 26 

.94215 26 
206 24 

196 23 

186 22 
176 21 

.94167 20 
157 19 

147 18 

137 
127 
.94118 
108 
098 
088 
078 
.94068 
058 
049 
039 
029 
.94019 
.94009 
.93999 
989 
979 
.93969 


71 ' 


70 










TABLE III 


21 


20 “ 



sin 

tan 

cot 

cos 


0 

.34202 

.36397 

2.7475 

.93969 

60 

1 

229 

430 

.7450 

959 

59 

2 

257 

463 

.7425 

949 

58 

3 

284 

496 

.7400 

939 

57 

4 

311 

529 

.7376 

929 

56 

6 

.34339 

.36562 

2.7351 

.93919 

65 

6 

366 

595 

.7326 

909 

54 

7 

393 

628 

.7302 

899 

53 

8 

421 

661 

.7277 

889 

52 

9 

448 

694 

.7253 

879 

51 

10 

.34475 

.36727 

2.7228 

.93869 

60 

II 

503 

760 

.7204 

859 

49 

12 

530 

793 

.7179 

849 

48 

13 

557 

826 

.7155 

839 

47 

14 

584 

859 

.7130 

829 

46 

16 

.34612 

.36892 

2.7106 

.93819 

45 

16 

639 

925 

.7082 

809 

44 

17 

666 

958 

.7058 

799 

43 

18 

694 

.36991 

.7034 

789 

42 

19 

721 

.37024 

.7009 

779 

41 

20 

.34748 

.37057 

2.6985 

.93769 

40 

21 

775 

090 

.6961 

759 

39 

22 

803 

123 

.6937 

748 

38 

23 

830 

157 

.6913 

738 

37 

24 

857 

190 

.6889 

728 

36 

26 

.34884 

.37223 

2.6865 

.93718 

36 

26 

912 

256 

.6841 

708 

34 

27 

939 

289 

.6818 

698 

33 

28 

966 

322 

.6794 

688 

32 

29 

.34993 

355 

.6770 

677 

31 

30 

.35021 

.37388 

2.6746 

.93667 

30 

31 

048 

422 

.6723 

657 

29 

32 

075 

455 

.6699 

647 

28 

33 

102 

488 

.6675 

637 

27 

34 

130 

521 

.6652 

626 

26 

35 

.35157 

.37554 

2.6628 

.93616 

25 

36 

184 ; 

588 

.6605 

606 

24 

37 

211 

621 

.6581 

596 

23 

38 

239 

654 

.6558 

585 

22 

39 

266 

687 

.6534 

575 

21 

40 

.35293 

.37720 

2.6511 

.93565 

20 

41 

320 

754 

.6488 

555 

19 

42 

347 

787 

.6464 

544 

18 

43 

375 

820 

.6441 

534 

17 

44 

402 

853 

.6418 

524 

16 

46 

.35429 

.37887 

2.6395 

.93514 

15 

46 

456 

920 

.6371 

503 

14 

47 

484 

953 

.6348 

493 

13 

48 

511 

.37986 

.6325 

483 

12 

49 

538 

.38020 

.6302 

472 

11 

60 

.35565 

.38053 

2.6279 

.93462 

10 

51 

592 

086 

.6256 

452 

9 

52 

619 

120 

.6233 

441 

8 

53 

647 

153 

.6210 

431 

7 

54 

674 

186 

.6187 

420 

6 

65 

.35701 

.38220 

2.6165 

.93410 

5 

56 

728 

253 

.6142 

400 

4 

57 

755 

286 

.6119 

389 

3 

58 

782 

320 

.6096 

379 

2 

59 

810 

353 

.6074 

368 

I 

60 

.35837 

.38386 

12.6051 

.93358 

0 


cos 

cot 

1 tan 

sin 

/ 


' 

sin 

tan 

cot 

cos 1 1 

0 

.35837 

.38386 

2.6051 

.93358 

60 

1 

864 

420 

.6028 

348 

59 

2 

891 

453 

.6006 

337 

58 

3 

918 

487 

.5983 

327 

57 

4 

945 

520 

.5961 

316 

56 

5 

. 35973 

.38553 

2.5938 

.93306 

55 

6 

.36000 

587 

.5916 

295 

54 

7 

027 

620 

.5893 

285 

53 

8 

054 

654 

.5871 

274 

52 

9 

081 

687 

.5848 

264 

51 

10 

.36108 

.38721 

2.5826 

.93253 

50 

11 

135 

754 

.5804 

243 

49 

12 

162 

787 

.5782 

232 

48 

13 

190 

821 

.5759 

222 

47 

14 

217 

854 

.5737 

211 

46 

16 

.36244 

.38888 

2.5715 

.93201 

45 

16 

271 

921 

.5693 

190 

44 

17 

298 

955 

.5671 

180 

43 

18 

325 

.38988 

.5649 

169 

42 

19 

352 

.39022 

.5627 

159 

41 

20 

.36379 

.39055 

2.5605 

.93148 

40 

21 

406 

089 

.5583 

137 

39 

22 

434 

122 

.5561 

127 

38 

23 

461 

156 

.5539 

116 

37 

24 

488 

190 

.5517 

106 

36 

25 

.36515 

.39223 

2.5495 

.93095 

35 

26 

542 

257 

.5473 

084 

34 

27 

569 

290 

.5452 

074 

33 

28 

596 

324 

.5430 

063 

32 

29 

623 

357 

.5408 

052 

31 

30 

.36650 

.39391 

2.5386 

93042 

30 

31 

677 

425 

.5365 

031 

29 

32 

704 

458 

.5343 

020 

28 

33 

731 

492 

.5322 

.93010 

27 

34 

758 

526 

.5300 

.92999 

26 

35 

.36785 

.39559 

2.5279 

.92988 

25 

36 

812 

593 

.5257 

978 

24 

37 

839 

626 

.5236 

967 

23 

38 

867 

660 

.5214 

956 

22 

39 

894 

694 

.5193 

945 

21 

40 

.36921 

. 39727 

2.5172 

.92935 

20 

41 

948 

761 

.5150 

924 

19 

42 

.36975 

795 

.5129 

913 

18 

43 

.37002 

829 

.5108 

902 

17 

44 

029 

862 

.5086 

i 892 

16 

45 

.37056 

. 39896 

2.5065 

.92881 

15 

46 

083 

930 

.5044 

870 

14 

47 

no 

963 

.5023 

859 

13 

48 

137 

.39997 

.5002 

849 

12 

49 

164 

1.40031 

.4981 

838 

II 

60 

.37191 

.40065 

2.4960 

.92827 

10 

51 

218 

098 

.4939 

816 

9 

52 

245 

132 

.4918 

805 

8 

53 

272 

166 

.4897 

794 

7 

54 

299 

200 

.4876 

784 

6 

55 

.37326 

.40234 

2.4855 

.92773 

5 

56 

353 

267 

.4834 

762 

4 

57 

380 

301 

.4813 

751 

3 

58 

407 

335 

.4792 

740 


59 

434 

369 

.4772 

729 

1 

60 

.37461 

.40403 

2.4751 

.92718 

0 

1 1 cos 

cot 

1 tan 

sin 



69 


102 


68 




22 


TABLE III 


23 



sin 

tan 

cot 

cos 


0 

.37461 

.40403 

2.4751 

.92718 

60 

1 

488 

436 

.4730 

707 

59 

2 

515 

470 

.4709 

697 

58 

3 

542 

504 

.4689 

686 

57 

4 

569 

538 

.4668 

675 

56 

5 

.37595 

.40572 

2.4648 

.92664 

55 

6 

622 

606 

.4627 

653 

54 

7 

649 

640 

.4606 

642 

53 

8 

676 

674 

.4586 

631 

52 

9 

703 

707 

.4566 

620 

51 

10 

.37730 

40741 

2.4545 

.92609 

50 

11 

757 

775 

.4525 

598 

49 

12 

784 

809 

.4504 

587 

48 

13 

811 

843 

.4484 

576 

47 

14 

838 

877 

.4464 

565 

46 

16 

.37865 

.40911 

2.4443 

.92554 

45 

16 

892 

945 

.4423 

543 

44 

17 

919 

.40979 

.4403 

532 

43 

18 

946 

.41013 

.4383 

521 

42 

19 

973 

047 

.4362 

510 

41 

20 

.37999 

.41081 

2.4342 

92499 

40 

21 

.38026 

115 

.4322 

488 

39 

22 

053 

149 

.4302 

477 

38 

23 

080 

183 

.4282 

466 

37 

24 

107 

217 

.4262 

455 

36 

25 

.38134 

41251 

2.4242 

.92444 

35 

26 

161 

285 

.4222 

432 

34 

27 

188 

319 

.4202 

421 

33 

28 

215 

353 

.4182 

410 

32 

29 

241 

387 

.4162 

399 

31 

30 

.38268 

.41421 

2.4142 

.92388 

30 

31 

295 

455 

.4122 

377 

29 

32 

322 

490 

.4102 

366 

28 

33 

349 

524 

.4083 

355 

27 

34 

376 

558 

.4063 

343 

26 

36 

.38403 

.41592 

2.4043 

.92332 

25 

36 

430 

626 

.4023 

321 

24 

37 

456 

660 

.4004 

310 

23 

38 

483 

694 

.3984 

299 

22 

39 

510 

728 

.3964 

287 

21 

40 

.38537 

.41763 

2.3945 

.92276 

20 

41 

564 

797 

.3925 

265 

19 

42 

591 

831 

.3906 

254 

18 

43 

617 

865 

.3886 

243 

17 

44 

644 

899 

.3867 

231 

16 

45 

.38671 

.41933 

2.3847 

.92220 

15 

46 

698 

.41968 

.3828 

209 

14 

47 

725 

.42002 

.3808 

198 

13 

48 

752 

036 

.3789 

186 

12 

49 

778 

070 

.3770 

175 

11 

60 

.38805 

.42105 

2.3750 

.92164 

10 

51 

832 

139 

.3731 

152 

9 

52 

859 

173 

.3712 

141 

8 

53 

886 

207 

.3693 

130 

7 

54 

912 

242 

.3673 

119 

6 

56 

.38939 

.42276 

2.3654 

.9210? 

5 

56 

966 

310 

.3635 

096 

4 

57 

.38993 

345 

.3616 

085 

3 

58 

.39020 

379 

.3597 

073 

2 

59 

046 

413 

.3578 

062 

1 

60 

.39073 

.42447 

2.3559 

.92050 

0 


cos 

1 cot 

1 tan 

1 sin 




sin 

tan 

cot 

cos 


0 

.39073 

.42447 

2.3559 

.92050 

60 

1 

100 

482 

.3539 

039 

59 

2 

127 

516 

.3520 

028 

58 

3 

153 

551 

.3501 

016 

57 

4 

180 

585 

.3483 

.92005 

56 

5 

.39207 

.42619 

2.3464 

.91994 

66 

6 

234 

654 

.3445 

982 

54 

7 

260 

688 

.3426 

971 

53 

8 

287 

722 

.3407 

959 

52 

9 

314 

757 

.3388 

948 

51 

10 

.39341 

.42791 

2.3369 

.91936 

60 

11 

367 

826 

.3351 

925 

49 

12 

394 

860 

.3332 

914 

48 

13 

421 

894 

.3313 

902 

47 

14 

448 

929 

.3294 

891 

46 

15 

.39474 

.42963 

2.3276 

.91879 

46 

16 

501 

.42998 

.3257 

868 

44 

17 

528 

.43032 

.3238 

856 

43 

18 

555 

067 

.3220 

845 

42 

19 

581 

101 

.3201 

833 

41 

20 

.39608 

.43136 

2.3183 

.91822 

40 

21 

635 

170 

.3164 

810 

39 

22 

661 

205 

.3146 

799 

38 

23 

688 

239 

.3127 

787 

37 

24 

715 

274 

.3109 

775 

36 

25 

.39741 

.43308 

2.3090 

.91764 

36 

26 

768 

343 

.3072 

752 

34 

27 

795 

378 

.3053 

741 

33 

28 

822 

412 

.3035 

729 

32 

29 

848 

447 

.3017 

718 

31 

30 

.39875 

.43481 

2.2998 

.91706 

30 

31 

902 

516 

.2980 

694 

29 

32 

928 

550 

.2962 

683 

28 

33 

955 

585 

.2944 

671 

27 

34 

.39982 

620 

.2925 

660 

26 

35 

.40008 

.43654 

2.2907 

.91648 

26 

36 

035 

689 

.2889 

636 

24 

37 

062 

724 

.2871 

625 

23 

38 

088 

758 

.2853 

613 

22 

39 

115 

793 

.2835 

601 

21 

40 

.40141 

.43828 

2.2817 

.91590 

20 

41 

168 

862 

.2799 

578 

19 

42 

195 

897 

.2781 

566 

18 

43 

221 

932 

.2763 

555 

17 

44 

248 

.43966 

.2745 

543 

16 

45 

.40275 

.44001 

2.2727 

.91531 

16 

46 

301 

036 

.2709 

519 

14 

47 

328 

071 

.2691 

508 

13 

48 

355 

105 

.2673 

496 

12 

49 

381 

140 

.2655 

484 

11 

50 

.40408 

.44175 

2.2637 

.91472 

10 

51 

434 

210 

.2620 

461 

9 

52 

461 

244 

.2602 

449 

8 

53 

488 

279 

.2584 

437 

7 

54 

514 

314 

.2566 

425 

6 

65 

.40541 

.44349 

2.2549 

.91414 

6 

56 

567 

384 

.2531 

402 

4 

57 

594 

418 

.2513 

390 

3 

58 

621 

453 

.2496 

378 

2 

59 

647 

488 

.2478 

366 

1 

60 

.40674 

.44523 

2.2460 

.91355 

0 


cos 

cot 

1 tan 

sin 

' 


67 ° 


66 ° 


103 
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TABLE III 


25 


' 

sin 

tan 

cot 

cos 


0 

.40674 

.44523 

2.2460 

.91355 

m 

1 

700 

558 

.2443 

343 

59 

2 

727 

593 

.2425 

331 

58 

3 

753 

627 

.2408 

319 

57 

4 

780 

662 

.2390 

307 

56 

6 

.40806 

.44697 

2.2373 

.91295 

65 

6 

833 

732 

.2355 

283 

54 

7 

860 

767 

.2338 

272 

53 

8 

886 

802 

.2320 

260 

52 

9 

913 

837 

.2303 

248 

51 

10 

.40939 

.44872 

2.2286 

.91236 


11 

966 

907 

.2268 

224 

49 

12 

.40992 

942 

.2251 

212 

48 

13 

.41019 

.44977 

.2234 

200 

47 

14 

045 

.45012 

.2216 

188 

46 

16 

.41072 

.45047 

2.2199 

.91176 

45 

16 

098 

082 

.2182 

164 

44 

17 

125 

117 

.2165 

152 

43 

18 

151 

152 

.2148 

140 

42 

19 

178 

187 

.2130 

128 

41 

20 

.41204 

.45222 

2.2113 

.91116 

40 

21 

231 

257 

.2096 

104 

39 

22 

257 

292 

.2079 

092 

38 

23 

284 

327 

.2062 

080 

37 

24 

310 

362 

.2045 

068 

36 

25 

.41337 

.45397 

2.2028 

.91056 

35 

26 

363 

432 

.2011 

044 

34 

27 

390 

467 

.1994 

032 

33 

28 

416 

502 

.1977 

020 

32 

29 

443 

538 

.1960 

.91008 

31 

30 

.41469 

.45573 

2.1943 

.90996 

30 

31 

496 

608 

.1926 

984 

29 

32 

522 

643 

.1909 

972 

28 

33 

549 

678 

.1892 

960 

27 

34 

575 

713 

.1876 

948 

26 

36 

.41602 

.45748 

2.1859 

.90936 

25 

36 

628 

784 

.1842 

924 

24 

37 

655 

819 

.1825 

911 

23 

38 

681 

854 

.1808 

899 

22 

39 

707 

889 

.1792 

887 

21 

40 

.41734 

.45924 

2.1775 

.9087= ! 

20 

41 

760 

960 

.1758 

8t 

19 

42 

787 

.45995 

.1742 

851 1 

18 

43 

813 

.46030 

.1725 

839 1 

17 

44 

840 

065 

.1708 

826 

16 

45 

.41866 

.46101 

2.1692 

.90814 1 

16 

46 

892 

136 

.1675 

802 

14 

47 

919 

171 

.1659 

790 

13 

48 

945 

206 

.1642 

778 

12 

49 

972 

242 

.1625 

766 

11 

50 

.41998 

.46277 

2.1609 

.90753 

10 

51 

.42024 

312 

.1592 

741 

9 

52 

051 

348 

.1576 

729 

8 

53 

077 

383 

.1560 

717 

7 

54 

104 

418 

.1543 

704 

6 

65 

.42130 

.46454 

2.1527 

.90692 

6 

56 

156 

489 

.1510 

680 

4 

57 

183 

525 

.1494 

668 

3 

58 

209 

560 i 

.1478 

655 

2 

59 

235 

595 

.1461 

643 

I 

60 

.42262 ' 

.46631 

2.1445 

.90631 

0 


cos j 

1 ^ cot ^ 1 

tan 

sin 




sin 

tan 

cot 

cos 


0 

.42262 

.46631 

2.1445 

.90631 

60 

1 

288 

666 

.1429 

618 

59 

2 

315 

702 

.1413 

606 

58 

3 

341 

737 

.1396 

594 

57 

4 

367 

772 

.1380 

582 

i 

5 

.42394 

.46808 

2.1364 

.90569 

\ m 

6 

420 

843 

.1348 

557 

[ 9 

7 

446 

879 

.1332 

545 

1 9 

8 

473 

914 

.1315 

532 

i 9 

9 

499 

950 

.1299 

520 

51 

10 

42525 

.46985 

2.1283 

.90507 


11 

552 

.47021 

.1267 

495 


12 

578 

056 

.1251 

483 


13 

604 

092 

.1235 

470 


14 

631 

128 

.1219 

458 

46 

16 

.42657 

.47163 

2.1203 

.90446 

45 

16 

683 

199 

.1187 

433 

44 

17 

709 

234 

.1171 

421 

43 

18 

736 

270 

.1155 

408 

42 

19 

762 

305 

.1139 

396 

41 

20 

.42788 

.47341 

2.1123 

.90383 


21 

815 

377 

.1107 

371 


22 

841 

412 

.1092 

358 


23 

867 

448 

.1076 

346 


24 

894 

483 

.1060 

334 


25 

.42920 

.47519 

2.1044 

.90321 


26 

946 

555 

.1028 

309 


27 

972 

590 

.1013 

296 

33 

28 

.42999 

626 

0997 

284 

32 

29 

.43025 

662 

.0981 

271 

31 

30 

.43051 

.47698 

2.0965 

.90259 

30 

31 

077 

733 

.0950 

246 

29 

32 

104 

769 

.0934 

233 

28 

33 

130 

805 

.0918 

221 

27 

34 

156 

840 

.0903 

208 

26 

36 

.43182 

.47876 

2.0887 

.90196 

25 

36 

209 

912 

.0872 

183 

24 

37 

235 

948 

.0856 

171 

23 

38 

261 

47984 

.0840 

158 

22 

39 

.287 

.48019 

.0825 

146 

21 

40 

.43313 

.48055 

2.0809 

.90133 

20 

41 

340 

091 

.0794 

120 

19 

42 

366 

127 

.0778 

108 

IS 

43 

392 

163 

.0763 

095 

17 

44 

418 

198 

.0748 

082 

16 

45 

.43445 

.48234 

2.0732 

.90070 

16 

46 1 

471 

270 

.0717 

057 


47 

497 

306 

.0701 

045 

in 

48 

523 

342 

.0686 

032 

12 

49 

549 

378 

.0671 

019 

11 

50 

.43575 

.48414 

2.0655 

.90007 

10 

51 

602 

450 

.0640 

.89994 

9 

52 

628 

486 

.0625 

981 

8 

53 

654 

521 

.0609 

968 

7 

54 

680 

557 

.0594 

956 

6 

56 

.43706 

.48593 

2.0579 

.89943 

5 

56 

733 

629 

.0564 

930 

4 

57 

759 

665 

.0549 

918 

3 

58 

785 

701 

.0533 

905 

2 

59 

811 

737 

.0518 

892 

1 

60 

.43837 

.48773 

2.0503 

.89879 

0 


cos 1 

cot 1 

tan 1 

sin 



65 '’ 104 64 ° 
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TABLE III 


27 “ 


sin 


.43837 

863 

889 

916 

942 

.43968 

.43994 

.44020 

046 

072 

.44098 

124 

151 

177 

203 

.44229 

255 

281 

307 

333 

.44359 

385 

411 

437 

464 

.44490 

516 

542 

568 

594 

.44620 

646 

672 

698 

724 

.44750 

776 

802 

828 

854 

.44880 

906 

932 

958 

.44984 

.45010 

036 

062 

088 

114 

.45140 

166 

192 

218 

243 

.45269 

295 

321 

347 

373 

.45399 


tan 


,48773 

809 

845 

881 

917 

,48953 

,48989 

.49026 

062 

098 

,49134 

170 

206 

242 

278 

49315 

351 

387 

423 

459 

49495 

532 

568 

604 

640 

49677 

713 

749 

786 

822 

,49858 

894 

931 

49967 

,50004 

.50040 

076 

113 

149 

185 

.50222 

258 

295 

331 

368 

.50404 

441 

477 

514 

550 

.50587 

623 

660 

696 

733 

.50769 

806 

843 

879 

916 

.50953 


cot 


2.0503 

.0488 

.0473 

.0458 

.0443 

2.0428 

.0413 

.0398 

.0383 

.0368 

2.0353 

.0338 

.0323 

.0308 

.0293 

2.0278 

.0263 

.0248 

.0233 

.0219 

2.0204 

.0189 

.0174 

.0160 

.0145 

2.0130 

.0115 

.0101 

.0086 

.0072 

2.0057 

.0042 

.0028 

2.0013 

1.9999 

1.9984 

.9970 

.9955 

.9941 

.9926 

1.9912 

.9897 

.9883 

.9868 

.9854 

1.9840 

.9825 

.9811 

.9797 

.9782 

1.9768 

.9754 

.9740 

9725 

.9711 

1.9697 

.9683 

.9669 

.9654 

.9640 

1.9626 


89879 

867 

854 

841 

828 

89816 

803 

790 

777 

764 

89752 

739 

726 

713 

700 

89687 

674 

662 

649 

636 

89623 

610 

597 

584 

571 

89558 

545 

532 

519 

506 

89493 

480 

467 

454 

441 

,89428 

415 

402 

389 

376 

.89363 

350 

337 

324 

311 

.89298 

285 

272 

259 

245 

.89232 

219 

206 

193 

180 

.89167 

153 

140 

127 

114 

.89101 


tan 


sin 


tan 


cot 


45399 

425 

451 

477 

503 

45529 

554 

580 

606 

632 

45658 

684 

710 

736 

762 

45787 

813 

839 

865 

891 

45917 

942 

968 

45994 

46020 

46046 

072 

097 

123 

149 

46175 

201 

226 

252 

278 

,46304 

330 

355 

381 

407 

,46433 

458 

484 

510 

536 

.46561 

587 

613 

639 

664 

.46690 

716 

742 

767 

793 

.46819 

844 

870 

896 

921 

.46947 


50953 

50989 

51026 

063 

.099 

51136 

173 

209 

246 

283 

51319 

356 

393 

430 

467 

51503 

540 

577 

614 

651 

51688 

724 

761 

798 

835 
51872 

909 

946 
51983 
52020 
52057 

094 

131 

168 

205 

.52242 

279 

316 

353 

390 

.52427 

464 

501 

538 

575 

.52613 

650 

687 

724 

761 

.52798 

836 
873 

910 

947 
.52985 
.53022 

059 

096 

134 

.53171 


.9626 

.9612 

.9598 

.9584 

.9570 

.9556 

.9542 

.9528 

.9514 

.9500 

1.9486 

.9472 

.9458 

.9444 

.9430 

1.9416 

.9402 

.9388 

.9375 

.9361 

1.9347 

.9333 

.9319 

.9306 

.9292 

1.9278 

.9265 

.9251 

.9237 

.9223 

1.9210 

.9196 

.9183 

.9169 

.9155 

1.9142 

.9128 

.9115 

.9101 

.9088 

1.9074 

.9061 

9047 

9034 

.9020 

1.9007 

.8993 

.8980 

.8967 

.8953 

1.8940 

.8927 

.8913 

.8900 

.8887 

1.8873 

.8860 

.8847 

.8834 

.8820 

1.8807 


cot 


tan 


63 ^^ 


105 


62 ^ 


cos 


Esmi 

E!1 

087 

59 

074 

58 

061 

57 

048 

56 

.89035 

65 

021 

54 

.89008 

53 

.88995 

52 

981 

51 

.88968 

60 

955 

49 

942 

48 

928 

47 

915 

46 

.88902 

45 

888 

44 

875 

43 

862 

42 

848 

41 

.88835 

40 

822 

39 

808 

38 

795 

37 

782 

36 

.88768 

35 

755 

34 

741 

33 

728 

32 

715 

31 

.88701 

30 

688 

29 

674 

28 

661 

27 

647 

26 

.88634 

25 

620 

24 

607 

23 

593 

22 

580 

21 

.88566 

20 

553 

19 

539 

18 

526 

17 

512 

16 

.88499 

15 

485 

14 

472 

13 

458 

12 

445 ) 

11 

.88431 

10 

417 

9 

404 

8 

390 

7 

377 

6 

.88363 

6 

349 

4 

336 

3 

322 

2 

308 

1 

.88295 

0 

sin 
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TABLE III 


29 



sin 

tan 

cot 

cos 1 1 

0 

.46947 

.53171 

1.8807 

.88295 

60 

1 

973 

208 

.8794 

281 

59 

2 

.46999 

246 

.8781 

267 

58 

3 

.47024 

283 

.8768 

254 

57 

4 

050 

320 

.8755 

240 

56 

6 

.47076 

.53358 

1.8741 

.88226 

55 

6 

101 

395 

.8728 

213 

54 

7 

127 

432 

.8715 

199 

53 

8 

153 

470 

.8702 

185 

52 

9 

178 

507 

.8689 

172 

51 

m 

.47204 

.53545 

1.8676 

.88158 

50 

11 

229 

582 

.8663 

144 

49 

12 

255 

620 

.8650 

130 

48 

13 

281 

657 

.8637 

117 

47 

14 

306 

694 

.8624 

^ 103 

46 

15 

.47332 

.53732 

1.8611 

.88089 

46 

16 

358 

769 

.8598 

075 

44 

17 

383 

807 

.8585 

062 

43 

18 

409 

844 

.8572 

048 

42 

19 

434 

882 

.8559 

034 

41 


.47460 

.53920 

1.8546 

.88020 

40 

21 

486 

957 

.8533 

.88006 

39 

22 

511 

.53995 

.8520 

.87993 

38 

23 

537 

.54032 

.8507 

979 

37 

24 

562 

070 

.8495 

965 

36 

'25 

.47588 

.54107 

1.8482 

.87951 

35 

26 

614 

145 

.8469 

937 

34 

27 

639 

183 

.8456 

923 

33 

28 

665 

220 

.8443 

909 

32 

29 

690 

258 

.8430 

896 

31 

30 

.47716 

.54296 

1.8418 

.87882 

30 

31 

741 

333 

.8405 

868 

29 

32 

767 

371 

.8392 

854 

28 

33 

793 

409 

.8379 

840 

27 

34 

818 

446 

.8367 

826 

26 

35 

.47844 

.54484 

1.8354 

.87812 

25 

36 

869 

522 

.8341 

798 

24 

37 

895 

560 

.8329 

784 

23 

38 

920 

597 

.8316 

770 

22 

39 

946 

635 

.8303 

756 

21 

40 

.47971 

.54673 

1.8291 

.87743 

20 

41 

.47997 

711 

.8278 

729 

19 

42 

.48022 

748 

.8265 

715 

18 

43 

048 

786 

.8253 

! 701 

17 

44 

073 

824 

.8240 

687 

16 

45 

.48099 

.54862 

1.8228 

.87673 

15 

46 

124 

900 

.8215 

659 

14 

47 

150 

938 

.8202 

645 

13 

48 

175 

.54975 

.8190 

631 

12 

49 

201 

.55013 

.8177 

617 

11 

50 

.48226 

.55051 

1.8165 

.87603 

10 

51 

252 

089 

,8152 

589 

9 

52 

277 

127 

,8140 

575 

8 

53 

303 

165 

,8127 

561 

7 

54 

328 

203 

.8115 

546 

6 

55 

.48354 

.55241 

1.8103 

.87532 

5 

56 

379 

279 

.8090 

518 

4 

57 

405 

317 

.8078 

504 

3 

58 

430 

355 

.8065 

490 

2 

59 

456 

393 

1 .8053 

1 476 

1 

60 

1.48481 

.55431 

11.8040 

.87462 

0 


sin 


61 ° 


sin 


.48481 

506 

532 

557 

583 

.48608 

634 

659 

684 

710 

.48735 

761 

786 

811 

837 

.48862 

888 

913 

938 

964 

.48989 

.49014 

040 

065 

090 

.49116 

141 

166 

192 

217 

.49242 

268 

293 

318 

344 

.49369 

394 

419 

445 

470 

49495 

521 

546 

571 

596 

49622 

647 

672 

697 

723 

.49748 

773 

798 

824 

849 

.49874 

899 

924 

950 

.49975 

.50000 


tan 


55431 

469 

507 

545 

583 

55621 

659 

697 

736 

774 

55812 

850 

888 

926 

55964 

56003 

041 

079 

117 

156 

56194 

232 

270 
309 
347 

56385 

424 
462 
501 
539 

56577 
616 
654 
693 
731 
56769 
808 
846 
885 
923 
56962 
57000 
039 
078 
• 116 
57155 
193 
232 

271 
309 

57348 

386 

425 
464 
503 

57541 

580 

619 

657 

696 

57735 


ior> 




cot 

cos 


1.8040 

.87462 

60 

.8028 

448 

59 

.8016 

434 

58 

.8003 

420 

57 

.7991 

406 

56 

1.7979 

.87391 
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.4487 

297 

23 


37 

236 

637 

,3959 

293 

23 

38 

832 

071 

.4478 

281 

22 


38 

260 

681 

.3951 

276 

22 

39 

856 

114 

.4469 

264 

21 


39 

283 

725 

.3942 

259 

21 

40 

.56880 

.69157 

1.4460 

.82248 

20 


40 

.58307 

.71769 

1.3934 

.81242 

20 

41 

904 

200 

.4451 

231 

19 


41 i 

330 

813 

.3925 

225 

19 

42 

928 

243 

.4442 

214 

18 


42 

354 

857 

.3916 

208 

18 

43 

952 

286 

.4433 

198 

17 


43 

378 

901 

.3908 

191 

17 

44 

.56976 

329 

.4424 

181 

16 


44 

401 

946 

.3899 

174 

16 

45 

.57000 

.69372 

1.4415 

.82165 

15 


45 

.58425 

.71990 

1.3891 

.81157 

15 

46 

024 

416 

.4406 

148 

14 


46 

449 

.72034 

.3882 

140 

14 

47 

047 

459 

.4397 

132 

13 


47 

472 

078 

.3874 

123 

13 

48 

071 

502 

.4388 

115 

12 


48 

496 

122 

.3865 

106 

12 

49 

095 

545 

.4379 

098 

11 


49 

519 

167 

.3857 

089 

11 

50 

.57119 

.69588 

1.4370 

.82082 

10 


50 

.58543 

.72211 

1.3848 

.81072 

10 

51 

143 

631 

.4361 

065 

9 


51 

567 

255 

.3840 

055 

9 

52 

167 

675 

.4352 

048 

8 


52 

590 

299 

.3831 

038 

8 

53 

191 

718 

.4344 

032 

7 


53 

614 

344 

.3823 

021 

7 

54 

215 

761 

.4335 

.82015 

6 


54 

637 

388 

.3814 

.81004 

6 

55 

.57238 

.69804 

1.4326 

.81999 

6 


66 

.58661 

.72432 

1.3806 

80987 

5 

56 

262 

847 

.4317 

982 

4 


56 

684 

477 

.3798 

970 

4 

57 

286 

891 

.4308 

965 

3 


57 

708 

521 

.3789 

953 

3 

58 

310 

934 

.4299 

949 

2 


58 

731 

565 

.3781- 

936 

2 

59 

334 

.69977 

.4290 

932 

1 


59 

755 

610 

,3772 

919 

1 

60 

.57358 

.70021 

1.4281 

.81915 

0 


60 

.58779 

.72654 

1.3764 

.80902 

0 

1 1 cos 

cot 

tan 

1 sin 

/ 



cos 

1 cot 

tan 

1 •*“ 1 'J 


55 


109 


54 ' 






36 ° TABLK III 37 ° 



sin 

tan 

cot 

cos 



' 

sin 

tan 

cot 

cos 



.58779 

.72654 

1.3764 

.80902 

60 


0 

.60182 

.75355 

1.3270 

.79864 

60 

1 

802 

699 

.3755 

885 

59 


1 

205 

401 

.3262 

846 

59 

2 

826 

743 

.3747 

867 

58 


2 

228 

447 

.3254 

829 

58 

3 

849 

788 

.3739 

850 

57 


3 

251 

492 

.3246 

811 

57 

4 

873 

832 

, .3730 

833 

56 


4 

274 

538 

.3238 

793 

56 

5 

.58896 

.72877 

1.3722 

.80816 

66 


6 

.60298 

.75584 

1.3230 

.79776 

55 

6 

920 

921 

.3713 

799 

54 


6 

321 

629 

.3222 

758 

54 

7 

943 

.72966 

.3705 

782 

53 


7 

344 

675 

.3214 

741 

53 

8 

967 

.73010 

.3697 

765 

52 


8 

367 

721 

.3206 

723 

52 

9 

.58990 

055 

.3688 

748 

51 


9 

390 

767 

.3198 

706 

51 

10 

.59014 

.73100 

1.3680 

.80730 

60 


10 

.60414 

.75812 

1.3190 

.79688 

50 

11 

037 

144 

.3672 

713 

49 


11 

437 

858 

.3182 

671 

49 

12 

061 

189 

.3663 

696 

48 


12 

460 

904 

.3175 

653 

48 

13 

084 

234 

.3655 

679 

47 


13 

483 

950 

.3167 

635 

47 

14 

108 

278 

.3647 

662 

46 


14 

506 

.75996 

.3159 

618 

46 

16 

.59131 

.73323 

1.3638 

.80644 

46 


16 

.60529 

.76042 

1.3151 

.79600 

45 

16 

154 

368 

.3630 

627 

44 


16 

553 

088 

.3143 

583 

44 

17 

178 

413 

.3622 

610 

43 


17 

576 

134 

.3135 

565 

43 

18 

201 

457 

.3613 

593 

42 


18 

599 

180 

.3127 

547 

42 

19 

225 

502 

.3605 

576 

41 


19 

622 

226 

.3119 

530 

41 

20 

.59248 

.73547 

1.3597 

.80558 

40 


20 

.60645 

.76272 

1.3111 

.79512 

40 

21 

272 

592 

.3588 

541 

39 


21 

668 

318 

.3103 

494 

39 

22 

295 

637 

.3580 

524 

38 


22 

691 

364 

.3095 

477 

38 

23 

318 

681 

.3572 

507 

37 


23 

714 

410 

.3087 

459 

37 

24 

342 

726 

.3564 

489 

36 


24 

738 

456 

.3079 

441 

36 

26 

.59365 

.73771 

1.3555 

.80472 

35 


26 

.60761 

.76502 

1.3072 

.79424 

35 

26 

389 

816 

.3547 

453 

34 


26 

784 

548 

.3064 

406 

34 

27 

412 

861 

.3539 

438 

33 


27 

807 

594 

.3056 

388 

33 

28 

436 

906 

.3531 

420 

32 


28 

830 

640 

.3048 

371 

32 

29 

459 

951 

.3522 

403 

31 


29 

853 

686 

.3040 

353 

31 

30 

.59482 

.73996 

1.3514 

.80386 

30 


30 

.60876 

.76733 

1.3032 

.79335 

30 

31 

506 

74041 

.3506 

368 

29 


31 

899 

779 

.3024 

318 

29 

32 

529 

086 

.3498 

351 

28 


32 

922 

825 

.3017 

300 

28 

33 

552 

131 

.3490 

334 

27 


33 

945 

871 

.3009 

282 

27 

34 

576 

176 

.3481 

316 

26 


34 

968 

918 

.3001 

264 

26 

35 

.59599 

.74221 

1.3473 

.80299 I 

25 


35 

.60991 

.76964 

1 2993 

.79247 

25 

36 

622 

267 

.3465 

282 

24 


36 

.61015 

.77010 

.2985 

229 

24 

37 

646 

312 

.3457 

264 ! 

23 


37 

038 

057 

.2977 

211 

23 

38 

669 

357 

.3449 

247 

22 


38 

061 

103 

.2970 

193 

22 

39 

693 

402 

.3440 

230 

21 


39 

084 

149 

.2962 

176 

21 

40 

.59716 

.74447 

1.3432 

.80212 

20 


40 

.61107 

.77196 

1.2954 

.79158 

20 

41 

739 

492 

.3424 

193 

19 


41 

130 

242 

.2946 

140 

19 

42 

763 

538 

.3416 

178 

18 


42 

153 

289 

.2938 

122 

18 

43 

786 

583 

.3408 

160 

17 


43 

176 

335 

.2931 

105 

17 

44 

809 

628 

.3400 

143 

16 


44 

199 

382 

.2923 

087 

16 

45 

.59832 

.74674 

1.3392 

.80125 ' 

15 


45 

.61222 

.77428 

1.2915 

.79069 

15 

46 

856 

719 

.3384 

108 

14 


46 

245 

475 

.2907 

051 

14 

47 

879 

764 

.3375 

091 

13 


47 

268 

521 

.2900 

033 

13 

48 

902 

810 

.3367 

073 

12 


48 , 

291 

568 

.2892 

.79016 

12 

49 

926 

855 

.3359 

056 

11 


49 

314 

615 

.2884 

.78998 

It 

wm 

59949 

.74900 

1.3351 

.80038 

10 


50 ' 

.61337 

77661 

1.2876 

.78980 

10 

51 

972 

946 

.3343 

021 

9 


51 

360 

708 

.2869 

962 

9 

52 

.59995 

.74991 

.3333 

.80003 

8 


52 

383 

754 

.2861 

944 

8 

53 

.60019 

.75037 

.3327 

.79986 

7 


53 

406 

801 

.2853 

926 

7 

54 

042 

082 

.3319 

968 

6 


54 

429 

848 

.2846 

908 

6 

55 

.60065 

.75128 

1.3311 

.79951 

6 


65 

.61451 

.77895 

1.2838 

.78891 

5 

56 

089 

173 

.3303 

934 

4 


56 

474 

941 

.2830 

873 

4 

57 

112 

219 

.3293 

916 

3 


57 

497 

.77988 

.2822 

855 

3 

58 

135 

264 

.3287 

899 

2 


58 

520 

.78035 

.2815 

837 

2 

59 

158 

310 

.3278 

881 

1 


59 

543 

082 

.2807 

819 

1 


.60182 

.75355 

1.3270 

.79864 

0 


60 

.61566 

.78129 

1.2799 

.78801 

0 


1 

cot 

tan 

sin 

t 



cos 

cot 

tan 

sin 



63 ° 110 . 62 ° 










38 


TABLE III 39 ° 


t 

sin 

tan 

cot ! 

cos 




sin 1 

tan 1 

cot 

mmmi 

0 

.61566 

.78129 

1.2799 

.78801 

60 


0 

.62932 

.80978 

1.2349 

.77715 

60 

1 

589 

175 

.2792 

783 

59 


1 

955 

.81027 

.2342 

696 

59 

2 

612 

222 

.2784 

765 

58 


2 

.62977 

075 

.2334 

678 

58 

3 

635 

269 

.2776 

747 

57 


3 

.63000 

123 

.2327 

660 

57 

4 

658 

316 

.2769 

729 

56 


4 

022 

171 

.2320 

641 

56 

6 

.61681 

.78363 

1.2761 

.78711 

66 


5 

.63045 

.81220 

1.2312 

.77623 

56 

6 

704 

410 

.2753 

694 

54 


6 

068 

268 

.2305 

605 

54 

7 

726 

457 

.2746 

676 

53 


7 

090 

316 

.2298 

586 

53 

8 

749 

504 

.2738 

658 

52 


8 

113 

364 

.2290 

568 

52 

9 

772 

551 

.2731 

640 

51 


9 

135 

413 

.2283 

550 

51 

10 

.61795 

.78598 

1.2723 

.78622 

60 


10 

.63158 

.81461 

1.2276 

.77531 

50 

11 

818 

645 

.2715 

604 

49 


11 

180 

510 

.2268 

513 

49 

12 

841 

692 

.2708 

586 

48 


12 

203 

558 

.2261 

494 

48 

13 

864 

739 

.2700 

568 

47 


13 

225 

606 

.2254 

476 

47 

14 

887 

786 

.2693 

550 

46 


14 

248 

655 

.2247 

458 

46 

15 

.61909 

.78834 

\ . 2685 

.78532 

45 


16 

.63271 

.81703 

1.2239 

77439 

45 

16 

932 

881 

.2677 

514 

44 


16 

293 

752 

.2232 

421 

44 

17 

955 

928 

.im 

496 

43 


17 

316 

800 

.2225 

402 

43 

18 

.61978 

. 78975 

.2662 

478 

42 


18 

338 

849 

.2218 

384 

42 

19 

.62001 

.79022 

.2655 

460 

41 


19 

361 

898 

.2210 

366 

41 

20 

.62024 

.79070 

1.2647 

.78442 

40 


29 

.63383 

.81946 

1.2203 

.77347 

40 

21 

046 

117 

.2640 

424 

39 


21 

406 

.81995 

.2196 

329 

39 

22 

069 

164 

.2632 

405 

38 


22 

428 

.82044 

.2189 

310 

38 

23 

092 

212 

.2624 

387 

37 


23 

451 

092 

.2181 

292 

37 

24 

115 

259 

.2617 

369 

36 


24 

473 

141 

.2174 

273 

36 

25 

.62138 

.79306 

1.2609 

78351 

35 


26 

.63496 

.82190 

1.2167 

.77255 

35 

26 

160 

354 

.2602 

333 

34 


26 

518 

238 

.2160 

236 

34 

27 

183 

401 

.2594 

315 

33 


27 

540 

287 

.2153 

218 

33 

28 

206 

449 

2587 

297 

32 


28 

563 

336 

.2145 

199 

32 

29 

229 

496 

.2579 

279 

31 


29 

585 

385 

.2138 

181 

31 

30 

.62251 

.79544 

1.2572 

.78261 

30 


30 

.63608 

.82434 

1.2131 

.77162 

30 

31 

274 

591 

.2564 

243 

29 


31 

630 

483 

.2124 

144 

29 

32 

297 

639 

.2557 

225 

28 


32 

653 

531 

.2117 

125 

28 

33 

320 

686 

.2549 

206 

27 


33 

675 

580 

.2109 

107 

27 

34 

342 

734 

.2542 

188 

26 


34 

698 

629 

.2102 

088 

26 

35 

.62365 

.79781 

1.2534 

78170 

25 


35 

63720 

.82678 

1.2095 

.77070 

25 

36 

388 

829 

.2527 

152 

24 


36 

742 

727 

.2088 

051 

24 

37 

411 

877 

.2519 

134 

23 


37 

765 

776 

2081 

033 

23 

38 

433 

924 

.2512 

116 

22 


38 

787 

825 

.2074 

.77014 

22 

39 

456 

.79972 

.2504 

098 

21 


39 

810 

874 

.2066 

.76996 

21 

40 

.62479 

.80020 

1.2497 

.78079 

20 


40 

.63832 

.82923 

1 2059 

.76977 

20 

41 

502 

067 

.2489 

061 

19 


41 

854 

. 82972 

.2052 

959 

19 

42 

524 

115 

.2482 

043 

18 


42 

877 

.83022 

.2045 

940 

18 

43 

547 

163 

.2475 

025 

17 


43 

899 

071 

.2038 

921 

17 

44 

570 

211 

.2467 

.78007 

16 


44 

922 

120 

.2031 

903 

16 

46 

.62592 

.80258 

1.2460 

.77988 

16 


45 

.63944 

.83169 

1.2024 

.76884 

16 

46 

615 

306 

.2452 

970 

14 


46 

966 

218 

.2017 

866 

14 

47 

638 

354 

.2445 

952 

13 


47 

.63989 

268 

.2009 

847 

13 

48 

660 

402 

.2437 

934 

12 


48 

.64011 

317 

.2002 

828 

12 

49 

683 

450 

.2430 

916 

11 


49 

033 

366 

.1995 

810 

11 

50 

.62706 

.80498 

1.2423 

.77897 

10 


60 

.64056 

.83415 

1.1988 

.76791 

10 

51 

728 

546 

.2415 

879 

9 


51 

078 

465 

.1981 

772 

9 

52 

751 

594 

.2408 

861 

8 


52 

100 

514 

.1974 

754 

8 

53 

774 

642 

.2401 

843 

7 


53 

123 

564 

.1967 

735 

7 

54 

796 

690 

.2393 

824 

6 


54 

145 

613 

.1960 

717 

6 

55 

.62819 

.80738 

1.2386 

.77806 

6 


66 

.64167 

.83662 

1.1953 

.76698 

5 

56 

842 

786 

.2378 

788 

4 


56 

190 

712 

.1946 

679 

4 

57 

864 

834 

.2371 

769 

3 


57 

212 

761 

.1939 

661 

3 

58 

887 

882 

.2364 

751 

2 


58 

234 

811 

.1932 

642 

2 

59 

909 

930 

.2356 

733 

1 


59 

256 

860 

.1925 

623 

1 

60 

.62932 

.80978 

1.2349 

.77715 

0 


60 

.64279 

.83910 

|l.l918 

.76604 

0 


cos 

1 cot 

1 tan 

1 sin 

ll 



cos 

1 cot 

1 tan 

1 sin 



51 ° 


III 


50 






40 ' 


TABLE III 


41 ' 



sin 

tan 

cot 

cos 


0 

.65606 

.86929 

1.1504 

.75471 

60 

1 

628 

.86980 

.1497 

452 

59 

2 

650 

.87031 

.1490 

433 

58 

3 

672 

082 

.1483 

414 

57 

4 

694 

133 

.1477 

395 

56 

5 

.65716 

.87184 

1.1470 

.75375 

65 

6 

738 

236 

.1463 

356 

54 

7 

759 

287 

.1456 

337 

53 

8 

781 

338 

.I4?0 

318 

52 

9 

803 

389 

.1443 

299 

51 

10 

.65825 

.87441 

1.1436 

.75280 

60 

n 

847 

492 

.1430 

261 

49 

12 

869 

543 

.1423 

241 

48 

13 

891 

595 

.1416 

222 

47 

14 

913 

646 

.1410 

203 

46 

15 

.6593? 

.87698 

1.1403 

.75184 

45 

16 

956 

749 

.1396 

165 

44 

17 

.65978 

801 

.1389 

146 

43 

18 

.66000 

852 

.1383 

126 

42 

19 

022 

904 

.1376 

107 

41 

20 

.66044 

.87955 

1.1369 

.75088 

40 

21 

066 

.88007 

.1363 

069 

39 

22 

088 

059 

.1356 

050 

38 

23 

109 

no 

.1349 

030 

37 

24 

131 

162 

.1343 

.75011 

36 

25 

.66153 

.88214 

1.1336 

.74992 

35 

26 

175 

265 

.1329 

973 

34 

27 

197 

317 

.1323 

953 

33 

28 

218 

369 

.1316 

934 

32 

29 

240 

421 

.1310 

915 

31 

30 

.66262 

.88473 

1.1303 

.74896 

30 

31 

284 

524 

.1296 

876 

29 

32 

306 

576 

.1290 

857 

28 

33 

327 

628 

.1283 

838 

27 

34 

349 

680 

.1276 

818 

26 

35 

.66371 

.88732 

1.1270 

.74799 

25 

36 

393 

784 

.1263 

780 

24 

37 

414 

836 

.1257 

760 

23 

38 

436 

888 

.1250 

741 

22 

39 

458 

940 

.1243 

722 

21 

40 

.66480 

.88992 

1.1237 

.74703 

20 

41 

501 

.89045 

.1230 

683 

19 

42 

523 

097 

.1224 

664 

18 

43 

545 

149 

.1217 

644 

17 

44 

566 

201 

.1211 

625 

16 

45 

.66588 

.89253 

1.1204 

.74606 

16 

46 

610 

306 

.1197 

586 

14 

47 

632 

358 

.1191 

567 

13 

48 

653 

410 

.1184 

548 

12 

49 

675 

463 

.1178 

528 

11 

50 

.66697 

.89515 

1.1171 

.74509 

10 

51 

718 

567 

.1165 

489 

9 

52 

740 

620 

.1158 

470 

8 

53 

762 

672 

.1152 

451 

7 

54 

783 

725 

.1145 

431 

6 

55 

.66805 

.89777 

1.1139 

.74412 

6 

56 

827 

830 

.1132 

392 

4 

57 

848 

883 

.1126 

373 

3 

58 

870 

935 

.1119 

353 

2 

59 

891 

.89988 

.1113 

334 

1 

60 

.66913 

.90040 

i.ll06 

.74314 

0 


cos 1 

cot 1 

tan 1 

sin 



' 

sin 

tan 

cot 

cos 


0 

.64279 

.83910 

1.1918 

.76604 

60 

1 

301 

.83960 

.1910 

586 

59 

2 

323 

.84009 

.1903 

567 

58 

3 

346 

059 

.1896 

548 

57 

4 

368 

108 

.1889 

530 

56 

6 

.64390 

.84158 

1.1882 

.76511 

65 

6 

412 

208 

.1875 

492 

54 

7 

435 

258 

.1868 

473 

53 

8 

457 

307 

.1861 

455 

52 

9 

479 

357 

.1854 

436 

51 

10 

.64501 

.84407 

1.1847 

.76417 

60 

11 

524 

457 

.1840 

398 

49 

12 

546 

507 

.1833 

380 

48 

13 

568 

556 

.1826 

361 

47 

14 

590 

606 

.1819 

342 

46 

16 

.64612 

.84656 

1.1812 

.76323 

45 

16 

635 

706 

.1806 

304 

44 

17 

657 

756 

.1799 

286 

43 

18 

679 

806 

.1792 

267 

42 

19 

701 

856 

.178? 

248 

41 

20 

.64723 

.84906 

1.1778 

.76229 

40 

21 

746 

.84956 

1771 

210 

39 

22 

768 

.85006 

.1764 

192 

38 

23 

790 

057 

.1757 

173 

37 

24 

812 

107 

.1750 

154 

36 

26 

.64834 

.85157 

1.1743 

.7613? 

35 

26 

856 

207 

.1736 

116 

34 

27 

878 

257 

.1729 

097 

33 

28 

901 

308 

.1722 

078 

32 

29 

923 

358 

.1715 

059 

31 

30 

.64945 

.85408 

1.1708 

.76041 

30 

31 

967 

458 

.1702 

022 

29 

32 

.64989 

509 

.1695 

.76003 

28 

33 

.65011 

559 

.1688 

.75984 

27 

34 

033 

609 

.1681 

965 

26 

35 

.65055 

.85660 

1.1674 

.75946 

25 

36 

077 

710 

.1667 

927 

24 

37 

100 

761 

.1660 

908 

23 

38 

122 

811 

.1653 

889 

22 

39 

144 ' 

862 

.1647 I 

870 

21 

40 

.65166 

.85912 

1.1640 

.75851 

20 

41 

188 

.85963 

.1633 

832 

19 

42 

210 

.86014 

.1626 

813 

18 

43 

232 

064 

.1619 

794 

17 

44 

254 

115 

.1612 

775 

16 

46 

.65276 

.86166 

1.1606 

.75756 

16 

46 

298 

216 

.1599 

738 

14 

47 

320 

267 

.1592 

719 

13 

48 

342 

318 

.1585 

700 

12 

49 

364 

368 

.1578 

680 

11 

60 

.65386 

.86419 

1.1571 

.75661 

10 

51 

408 

470 

.1565 

642 

9 

52 

430 

521 

.1558 

623 

8 

53 

452 

572 

.1551 

604 

7 

54 

474 

623 

.1544 

585 

6 

66 

.65496 

.86674 

1.1538 

.75566 

5 

56 

518 

725 

.1531 

547 

4 

57 

540 

776 

,1524 

528 

3 

58 

562 

827 

.1517 

509 

2 

59 

584 

878 

.1510 

490 

1 

60 

.65606 

.86929 

1.1504 

.75471 

0 


cos 

cot 

tan 1 

sin 



49 '^ 112 48 '’ 



42 ° TABLE III 43 ° 



sin 

tan 

cot 

cos 

n 

0 

.66913 

.90040 

1.1106 

.74314 

60 

1 

935 

093 

.1100 

295 

59 

2 

956 

146 

.1093 

276 

58 

3 

978 

199 

.1087 

256 

57 

4 

.66999 

251 

.1080 

237 

56 

6 

.67021 

.90304 

1.1074 

.74217 

65 

6 

043 

357 

.1067 

198 

54 

7 

064 

410 

.1061 

178 

53 

8 

086 

463 

.1054 

159 

52 

9 

107 

516 

.1048 

139 

51 

10 

.67129 

.90569 

1.1041 

.74120 

60 

11 

151 

621 

.1035 

100 

49 

12 

172 

674 

.1028 

080 

48 

13 

194 

727 

.1022 

061 

47 

14 

215 

781 

.1016 

041 

46 

15 

.67237 

.90834 

1.1009 

.74022 

45 

■lill 

258 

887 

.1003 

.74002 

44 

■U 

280 

940 

.0996 

.73983 

43 

■lil 

301 

.90993 

.0990 

963 

42 


323 

.91046 

.0983 

944 

41 

Kl!l 

.67344 

.91099 

1.0977 

.73924 

40 


366 

153 

.0971 

904 

39 

whm 

387 

206 

.0964 

885 

38 

■vl 

409 

259 

.0958 

865 

37 

24 

430 

313 

.0951 

846 

36 


.67452 

.91366 

1.0945 

.73826 

35 

26 

473 

419 

.0939 

806 

34 

27 

495 

473 

.0932 

787 

33 

28 

516 

526 

.0926 

767 

32 

29 

538 

580 

.0919 

747 

31 

30 

.67559 

.91633 

1.0913 

.73728 

30 

31 

580 

687 

.0907 

708 

29 

32 

602 

740 

.0900 

688 

28 

33 

623 

794 

.0894 

669 

27 

34 

645 

847 

.0888 

649 

26 

35 

.67666 

.91901 

1.0881 

.73629 

26 

36 

688 

.91955 

.0875 

610 

24 

37 

709 

.92008 

.0869 

590 

23 

38 

730 

062 

.0862 

570 

22 

39 

752 

116 

.0856 

551 

21 

40 

.67773 

.92170 

1.0850 

.73531 

20 

41 

795 

224 

.0843 

511 

19 

42 

816 

277 

.0837 

491 

18 

43 

837 

331 

.0831 

472 

17 

44 

859 

385 

.0824 

452 

16 

46 

.67880 

.92439 

1.0818 

.73432 

16 

46 

901 

493 

.0812 

413 

14 

47 

923 

547 

.0805 

393 

13 

48 

944 

601 

.0799 

373 

12 

49 

965 

655 

.0793 

353 

11 

50 

.67987 

.92709 

1.0786 

.73333 

10 

51 

.68008 

763 

.0780 

314 

9 

52 

029 

817 

.0774 

294 

8 

53 

051 

872 

.0768 

274 

7 

54 

072 

926 

.0761 

254 

6 

65 

.68093 

.92980 

1.0755 

.73234 

6 

56 

115 

.93034 

.0749 

215 

4 

57 

136 

088 

.0742 

195 

3 

58 

157 

143 

.0736 

175 

2 

59 

179 

197 

.0730 

155 

1 

60 

.68200 

.93252 

1.0724 

.73135 

0 


cos 

cot 

tan 

sin 

9 


47 ° 



sin 

tan 

cot 

cos 


0 

.68200 

.93252 

1.0724 

.73135 

60 

1 

221 

306 

.0717 

116 

59 

2 

242 

360 

.0711 

096 

58 

3 

264 

415 

.0705 

076 

57 

4 

285 

469 

.0699 

056 

56 

6 

.68306 

.93524 

1.0692 

.73036 

56 

6 

327 

578 

.0686 

.73016 

54 

7 

349 

633 

.0680 

.72996 

53 

8 

370 

688 

.0674 

976 

52 

9 

391 

742 

.0668 

957 

51 

10 

.68412 

.93797 

1.0661 

.72937 

60 

11 

434 

852 

.0655 

917 

49 

12 

455 

906 

.0649 

897 

48 

13 

476 

.93961 

.0643 

877 

47 

14 

497 

.94016 

.0637 

857 

46 

16 

.68518 

.94071 

1.0630 

.72837 

45 

16 

539 

125 

.0624 

817 

44 

17 

561 

180 

.0618 

797 

43 

18 

582 

235 

.0612 

777 

42 

19 

603 

290 

.0606 

757 

41 

20 

.68624 

.94345 

1.0599 

.72737 

40 

21 

645 

400 

.0593 

717 

39 

22 

666 

455 

.0587 

697 

38 

23 

688 

510 

.0581 

677 

37 

24 

709 

565 

.0575 

657 

36 

26 

.68730 

.94620 

1 .0569 

.72637 

36 

26 

751 

676 

.0562 

617 

34 

27 

772 

731 

.0556 

597 

33 

28 

793 

786 

.0550 

577 

32 

29 

814 

841 

.0544 

557 

31 

30 

.68835 

.94896 

1.0538 

.72537 

30 

31 

857 

.94952 

.0532 

517 

29 

32 

878 

.95007 

.0526 

497 

28 

33 

899 

062 

.0519 

477 

27 

34 

920 

i 

.0513 

457 

26 

35 

.68941 

.95173 

1.0507 

.72437 

26 

36 

962 

229 

.0501 

417 

24 

37 

.68983 

284 

.0495 

397 

23 

38 

.69004 

340 

.0489 

377 

22 

39 

025 

395 

.0483 

357 

21 

40 

.69046 

'.95451 

1.0477 

.72337 

20 

41 

067 

506 

.0470 

317 

19 

42 

088 

562 

.0464 

297 

18 

43 

109 

618 

.0458 

277 

17 

44 

130 

673 

.0452 

257 

16 

46 

.69151 

.95729 

1.0446 

.72236 

15 

46 

172 

785 

.0440 

216 

14 

47 

193 

841 

.0434 

196 

13 

48 

214 

897 

.0428 

176 

12 

49 

235 

1.95952 

.0422 

156 

11 

60 

.69256 

.96008 

1.0416 

.72136 

10 

51 

277 

064 

.0410 

116 

9 

52 

298 

120 

.0404 

095 

8 

53 

319 

176 

.0398 

075 

7 

54 

340 

232 

.0392 

055 

6 

56 

.69361 

.96288 

1.0385 

.72035 

6 

56 

382 

344 

.0379 

.72015 

4 

57 

403 

400 

.0373 

.71995 

3 

58 

424 

457 

.0367 

974 

2 

59 

445 

513 

.0361 

954 

1 

60 

.69466 

.96569 

1.0355 

.71934 

0 


cos 

cot 

I 1 

sin 

/ 


46 ° 


113 














TAiu.K iir 44 ‘ 


“n 

sin 

tan 

cot 

cos 


0 

.69466 

.96569 

1.0355 

.71934 

60 

1 

487 

625 

.0349 

914 

59 

2 

508 

681 

.0343 

894 

58 

3 

529 

738 

.0337 

873 

57 

4 

549 

794 

.0331 

853 

56 

5 

69570 

.96850 

1.0325 

.71833 

65 

6 

591 

907 

.0319 

813 

54 

7 

612 

.96963 

.0313 

792 

53 

8 

633 

.97020 

.0307 

772 

52 

9 

654 

076 

.0301 

752 

51 

10 

.69675 

.97133 

1.0295 

.71732 

60 

n 

696 

189 

.0289 

711 

49 

12 

717 

246 

.0283 

691 

48 

13 

737 

302 

.0277 

671 

47 

14 

758 

359 

.0271 

650 

46 

15 

.69779 

.97416 

1.0265 

.71630 

45 

16 

800 

472 

.0259 

610 

44 

17 

821 

529 

.0253 

590 

43 

18 

842 

586 

.0247 

569 

42 

19 

862 

643 

.0241 

549 

41 

20 

.69883 

.97700 

1.0235 

.71529 

40 

21 

904 

756 

.0230 

508 

39 

22 

925 

813 

.0224 

488 

38 

23 

946 

870 

.0218 

468 

37 

24 

966 

927 

.0212 

447 

36 

25 

.69987 

.97984 

1.0206 

.71427 

35 

26 

. 70008 

.98041 

.0200 

407 

34 

27 

029 

098 

.0194 

386 

33 

28 

049 

155 

.0188 

366 

32 

29 

070 

213 

.0182 

345 

31 

30 

.70091 

.98270 

1.0176 

71325 

30 

31 

112 

327 

.0170 

305 

29 

32 

132 

384 

.0164 

284 

28 

33 

153 

441 

.0158 

264 

27 

34 

174 

499 

.0152 

243 

26 

35 

70195 

.98556 

1.0147 

.71223 

25 

36 

215 

613 

.0141 

203 

24 

37 

236 

671 

.0135 

182 

23 

38 

257 1 

728 

.0129 

162 

22 

39 

277 

786 

.0123 

141 

21 

40 

.70298 

.98843 

1.0117 1 

.71121 

20. 

41 

319 1 

901 

.0111 

100 

19 

42 

339 

.98958 

.0105 

080 

18 

43 

360 

.99016 

.0099 

059 

17 

44 

381 

073 

.0094 

039 

16 

45 

.70401 

.99131 

1.0088 

.71019 

15 

46 

422 

189 

.0082 

. 70998 

14 

47 

443 

247 

.0076 

978 

13 

48 

463 

304 

.0070 

957 

12 

49 

484 

362 

.0064 

937 

11 

50 

.70505 

.99420 

1.0058 

.70916 

10 

51 

525 

478 

.0052 

896 

9 

52 

546 

536 

.0047 

875 

8 

53 

567 

594 

.0041 

855 

7 

54 

587 

652 

.0035 

834 

6 

56 

. 70608 

.99710 

1.0029 

.70813 

5 

56 

628 

768 

.0023 

793 

4 

57 

649 

826 

.0017 

772 

3 

58 

670 

884 

.0012 

752 

2 

59 

690 

.99942 

.0006 

731 

1 

60 

.70711 

1.0000 

1.0000 

.70711 

0 


cos 1 

cot 1 

tan 1 

sin 

1 ' 


45 ° 
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TABLE IV. RADIAN MEASURE, 0° TO i80", RADIUS - 


Degrees 

1 Minutes | 

Seconds 

0° 

0.00000 00 

60° 

1.04719 76 120° 

2.09439 51 

0 

0.00000 00 

0" 

0.00000 00 

1 

0 01745 33 

61 

1.06465 08 121 

2.11184 84 

1 

0.00029 09 

1 

0.00000 48 

2 

0.03490 66 

62 

1.08210 41 122 

2.12930 17 

2 

r . 00058 18 

2 

0.00000 97 

3 

0.05235 99 

63 

1.09955 74 123 

2.14675 50 

3 

0.00087 27 

3 

0.00001 45 

4 

0.06981 32 

64 

1.11701 07 124 

2.16420 83 

4 

0.00116 36 

4 

0.00001 94 

5 

0.08726 65 

65 

1.13446 40 125 

2.18166 16 

5 

0.00145 44 

5 

0.00002 42 

6 

0.10471 98 

66 

1.15191 73 126 

2.19911 49 

6 

0.00174 53 

6 

0.00002 91 

7 

0.12217 30 

67 

1.16937 06 127 

2.21656 82 

7 

0.00203 62 

7 

0.00003 39 

8 

0.13962 63 

68 

1.18682 39 128 

2 23402 14 

8 

0.00232 71 

8 

0.00003 88 

9. 

0.15707 96 

69 

1.20427 72 129 

2.25147 47 

9 

0.00261 80 

9 

0.00004 36 

10 

0.17453 29 

70 

' 1.22173 05 130 

2.26892 80 

10 

0.00290 89 

10 

0.00004 85 

II 

0.19198 62 

71 

1.23918 38 131 

2.28638 13 

11 

0.00319 98 

11 

0.00005 33 

12 

0.20943 95 

72 

1.25663 71 132 

2.30383 46 

12 

0.00349 07 

12 

0.00005 82 

13 

0.22689 28 

73 

1.27409 04 133 

2.32128 79 

13 

0.00378 15 

13 

0.00006 30 

14 

0.24434 61 


i 1.29154 36 134 

2.33874 12 

14 

0.00407 24 

14 

0.00006 79 

16 

0.26179 94 

75 

i 1 . 30899 69 136 

2.35619 45 

16 

0.00436 33 

16 

0.00007 27 

16 

0.27925 27 

76 

1 1.32645 02 136 

2.37364 78 

16 

0.00465 42 

16 

0.00007 76 

17 

0.29670 60 

77 

1.34390 35 137 

2.39110 11 

17 

0.00494 51 

17 

0.00008 24 

18 

0.31415 93 

78 

1.36135 68 138 

2.40855 44 

18 

0.00523 60 

18 

0.00008 73 

19 

0.33161 26 

79 

1.3788101 139 

2.42600 77 , 

19 

0.00552 69 

19 

0.00009 21 

20 

0.34906 59 

80 

1 . 39626 34 140 

2.44346 10 ' 

20 

0.00581 78 

20 

0.00009 70 

21 

0.36651 91 

81 

1.41371 67 141 

2.46091 42 

21 

0.00610 87 

21 

0.00010 18 

22 

0.38397 24 

82 

1.43117 00 142 

2.47836 75 

22 

0.00639 95 

22 

0.00010 67 

23 

0.40142 57 

83 

1.44862 33 143 

2.49582 08 

23 

0.00669 04 

23 

0.00011 15 

24 

0.41887 90 

84 

, 1.46607 66 144 

2.51327 41 

24 

0.00698 13 

24 

0.00011 64 

26 

0.43633 23 

85 

1.48352 99 146 

2.53072 74 

25 

0.00727 22 

25 

0.00012 12 

26 

0.45378 56 

86 

! 1.50098 32 146 

2.54818 07 

26 

0.00756 31 

26 

0.00012 61 

27 

0.47123 89 

87 

1.51843 64 147 

2.56563 40 

27 

0.00785 40 

27 

0.00013 09 

28 

0.48869 22 

88 

1.53588 97 148 

2.58308 73 

28 

0.00814 49 

28 

0.00013 57 

29 

0.50614 55 

89 

1.55334 30 149 

2.60054 06 

29 

j 0.00843 58 

29 

0.00014 06 

30 

0.52359 88 

90 

1.57079 63 160 

2.61799 39 ' 

30 

0.00872 66 

30 

0.00014 54 

31 

0.54105 21 

91 

1.58824 96 I 5 I 

2.63544 72 

31 

0.00901 75 

31 

0.00015 03 

32 

0.55850 54 

92 

1.60570 29 152 

2.65290 05 

32 

0.00930 84 

32 

0.00015 51 

33 

0.57595 87 

93 

1.62315 62 153 

2.67035 38 

33 

0.00959 93 

33 

0.00016 00 

34 

0.59341 19 

94 

1.64060 93 154 

2.68780 70 

34 

0.00989 02 

34 

0.00016 48 

36 

0.61086 52 

95 

1 . 65806 28 166 

2.70526 03 

35 

0 01018 11 

36 

0.00016 97 

36 

0.62831 85 

96 

1.6755161 156 

2.72271 36 

36 

0.01047 20 

36 

0.00017 45 

37 

0.64577 18 

97 

1,69296 94 157 

2.74016 69 

37 

0.01076 29 

37 

0.00017 94 

38 

0.66322 51 

98 

1.71042 27 158 

2.75762 02 

38 

0.01105 38 

38 

0.00018 42 

39 

0.68067 84 

99 1 

1.72787 60 159 , 

2.77507 35 

39 

0.01134 46 

39 

0.00018 91 

40 

0.69813 17 

100 

1.74532 93 160 

2.79252 68 

40 

0.01163 55 

40 

0.00019 39 

41 

0.71558 50 

101 

1.76278 25 161 

2.80998 01 

41 

0.01192 64 

41 

0.00019 88 

42 

0.73303 83 

102 

1.78023 58 162 

2.82743 34 

42 

0.01221 73 

42 

0.00020 36 

43 

0.75049 16 

103 

1.79768 91 163 

2.84488 67 

43 

0.01250 82 

43 ' 

0.00020 85 

44 

0.76794 49 

104 

1.81514 24 164 

2.86234 00 

44 

0.01279 91 

44 

0.00021 33 

46 

0.78539 82 

105 

1.83259 57 166 

2.87979 33 

45 

0.01309 00 

46 

0.00021 82 

46 

0.80285 15 

106 

1.85004 90 166 

2.89724 66 

46 

0.01338 09 

46 

0.00022 30 

47 

0.82030 47 

107 

1.86750 23 167 

2,91469 99 

47 

0.01367 17 

47 

0.00022 79 

48 

0.83775 80 

108 

1.88495 56 168 

2.93215 31 

48 

0.01396 26 

48 

0.00023 27 

49 

0.85521 13 

109 

1.90240 89 169 

2.94960 64 

49 

0.01425 35 

49 

0.00023 76 

60 

0.87266 46 

110 

1.91986 22 170 

2.96705 97 

50 

0.01454 44 

60 

0.00024 24 

51 

0.89011 79 

111 

1.93731 55 171 

2.98451 30 

51 

0.01483 53 

51 

0.00024 73 

52 

0.90757 12 

112 

1.95476 88 172 

3.00196 63 

52 

0.01512 62 

52 

0.00025 21 

53 

0.92502 45 

113 

1.97222 21 173 

3.01941 96 

53 

0.01541 71 

53 

0.00025 70 

54 

0.94247 78 

114 

1.98967 53 174 

3.03687 29 

54 

0.01570 80 

54 

0.00026 18 

66 

0.95993 11 

115 

2.00712 86 176 

3.05432 62 

65 

0.01599 89 

65 

0.00026 66 

56 

0.97738 44 

116 

2.02458 19 176 

3.07177 95 

56 

0.01628 97 

56 

0.00027 15 

57 

0.99483 77 

117 

2.04203 52 177 

3.08923 28 

57 

0.01658 06 

57 

0.00027 63 

1 58 

1.01229 10 

118 

2.05948 85 178 

3.10668 61 

58 

0.01687 15 

58 

0.00028 12 

i 59 

1.02974 43 

119 

2.07694 18 179 

3.12413 94 

59 

0.01716 24 

59 

0.00028 60 

60 

1.04719 76 

120 

2.09439 51 180 

3.14159 27 

60 

0.01745 33 

60 

0.00029 09 

1 Degrees * 

1 Minutes j 

1 Seconds 
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TABLE V. HAVERSINES 


Z hav n hav I hav n hav I hav n hav Z hav n hav Z hav n hav 

9 . 9 . 9 . 9 . 9 , 


6594 

6676 

6756 

6835 

6913 

4664 

4661 

4738 

4826 

4913 

6990 

7065 

7139 

7211 

6 

6 

6 

6 

000 

087 

174 

262 

7283 

7353 

6 

6 

349 

436 

7421 

7489 

7556 

7621 

6 

6 

6 

6 

623 

609 

696 

782 

7685 

6 

868 

7748 

7810 

6 

6 

964 

040 

7871 

7931 

6 

6 

126 

210 


6 

6 

6 

294 

378 

462 

8159 

8214 

8267 

6 

6 

6 

646 

628 

710 

8320 

8371 

6 

0 

792 

873 

8422 

6 

964 



8529 7126 
8576 7206 
8623 7283 
8669 7360 
8714 7437 
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